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PREFACE 


Two recent developments in the theory of partial differential equa- 
tions have caused this book to be written. One is the theory of over- 
determined systems of differential equations with constant coefficients, 
which depends very heavily on the theory of functions of several com- 
plex variables. The other is the solution of the so-called € Neumann 
problem, which has made possible a new approach to complex analysis 
through methods from the theory of partial differential equations. Solv- 
ing the Cousin problems with such methods gives automatically certain 
bounds for the solution, which are not easily obtained with the classi- 
cal methods, and results of this type are important for the applications 
to overdetermined systems of differential equations. It has therefore 
seemed natural to give a self-contained exposition of complex analysis 
from the point of view of the theory of partial differential equations. 
Since we have concentrated on topics which are suitable for such a 
ircatment, analytic spaces will not be discussed. Instead we have in- 
cluded some theorems on Banach algebras as another example of the 
applications to analysis of the theory of functions of several complex 
variables. 

This book is only a slight modification of lecture notes from a course 
given by the author at Stanford University during the Spring and Sum- 
mer quarters of 1964. The aim has not been to achieve completeness in 
any direction but to provide an easy introduction to complex analysis for 
readers whose main interest is in analysis. For this reason it has been 
assumed only that the reader knows a certain amount of real function 
theory, more specifically the elements of integration theory, distribution 
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theory, functional analysis, and the calculus of differential forms. 
Very little algebra is used. In Chapter 1 the elementary theory of 
functions of a single complex variable is recalled briefly. The main 
reason for this is to introduce the central problems in a familiar case 
as a guide for the general case. Chapter I also includes some classical 
facts, such as the Cauchy integral formula for solutions of the inho- 
mogeneous Cauchy-Ricmann equations, which unfortunately are missing 
in many elementary texts. The last section of Chapter I develops the 


facts concerning subharmonic functions which are needed. Since most 
readers should pass quickly to Chapter II, we wish to mention that 


the main point of the Hartogs theorem on separate analyticity has been 
inserted there. 

Chapter II starts with classical facts concerning power series ex- 
pansions, domains of holomorphy, and pseudoconvex domains. Follow- 
ing a classical paper of Oka, rewritten in the spirit of differential equa- 
tions, existence theorems for the Cauchy-Riemann equations in Runge 
domains are then proved. This is done to illustrate the Oka-Cartan 
methods in a very simple case which is sufficient for the main applica- 
tions to the theory of Banach algebras. These are given in Chapter IHi 
where a preliminary section recalls the basic facts concerning such alge- 
bras. Both Chapter III and section 2.7 can be bypassed without any 
loss of the continuity. 

In Chapter IV the Cauchy-Riemann equations are solved in domains 
of holomorphy by means of a variant of the € Neumann problem. At 
the same time a solution of the Levi problem is obtained, that is, the 
identity of pscudoconvex domains and domains of holomorphy is 
shown. These results arc extended to Stcin manifolds in Chapter V. 
It is proved that Stein manifolds can be embedded in complex vector 
spaces of high dimension. Chapter V ends with a proof that complex 
structures can be defined on a manifold by giving a system of Cauchy- 
Riemann equations satisfying a certain integrability condition. 

Chapter VII is devoted to the theory of coherent analytic sheaves on 
Stein manifolds. The proofs are based on the existence theory for the 
Cauchy-Riemann equations established in Chapter V and the local theory 
presented in Chapter VI. A final section is devoted to “cohomology 
with bounds” for sheaves over C" with polynomial generators. Used 
there are the existence theorems for the Cauchy-Riemann equations 
proved in Chapter 1V. The book ends with applications to overdeter- 
mined systems of differential equations. 


PREFACE 


I am greatly indebted to colleagues and students at Stanford Univer- 
sity who helped improve the original notes, and also to the National 
Science Foundation for supporting the work through grant GP 2426 at 
Stanford University during the summer of 1964. 


Lars HORMANDER 
Princeton, New Jersey 
January 1966 


Preface to second edition 


The main change in this edition is that section 4.4 has been improved. 
A number of references have also been added, particularly to work in the 
Spirit of that section, and a few misprints have been corrected. 


Lund in February 1973 LARS HORMANDER 
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LIST OF SYMBOLS 


(4 is the complement of A (in some larger sct understood from the 
context). 

@ is the empty set. 

ANB is a notation for A ^ 0B. 

A+ B= {a+ b;aeA,beB} if A and Bare subsets of an abelian group. 

A cc B means that A is relatively compact in B, that is, A is contained 
in a compact subset of B. 

GA is the boundary of A. 

GA denotes the distinguished boundary when A is a polydise. 

C*(Q), where Q is an open set in R“ (or a C™ manifold) is the space of k 
times continuously differentiable complex valued functions in Q, 
O<k < m. 

CoA), where A is a subset of a C” manifold ©, denotes the set of 
functions in C*(Q) vanishing outside a compact subset of A. 

supp f denotes the support of f, which is the closure of the smallest set 
outside which f vanishes (see p. 3). 

D is sometimes used as a shorter notation for Co™ (Q) (see p. 78). 

A(Q) is the space of analytic functions in Q (see pp. 1, 23). 

P(Q) is the space of plurisubharmonic functions in Q (sec p. 44). 

1?(Q,@) is the space of measurable functions in Q such that (sce pp. 78, 113) 


lul = {le 


F(Q) is the space of Schwartz distributions in Q. 

&(Q) is the subspace of distributions with compact support. 

W“ is the space of L? functions in R” with all derivatives of order < s in 
the sense of distribution theory belonging to L? (sce p. 85). 

W'(Q.loc), where Q is an open set in a C* manifold, is the set of functions 
in Q which agree on every compact subset of a coordinate patch 
with some function W“ in the coordinate space (sce pp. 85, 119). 

L(Q,Joc) is the same as W°(Q,loc). 

F wy ay Where F is any of the previous spaces, denotes the set of all forms 
of type (p,q) with coefficients in F (see p. 24). 
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ojéz; and 6/0Z; (see pp. 1 and 22). 

O° = (A/6z,)" ++ - (e/az,)™ (p. 26), where 

a is a multiorder = (a,;---,a,) with %, non-negative integers, 

lo] = a, +--+ +, and a! = g! n! 

A denotes exterior multiplication. 

d is the exterior differentiation. 

l and Gare the components of d of type (1,0) and (0,1) (see pp. 22, 24). 

u*f, where fis a form and u a map, is defined on p. 23. 

I (or J or K) often denotes a multi-index, that is, a sequence (i,,---, ip) 
of integers between { and n, the dimension of the space considered. 
We write |Z| = p, and X; indicates that summation is restricted to 
multi-indices with i; <i, <- < ip 

Kg is defined on pp. 8, 37, 109. 

Ro” is defined on p. 46. 

K is defined on p. 53. 

y, f denotes the germ of f at z (see p. 152). 

A, denotes the set of germs at z of analytic functions. 

D, is the domain of the operator T. 

R, is the range of the operator T. 

dà denotes the Lebesgue measure. 

n denotes the Gelfand transform (or Fourier transform) of f. 

H"(%, F) is a cohomology group of the covering % with values in the 
sheaf ¥ (see p. 177). 

H(X, F) is a cohomology group of the paracompact space X with 
values in the sheaf ¥ (see p. 178). 

R| 2] denotes the set of polynomials in one variable z with coefficients in 
the ring R. 


Chapter I 


ANALYTIC FUNCTIONS OF ONE COMPLEX 
VARIABLE 


Summary. In the first two sections we recall the simplest properties of analytic 
functions which follow from the Cauchy integral formula. Then follows a dis- 
cussion of approximation theorems (the Runge theorem) and existence theorems 
for meromorphic functions (the Mittag-Leffler and Weierstrass theorems). These 
are the one-dimensional case of the Cousin problems around which the theory 
of analytic functions of several variables has developed. Finally we prove some 
basic theorems concerning subharmonic functions. 


1.1. Preliminaries. Let u be a complex valued function in c'Q),t 
where Q is an open set in the complex plane C, which we identify with 
R2. If the real coordinates are denoted by x, y, and z = x + iy, we 
have 2x = z + Z, 2iy = z — Z, so that the differential of u can be ex- 
pressed as a linear combination of dz and dz, 


Ou 2 u 
or. } = — a =— = — a= Z 
(1.1.1) du ay + Ta as dz + z% 


where we have used the notations 


ĝu l/ĉu I du ôu 1/ðu 1lôĝðu 
(1.1.2) asa ae ae re ee | 
dz 2\ex i dy dz =2\ax i ey 


Definition 1.1.1. A function ue C'(Q) is said to be analytic (or holo- 
morphic) in Q if dufaZ =0 in Q (the Cauchy—-Riemann equation), or 
equivalently if du is proportional to dz. For analytic functions one also 
writes u' instead of ĉufôz; thus du = u' dz if u is analytic. The set of all 
analytic functions in Q is denoted by A(Q). 

t For the notation used in this book not otherwise explained, see list of symbols on p.ix. 
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Examples. (1) For every integer n we have d(z") = nz"! dz (for 
z #0 if n <0). Hence every polynomial p(z) = E} az“ is an analytic 
function, and p(z) = =" ka,z*~'. (2) If we define e? = e*(cos y + isin y) 
we obtain d e = æ dz so œ is analytic. 

Since the differential operator 6/@Z is linear, it is obvious that lincar 
combinations with complex coefficients of analytic functions are analytic. 
From the product rule d(uv) = ude + edu we obtain the product rule 
for the operators 6/@z and 0/22. Hence the product of analytic functions 
is analytic. 

Let u be analytic in Q and let v be analytic in (an open set containing) 
the range of u. Then the function z — ¢fu(z)) is analytic in Q, for the 
chain rule gives 


de = v'{u) du = v'(Gaju'(z) dz, 


which also implies that Cv/éz = (€v/Cu)(Cu/ez). 

We shall finally study the inverse of an analytic function. First note 
thai since du = u dz, the map dz > du is a rotation followed by a 
dilation in the ratio |u'|. Hence the Jacobian of the map z > u(z), con- 
sidered as a map of R? into R’, is equal to |u'|?. If u'(z)) Æ 0, it follows 
therefore from the implicit function theorem that u maps a neighbor- 
hood of z, homeomorphically on a neighborhood of uy = ulzo) and 
that the inverse map u > z(u) is also continuously differentiable in a 
neighborhood of uo. Since ez(w)) = w, the chain rule gives u(2(w)) dz = 
dw, so z is an analytic function of w and @2(w)/ew = L/u'(2(w)). 


1.2. Cauchy’s integral formula and its applications. Let m be a boun- 
ded open set in C, such that the boundary ĉw consists of a finite number 
of C! Jordan curves. Stokes’ formula gives, if u e C'(@), 


(1.2.1) is udz = Ti du A dz, 


or if we note that du A dz = @ufez dz A dz = 2i CujezZdx A dy 


(1.2.2) i udz = 2i rj Cujezdx A dy = | Í Oufez dZ A dz. 

st A “am EFT 
(This can of course be proved directly by integrating the right-hand 
side.) Here ĉw is oriented so that œ lies to the left of dw. An immediate 
consequence ts that fap u dz = 0 if ue C'@) and u is analytic in œ. 
Moreover, we obtain Cauchy's integral formula: 
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Theorem 1.2.1. [fue C'@), we have 


(1.2.3) Wf) = emt ula) dz “ff 
tin = £ (9) 


Proof. Put œ, = {z;ze%, |z — é| > c} where O <£ < the distance 
from ¢ to lo. If we apply (1.2.2) to w(z)(z — ©) and note that 1/(z — ¢) 
is analytic in m,, we obtain 


Cujoz 
H dz ^ a, few. 
ra 


2n y 
(| ĉu/ðz (z — Cy dz Adz = f ulz)(z — OC)! dz — F u(C + ee”)i d0. 


Since (z — 0)! is integrable over @ and u is continuous at ¢, we obtain 
(1.2.3) by letting £ > 0. 
Conversely, we shall prove 


Theorem 1.2.2. {f p is a measure with compact support? in C, the 

integral 

wi) = fz — 0) dpe) 
defines an analytic C* function outside the support of p. In any open 
set w where du = ni) tọ dz A dz for some ọ e CX), we have ue Cw) 
and Cu/éZ = o if k > 1. 

Proof. That ue C* outside the support K of p is obvious since 
iz — t} ' is a C” function of (z,{) when ze K and Ce CK. and since 
iz — 6) tAE = 0 when ¢ + z, the analyticity follows by differentiation 
under the sign of integration. To prove the second statement we first 
assume that œ = R. After a change of variables we can write 


u(t) = — (27i)! [fot — z)z_'dz A dz. 


Since z`! is integrable on every compact sel, it is legitimate to differ- 
entiate under the sign of integration at most k times and the integrals 
obtained are continuous. Hence ue C* and 


éufée = — (2ni) ' [feo — 2@& z! dz Adz 
= (ani) "| fiz — 7! depleyaz dz A dz. 


Application of Theorem 1.2.1 with u replaced by y and œ equal to a 
dise containing the support of p now gives ĉu/0% = p. Finally, if œ is 
arbitrary, we can, for every zo €@, choose a function  € Co*(w) which 


+ The support of a measure or function is the smallest closed set outside which it is 
fual to 0. 


4 ANALYTIC FUNCTIONS OF ONE COMPLEX VARIABLE 


is equal to | in a neighborhood V of zo. If p, = Yu and p, = (1 — Wy, 
we have u = u; + u, where 


ufc) = [lz — 0)! dude). 


Since p, is equal to (2zi) ‘ppdz Adz and Wọ ECR?) we have 
u,eC* and du,/dl =wq. Since #2 vanishes in V, it follows that 
ueC*(V) and that du/€l = p in V. The proof is complete. 


Corollary 1.2.3. Every we A(Q) is in C”(Q) Hence uv’ € AQ) if 
ue AQ). 


Proof. This follows from Theorems 1.2.1 and 1.2.2 applied to discs 
w with © e Q. 
More precise information is given in the next theorem. 


Theorem 1.2.4. For every compact set K c Q and every open neigh- 
borhood w c Q of K there are constants C;, j = 0,1, ---, such that 


(1.2.4) sup lutz) < Clue we AO), 


where u® = @ujôz’. 


Proof. Choose weC,*(w) so that y = 1 in a neighborhood of K. 
If ue A(Q), we have O(wu)/ez = uew/0zZ and consequently Theorem 1.2.1 
applied to yu gives 


(1.2.5) Wue) = ri) ' | uz) Ow/0z (z — (= ' dz A dZ. 


Since Ņ = 1 in a neighborhood of K and |z — ¢| is bounded from below 
when ġe K and z is in the support of éy/0z, differentiation of (1.2.5) 
leads immediately to (1.2.4). 


Corollary 1.2.5. If u,€ A(Q) and u, > u when n— œ, uniformly on 
compact subsets of Q, it follows that ue A(Q). 


Proof. Application of (1.2.4) to u, — u,, shows that éu,/dz converges 
uniformly. Since 0u,/0z = 0, it follows that @u,/éx and du,/dy converge 
uniformly on compact sets. Hence ue C! and @u/dz = lim éu,/dz = 0. 


Corollary 1.2.6. (Stieltjes-Vitali) If u„ € A(Q) and the sequence |u,| is 
uniformly bounded on every compact subset of Q, there is a subsequence 
u,, converging uniformly on every compact subset of Q to a limit ue A(Q). 


Proof. As in Corollary 1.2.5, we obtain from Theorem 1.2.4 that 


there are uniform bounds for the first-order derivatives of u, on any 
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compact set. Hence this sequence is equicontinuous and the corollary 
follows from Ascoli’s theorem and Corollary 1.2.5. 


Corollary 1.2.7. The sum of a power series 
ow 
u(z) = È a„z" 
0 


is analytic in the interior of the circle of convergence. 
Proof. The series converges uniformly in every smaller disc. 


Theorem 1.2.8. {fu is analytic in Q = {z; |z} < r}, we have 


wW 


u(z) = J u"™{0) z"/n! 


0 
with uniform convergence on every compact subset of Q. 


Proof. Let r; <r, <r. We have by (1.2.3) 


(126) ulz) = Qxiy tf 


J iter 


UWO- zd, hare 
Since 


[2S] 
Cee PSs ee Hes irs, 
0 


and the series is uniformly and absolutely convergent, the theorem 
follows if we integrate term by term, noting that (1.2.6) gives 


WOO) = mimi *( MOTE A. 


Corollary 1.2.9. (The uniqueness of analytic continuation.) [fue A(Q) 
and there is some point z in Q where 
(1.2.7) uz) = 0, forall k > 0, 
it follows that u = 0 in Q if Q is connected. 


Proof. The set of all ze Q satisfying (1.2.7) is obviously closed in Q, 
and by Theorem 1.2.8 it is also open. Since it is non-empty by assump- 
lion, it must be equal to Q. 


Corollary 1.2.10. If u is analytic in the dise Q = {z; |z| <r} and if 
u is not identically 0, one can write u in one and only one way in the form 


u(z) = z"v{z) 
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where n is an integer >O and ve A(Q), (0) Æ 0 (which means that 1/v 
is also analytic in a neighborhood of 0). 


Proof. The proof is obvious. 


Theorem 1.2.11. {f u is analytic in fz; |z — zo| <r} =Q and if 
u(z)| < |u(z,)| when ze Q, then u is constant in Q. 


Proof. We may assume that u(Za) Æ 0. Since 


p2n r 
u(z,) = (27) ' | u(zy -+ pel”) dO 


when 0 < p < r, we obtain 


pa i 
| (1 — ulzo + pe™)/u(z,)) d0 = 0. 
=k) 


The real part of the integrand is > 0 and =0 only when uz.) = 
uz + pe”). This proves the theorem. 


Corollary 1.2.12. (Maximum principle.) Let Q be bounded and let 
ue C(Q) be analytic in Q. Then the maximum of |u| in © is attained on 
the boundary. 


Proof. If the maximum is attained in an interior point, Theorem 
1.2.11 and Corollary 1.2.9 prove that u is constant in the component of 
Q contaming that point and therefore |u| assumes the same value at 
some boundary point. 


1.3. The Runge approximation theorem. From Theorem 1.2.8 it fol- 
lows in particular that a function which is analytic in a disc can be 
approximated uniformly by polynomials in z on any smaller dise. In 
particular, every entire function can be approximated by polynomials 
uniformly on every compact set. We shall now give a gencral approxi- 
mation theorem. 


Theorem 1.3.1. (Runge) Let Q be ant open set in C and K a compact 
subset of Q. The following conditions on Q and on K are equivalent : 

(a) Every function which is analytic in a neighborhood of K can be 
approximated uniformly on K by functions in A(Q). 

(b) The open set ONK = QN GK has no component which is relatively 
compact in Q. 

(c) For every ze OK there is a function f € A(Q) such that 


(1.3.1) I| > sup |f]. 
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By the remarks preceding the theorem we obtain the following special 
case by taking Q = C. 


Corollary 1.3.2. Every function which is analytic in a neighborhood 
of the compact set K can be approximated by polynomials uniformly on 
K if and only if C K is connected, or equivalently, for every ze 0K there 
is a polynomial f such that (1.3.1) is valid. 


Proof of Theorem 1.3.1. We first prove that (c)= (b) and that 
(a) = (b). Thus assume that (b) is not valid, that is, that QNK has a 
component O such that O is compact and cQ, Then the boundary of 
O is a subset of K and the maximum principle gives 


(1.3.2) sup |f| <sup|f|, fe A(O), 
0 K 


which contradicts (c). If (a) were valid we could for every f which is 
analytic in a neighborhood of K choose f, € A(Q) so that f, = f uniformly 
on K. Application of (1.3.2) to f, — f, proves that f, converges uniformly 
in O to a limit F. We have F = fon the boundary of O, and F is analytic 
in O and continuous in O. In particular, we can choose f(z) = 1A4z — 3 
if ¿€ 0, and then we have (z — F(z) = 1 on the boundary of O, hence 
(z — F(z) = 1 in ©. This gives a contradiction when z = ¢. 

To prove that (b) = (a) it suffices to show that every measure » on K 
which is orthogonal to A(Q) is also orthogonal to every function f 
which ts analytic in a neighborhood of K. for the theorem is then a 
consequence of the Hahn- Banach theorem. Set 


Ag) =| (2 — Cho" dice), ce (K. 


By Theorem 1.2.2, œ is analytic in CK. and when &€ 02 we have 


oe) = kt | (zg — f°" duz) = 0 for every k, 


for the function s—>(z— )7*"! is analytic in Q if Ce§Q. Hence 
p =0 in every component of CK which intersects C2. Since 
fz" diz) = 0 for every n and (z — £)7' can be expanded in a power 
series in z which converges uniformly on K if k| > sup, |Z} we also 
have o = 0 in the unbounded component of (Kk. Now (b) guarantees 
that QNK has no component which ts relatively compact in Q, and 
we conclude that @ = 0 in [K. 

Choose a function eC, *(e), where œ is a neighborhood of K in 
which fis analytic, and choose y so that y = 1 on K. Then we have 


FE = We) Fle) = Qnty PP AONE- zy de Ade zeK. 
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Since dy/@% = 0 in a neighborhood of K, inverting the order of inte- 
grations gives 


[AO drz) = ~ri f [AO WVE de A È = 0. 


Hence f can be approximated on K by functions in A(Q), which proves 
the equivalence of (a) and (b). 

Finally, to prove that (b) = (c) we assume that (b) is fulfilled and let 
zEeQNK. Choose a closed disc L with center at z so that L c QNK. 
Then the components of OQN(K U L) are the same as those of QNK 
apart from the fact that L has been removed from one of the components. 
Hence K u L also satisfies (b). According to (a) the function which is 0 
in a neighborhood of K and 1 in a neighborhood of L can therefore be 
approximated uniformly by functions in A(Q). Hence we can find 
f € A(Q) so that 

|f| <2. ink: ff —3| < 1/2 ind 
This proves (c). 

If K is an arbitrary compact subset of Q, we define the A(Q)-hull R 

of K by 


Sethe ae ote 


HOES sup |f] for every f € A)}. 


If we choose f(z) = 1/(z — č) where če Ce we obtain 
AK, CD = aK. LD, 


where d denotes the distance, and if we consider f(z) = e” for every 
complex number a, we obtain 


R c convex hull of K. 


Furthermore, it is clear that K = &. For every compact set K c Q 
the hull K is thus a compact subset of Q containing K for which the 
hypotheses of the Runge approximation theorem are fulfilled. One can 
therefore choose an increasing sequence K; of compact subsets of Q 
such that K; = K, and every compact subset of Q belongs to K; for 
some j. 

We can also give a description of K analogous to condition (b) in 
Theorem 1.3.1. 


Theorem 1.3.3. Ko is the union of K and the components of ONK 
which are relatively compact in Q. 


Proof. If O is a component of QN K which is relatively compact in Q. 
we have the inequality (1.3.2) so that O = R. The union K, of K and all 
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such components is therefore contained in K. Now QNK, is open 
since it is a union of open components of QN K. Hence K, is compact, 
and by the definition of K, no component of QN K, is relatively compact 
in Q. Thus K, satisfies condition (b) in Theorem 1.3.1, so that condition 
(c) gives K, = R, > R. The proof is complete. 

We shall now give a variant of the Runge theorem for two open sets. 

Theorem 1.3.4. Let Q, c Q, he open sets in C. The following 
conditions are equivalent : 

(a) Every function in A(Q.,) can be approximated by functions in A(Q,), 
uniformly on every compact subset of Q. 

(b) If Q3\Q, = LU F where F is closed in Q, and L is compact, 
Fn L= Ø, it follows that Lis empty. 

(c,) For every compact set K c Q, we have Ko, = Kg. 

(c,) For every compact set K c Q, we have Ro, Ope Ra, 

(c4) For every compact set K < Q, the set Kg, N Q, is compact. 


Proof. It is obvious that (a) = (c,) = (ca). If we set K’ = Kg, O Qi 
and K” = Ro, N Lo. it follows from (c4) that the disjoint sets K” and 
K" are compact. If fe A(Q,), it follows from Theorem 1.3.1 that the 
function which is equal to fon K' and equal to 1 on K” can be approxim- 
ated uniformly on K’ ù K” by functions in A(Q,). This proves (a), and 
choosing f = 0 we obtain K” = @, hence Ro, = Ke. AQ, Since 
(a) > (c2), we conclude that (c,) is valid, so (a), (€,), (€2), (C3) are equiva- 
lent. 

To prove that (c,) = (b), we choose an open set w > L so that @ ^n F 
is empty and o is relatively compact in Q,. Since ĉw a (Q,\Q,) = Ø 
and ĝw c Q, we have éw c Q, and by the maximum principle the 
A(Q,)-hull of é contains œ and therefore L. Hence Lc Q, in view of 
(c,), so that L = Ø. 

To prove that (b) = (c,), we consider a component O of QN K which 
is relatively compact in Q,. Since 20 c K c Q,, the set 

L=O0n(Q,\Q0,) = ON (Q2\9)) 
is a compact subset of O, and since (fo) NA (Q, N Q,) is closed in Q,, it 
follows from (b) that L= Ø. Hence O c Q,, so it follows from Theorem 
1.3.3 that Ro, c Ra. Since the opposite inclusion is obvious, condition 
(c,) follows. 


1.4. The Mittag-Leffler theorem. We shall first give a definition of 
meromorphic functions which is somewhat complicated but has the 
advantage that it can be used in the case of several variables. 
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For every z € C we let A, be the set of equivalence classes of functions 
J which are analytic in some neighborhood of z, with the equivalence 
relation / ~ g iff = g in a neighborhood of z. If fis analytic in a neigh- 
borhood of z, we write f; for the residue class of fin A.. It is clear that 
A, is a ring without divisors of 0 so we can form the quotient field M, 
of A,. i 


Definition 1.4.1. 4 meromorphic function f in the open set Qc C 
is a map 
p:Q =|] M; 


such that p(2)€ M, for every 2 and to every point in Q there is a neigh- 
borhood w and functions f, g e Alen) such that p(z) = fig. when ze @. 
The set of all meromorphic functions in Q is denoted by M(Q). 

In particular, if F e A(Q), the map z > F_ is a meromorphic function, 
and since different analytic functions define different meromorphic 
functions, we can identify A(Q) with a subset of Af(Q). It is convenient 
to use the notation o, instead of (z) also for an arbitrary meromorphic 
function œ. 

The meromorphic functions form a ring where cach element which 
dees not vanish identically in any component of Q has an inverse. 

To every qe Af, we can assign a value g(f) at € To do so we choose 
fand g analytic in a neighborhood of § so that q = f-’g-; thus g; # 0. 
If qg = 0 we set g(f) = 0. When q ¥ 0, it follows from Corollary 1.2.10 
that we can write f(s) = (2 — Oz) and glz) = (z — O)"g,(z) where 
Ae) # 0 and fi, g, are analytic in a neighborhood of ¢. Itis clear 
that n — m and f,(¢)/g (2) only depend on q and not on the choice of f 
and g. Hence we can define 


o ifn<m 
ai) =< Aves) ifa sm 
0 ifn > im. 
If o e M(Q), we obtain a map 
z -> p(z) = F(zj)eC vu {œ} 


such that F is analytic in the complement of a discrete subset D of Q and 
I/F is analytic in a neighborhood of D (we set 1/20 = 0). Conversely, 
if we have a function F with these properties, a meromorphic function Q 
is defined by i 


ọ-=F, ifz¢D, 0, = A/F), ifzeD, 
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and (z) = F(z) for every z. Hence Definition 1.4.1 is equivalent to the 
classical definition of a meromorphic function, for the correspondence 
between F and @ which we have given is one-to-one. The points with 
F(z) = œ are the poles of F. In what follows we do not distinguish 
between p and F. 

Theorem 1.4.2. [f F is meromorphic in a neighborhood of C, then there 
is a neighborhood of X, where 


F(z) = $ Adz — 0)"* + GG) 
t 


with constants A, and an analytic function G. The representation is 
unique. If F; # O there is also a unique representation of the form 


F(z) = (z — ¢)'G(2), 


where GO + 0 and n is an integer. If n > 0, we have a zero of order n 
at ©: and if n < 0, we have a pole of order —n. 

The proof is an obvious consequence of Corollary 1.2.10. We shall 
next discuss the first representation; the multiplicative representation 
will be studied in section 1.5. 


Theorem 1.4.3. (Mittag-Leffler) Let z, j = 1,2,---, be a discrete 
sequence of different points in the open set o, and let f; be meromorphic 
in a neighborhood of z;. Then there exists a meromor phic function f in Q 
such that f is analytic outside the points z; and f — f; ts analytic in a 


neighborhood of z; for every j. 


Proof. In view of Theorem 1.4.2 we may assume that 
ny 


I) = y A a(z = Zee 
1 
We want to find functions u; € A(Q) so that the series 
f= $ (fe) — uz) 
1 


defines a function f with the required properties. To do so we choose 
an increasing sequence of compact sets K; c Q with K, = K; so that 
every compact subset of Q is contained.in some K,. We may assume that 
z, ¢ K; when k > j, since the points z, have no accumulation point in Q. 
By re Runge theorem we can then choose u; € A(Q) so that 


AD — uz] < 2 
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in K,. But then the series 
2 (Gz) — w(2)) 
k 


converges uniformly on K, to a function which is analytic in the interior 
of K,. Hence the definition of f above is meaningful and f has the 
required properties. 

Another formulation of the Mittag-Leffler theorem is the following, 
which must be used in the case of several variables : 


Theorem 1.4.3. Let Q = o; Q; where Q; are open sets in C. If 


‘J 


f, © MQ) and f; — fr € AQ; © Q,) for all j and k, one can find fe M(Q) 
so that f — f; € A(Q;) for every j. 

That this is equivalent to Theorem 1.4.3 may be verified by the reader. 
Another equivalent result is the following: 


Theorem 1.4.4. For every fe C*(Q) the equation Gujéz = f has a 
solution u e C*(Q). 


Proof. Choose an increasing sequence of compact sets K; c Q 
with K; = K,so that every compact subset of Q is contained in some K,. 
Let Y; € Co*(Q) be equal to L in a neighborhood of K; and set p, = Wi, 
p; = Y; — vj, when j > 1. Then g,; = 0 in a neighborhood of K,_, 
and 2g; = 1 inQ. By Theorem 1.2.2 we can find u; € C”(R’) so that 
6u,/6z = ~,f. This means in particular that u; is analytic in a neighbor- 
hood of K,_,. By the Runge theorem we can therefore choose v; e A(Q) 
so that |u; — o| < 2~/ in K,_,. Then the sum 


is uniformly convergent on every compact set in Q. The sum from | + 1 
to co consists of terms which are analytic near K, and it converges 
uniformly on K, to a function which is analytic in the interior of K;,. 
Hence u e C*(Q), and since ĉu/2Z can be computed by termwise differen- 
tiation, we have 


is el 


6u/0z = DS Pf =f 


1 
This completes the proof. 


We shall now show that Theorem 1.4.4 implies a strengthened form of 
Theorem 1.4.3’, 
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Theorem 1.4.5. Let Q = UY Q; and let gq, € AQ; O Q), i,k = 1,2, 
satisfy the conditions 
(1.4.1) Rik = — ajo Ejk T Eri + Bij =0 in 2; 0 Q, A Q for all j, k, l. 
Then one can find g; € A(Q,) so that 


(1.4.2) Six = gr — E; in Q; AQ for all j and k. 


Proof that Theorem 1.4.5 implies Theorem 1.4.3’. With the notations 
of Theorem 1.4.3 we set g; = f; — Je- The hypothesis (1.4.1) of Theorem 
1.4.5 is then fulfilled, so we can find g; € A(Q,) satisfying the equations 

fim Se = Six = 8k Eg; in Q; OQ, for all j and k. 


This means that f; + g; =f, + g in Q; © Q,. Hence there is a mero- 
morphic function f in Q such that f = f; + g; in Q; for every j and, since 
f — f; = g;¢ A(Q,)), this proves Theorem 1.4.3’. 


Proof of Theorem 1.4.5. We can choose a partition of unity sub- 
ordinate to the covering {Q,}, that is, we can choose functions p, and 
positive integers i,, v = 1, 2,--- so that 

(i) py € Co(Q,,). 

(ii) All but a finite number of functions g, vanish identically on any 

compact subset of Q. 

(ili) Jodie. 1 ond. 
(Sec for example Schwartz [1] or de Rham [1].) 

If (1.4.2) is fulfilled, we obtain by taking j = i,, multiplying by y, and 
adding 

Za = hy + u, 
where we have written 


hy = = PvE ar 
and u = E pg; The function h, is well defined in terms of the functions 
Ej (we set Pg = 0 outside Q,) and belongs to C*(Q,). Furthermore, 
we have : 
hy — hy = YO Gin — Ein) = LOB = Bjk 
since gy, + 8; + gp = 0. This implies that 


hêz = êh êz in QNA A. 
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Hence there is a function y e C*(Q) such that 
ye = oh, /0z, in Q, for every k. 
If we now choose u as a solution of the equation 
dufezZ = —p, 


which is possible by Theorem 1.4.4, the functions g, = h, + u have all 
the required properties. 

Thus we see that statements like Theorem 1.4.4 or Theorem 1.4.5 or 
Theorem 1.4.3’ are essentially equivalent. In the case of several variables 
we shall in this book prefer to work with results similar to Theorem 1.4.4, 
postponing the proof of results like Theorem 1.4.5 to the last chapter 
where we shall give an appropriate terminology for their study (co- 
homology groups with values in a sheaf). i 


1.5. The Weierstrass theorem. We give the classical formulation and 
ask the reader to give a statement similar to that of Theorem 1.4.3’. 


Theorem 1.5.1. (Weierstrass) Let Zi J = 1,2,--- be a discrete se- 
quence of different points in the open set Q c C, und let n ; be arbitrary 
integers. Then there is a meromorphic function f in Q such that fis analytic 
and #0 except at the points Z; and f{(z)(z — z) ™ is analytic and # 0 
in a neighborhood of z; for every j. 

Thus fhas prescribed zeros and poles with given orders. 


Proof. Let K; be an increasing sequence of compact subsets of Q 
as in the proof of Theorem 1.4.3. We shall successively choose rational 
functions f; which have the desired poles and zeros in K ;, and functions 
g; E€ A(Q) such that 


(1.5.1) [firi ‘expe, — I| <e; on K;, Yoc 


Assume that fitt, f) and g,,-+-,g;-, have already been chosen. Let f’ 


be a rational function with the prescribed zeros and poles in Kj, 4. 
Then we can write 


Soh a lI (z = wy" 


where the product is finite, w, € GK; for every j, and m, are integers. 
Since no component of QNK; is relatively compact in Q, we-can for 
every v choose č, € H K;., in the same component of CK, as w,- The 
function 


Ta = fT] (z Ra w,/)7™ 
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then has the appropriate zeros and poles on K,, 1, and 

logih (2) f(z) = loge + Ym, log(z — w/z — w) 
can be uniquely defined as an analytic function in a neighborhood of 
K; since w, and w, are m the same component of 0 Kx, Hence we can 
choose g; e A(Q) so that 


flog fj. 1/f) + g| < log +e) in K; 


which implies (1.5.1). 
From (1.5.1) it follows immediately that 


4 £ 
lim a Pe TA i ae 
= 1 1 


defines a meromorphic function f in Q with the desired properties. In 
fact, the product from j to œ converges to an analytic function # 0 in 
the interior of K;. This proves the theorem. 


Corollary 1.5.2. Every meromorphic function in Q can be written in 
the form f fg where f and g are analytic in Q. 


Proof. If the meromorphic function F has the poles z; with orders 
n; we can use Theorem 1.5.1 to form an analytic function g with a 
zero of order n; at z; for every j. Then Fg = fis analytic and F = f/g. 

Corollary 1.5.3. There exists a function f€ A(Q) which cannot he 
continued analytically to any larger set, not even as a meromorphic 
function. 

More precisely: if D is a disc with center in Q and g is a meromorphic 
function in D which is equal to f near the center of D, then D c ©. 


Proof. Label all points with rational coordinates in Q as a sequence 


a Zatte so that all such points occur an infinite number of times, and 
lot or, = d(z,, (2). Choose an increasing sequence of compact sets 


K cQ so that all compact subsets of Q are contained in some K;, 
and choose for cach j a point w;€ OK; so that w; — zj < r; Since the 
sequence w; is then discrete m Q, it follows from Theorem 1.5.1 that we 
ean find fe AQ) with a zero at w; for every j but no other zeros. If 
a#eQ has rational coordinates and r = d(a, LoD, the disc D = {2z; 
jz — al < r} contains infinitely many points w; since z; = a for infinitely 
many j. Hence f cannot be continued to a meromorphic function in an 
open dise containing D, for the zeros of a meromorphic function are 
isolated, if it is not identically 0. This proves the statement. 
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Corollary 1.5.4. Let the sequence z,,22,::+ be discrete in Q, let 
f; be analytic in a neighborhood of z;, and let n; be non-negative integers. 
Then there is a function f e A(Q) such that for every j 


f(z) — fz) = Olle- 2), z> z. 


J 
Proof. Let ge A(Q) have zeros of orders n; + 1 at the points z;. 
The condition on f means that f/g — fg shall be analytic at z;. In view 
of ‘Theorem 1.4.3 there exists a meromorphic function A with poles only 
at the points z, such that h — f)/g is analytic at z; for every j. Then 
J = gh has the required properties. 


1.6. Subharmonic functions. We recall that a C? function h in an 
open set Q c C is called harmonic if AA = 4¢7h/ezeZ = 0 in Q. 


Definition 1.6.1. A function u defined in an open set Q c C and with 
values in [— œ, +00) is called subharmonic if 
(a) u is upper semicontinuous, that is, 1z; z eQ, ulz) < s) is open for 
every real number s. 
(b) For every compact set K c Q and every continuous function h on K 
which is harmonic in the interior of K and is > u on the boundary 
of K we have u < h in K. 


By our definition the function which is — œ identically is subharmonic ; 
sometimes this 1s excluded in the definition. 


Theorem 1.6.2. [fu is subharmonic and 0 < ceR, it follows that cu 
is subharmonic. If u,,%€ A, is a family of subharmonic functions, then 
u = sup, u, is subharmonic if u < oo and u is upper semicontinuous, which 
is always the case if A is finite. If uy, u,,->> is a decreasing sequence of 
subharmonic functions, then u = lim;..,, u; is also subharmonic. 


i>” w% 


Proof. The first two statements are trivial. To prove the last we 
note that {z;zeQ, u(z) < s} = U;{z,zEQ,ufz) <s; which is an 
open set. Hence u is upper semicontinuous. If h is a majorant of u 
as in condition (b) and ¢ > 0, the set {z;ze@K, uz) > h(z) + e} is 
compact and decreasing. Since the limit when j = œ is empty, the set 
must be empty for large j, which implies that u; < h + ¢ in K if j is large. 
Hénce u < h and u is subharmonic. 


Other equivalent definitions of subharmonic functions are often useful: 
Theorem 1.6.3. Let u be defined in Q with values in [—%, +) and 


assume that u is upper semicontinuous. Then each of the following con- 
ditions is necessary and sufficient for u to be subharmonic: 
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(i) If D is a closed disc c Q and f is an analytic polynomial such that 
u < Re fon CD, it follows that u < Re f in D. 
(ii) fQ, = {z; diz, 0 Q) > ô}, we have 


2n p A 
(1.6.1) u(z)2z fanir) < | | u(z + rel”) dO dur), z E Qy, 
A Jo d 


for every positive measure du on the interval [0,8]. 

üii) For every 6 > 0 and every z € Q; there exists some positive measure 
du with support in [0.6] such that du has some mass outside the 
origin and (1.6.1) is valid. 


Note that the integrals are well defined since u is semicontinuous. 


Proof. Definition 1.6.1 implies (i), and it is also trivial that (ii) 
implies (iii). Thus we only have to prove that (i) = (1) and that (iii) 
implies that u is subharmonic. 

(i) > (ii). Let z€Q, and O< r <ô. Set D= {f;\C-—2z) <r} oQ. 
If of) = Da, e" is a trigonometrical polynomial such that 


uz + re”) < ef0) 


for all 6, the polynomial f(f) = ag + 22,.0a,(€ — z} / has a real 
part which is an upper bound for u on GD. Hence u < Re fin D, and in 


particular 

adn 
(1.6.2) uz) < dy = (20) "| lO) dé. 

"0 
Now if ọ is an arbitrary continuous function such that u(z + re”) < (0), 
we can for every £ > 0 find a trigonometrical polynomial g, with 
P < p, S +z and conclude that (1.6.2) is valid with g replaced 
by ø +£ Hence (1.6.2) holds for every continuous function œ which is 
an upper bound for u(z + re“), and by definition of the integral of a 
semicontinuous function this proves that 


a2n 
u(z) < (2z)7' | ulz + re’) dO. 
oO 


Integration with respect to dalr) now gives (1.6.1). 

(iii) implies that u is subharmonic. Let K be a compact subset of Q 
and h a continuous function on K which is harmonic in the interior of K, 
and assume that h > u on éK. Ifthe supremum M of v = u — h over K 
is positive, the semicontinuity of v shows that v = M on a non-empty 
compact subset F of the interior of K. Let zp be a point in F with mini- 
mal distance to CK. If the distance is > ô, then every circle 


z= z =r, 
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r < 6, contains points where 1(z) < M and, in fact, a whole arc, since r 
is semicontinuous. This implies that 
| fazo + re) d0 dur) < M27 | dur) = U(Z))2z | dir) 

if du is a measure with the properties listed in (iii), But this contradicts 
the hypothesis (iii) and the fact that (1.6.1) is valid with equality for 
harmonic functions (because every harmonic function is subharmonic). 
The proof is complete. 

Corollary 1.6.4. u, + u, is subharmonic if u, and u, are subharmonic. 


Corollary 1.6.5. A function u defined in an open set Q c C is sub- 
harmonic if every point in Q has a neighborhood where u is subharmonic. 


In other words, subharmonicity is a local property. 

Corollary 1.6.6. If f<¢ A(Q) it follows that log] f | is subharmonic in Q. 

Proof. This follows from the maximum principle and (i) in Theorem 
1.6.3. 

Corollary 1.6.6 implies that |f] is subharmonic if fe A(O). In fact, 
we have 


Theorem 1.6.7. Let p be a conrex increasing function on R and set 
gl- 7) = lim... pO). Then eu) is subharmonic if u is subharmonic. 


Proof. For every xo there is a real number k such that 


AX) > P(xo) + k(x — Xo). 
This gives 


= a s?n ; 
(27) Life lulz + re”) d0 > plxy) + Kln! | z+ re!) dQ — xo). 


+O 
If we choose xo so that the last parenthesis vanishes, and use the sub- 
harmonieity of u and the fact that ọ is increasing, it follows that 


2n 


wn 3 a2n 
pz) < A | uz + rel) do) < (rie tal | lulz + re”) d0. 
JU eo 
This proves the theorem, for ol(u) is obviously semicontinuous. 


Corollary 1.6.8. Let u, u, > O and assume that log u, is subharmonic 
in Q, j = 1,2(log0 = — ce). Then log(u, + 14) is subharmonic in Q. 


Proof. Let f be a polynomial in z and D a disc in Q such that 
login, + u) < Ref on ¢D, that is, u, +u, < |ef| on @D. Since 
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log u; — Re f is subharmonic, Theorem 1.6.7 shows that ue £ is sub- 
harmonic. Hence (u, + u)le~ "| is subharmonic and therefore < | in D, 
that is, log(u, + u3) < Re fin D. This proves the corollary. 


Theorem 1.6.9. Let u be subharmonic in the open set Q und not — œ 
identically in any component of Q. Then u is integrable on all compact 
subsets of Q (we write ue Li dQ), which implies that u > — œ almost 
everywhere. 


Proof. If ze Q, u(z) > —cc, and D is a closed disc with center at z 
contained in Q, we obtain from (1.6.1) and the fact that u is bounded 
from above in D that u is integrable over D. If E is the set of all z such 
that u is integrable over a neighborhood of z, it follows that u = —cc 
in a neighborhood of every point in QNE. Hence both E and ONE 
are open so that QNE is a union of components of ©, all of which must 
be empty by hypothesis since u = — æ% in QNE. 

We can now give another description of subharmonic funciions. 


Theorem 1.6.10. [fu is subharmonic in Q and not — œ identically in 


any component of Q, we have 


(1.6.3) [ uAvdi > 0 ifreC (O) and» > 0. 
Here å denotes the Lebesgue measure. 
Proof. If0 <r < dsuppz, 62), we have for every z € supp v 


2ru(z) < i Í u(z + rel) dO. 
© 0 


Multiphcation by r and miegration with respect to dA gives 
i. an - 
[ear { nz — re) dd — 2nv(z)) diz) > 0. 
D “0 


If we divide by ar?/2 and let r > 0, a Taylor expansion of v shows that 
the inequality tends to (1.6.3). 


Theorem 1.6.11. Let ue £),(Q) and assume that (1.6.3) holds. Then 
there is one and only one subharmonic function U in Q which is equal to u 
almost everywhere. If p is an integrable non-negative function of Izl 
with compact support, we hare for every ze Q 


(1.6.4) U(z) = lim fuz — zolz) dA(z’y jo) dA(z’). 
Poe ` 
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Proof. If U is subharmonic, we have by (1.6.1) for small ô 


Ulz) < [Ul — öz olz) daz Y [olerare’, 


and since U is semicontinuous from above, the upper limit of the right- 
hand side when 6 +0 is < U(z). Hence (1.6.4) must hold if u = U 
almost everywhere. 

To prove the theorem we first assume that u € CQ). Then (1.6.3) 
can be integrated by parts and is therefore equivalent to Au > 0. 
Hence 

foar +r 'jðr + r7? P/O) uz + re®)d0 > 0, zeQ,. 
If we write M(r) = (27) ' fg" uz + re®)d0, it follows that M”(r) 
+r7'M(r) = 0, that is, rM'(r) is increasing. Since rM'(r)— 0 when 
r= 0, we get M'(r)> 0. Hence M(0) < M(r) which proves that u is 
subharmonic. 

Now choose a function g e Cy*(C) with support in the unit disc so 
that p > 0 and @ depends only on |z|. Then 


ulz) = [lz — zN) AAZ Y [ ole) diz’) 


is in C°(Q,) and u wu in L! norm on compact subsets of Q when 
6 —> 0. It is immediately verified that (1.6.3) holds in Q, with u replaced 
by us Hence the first part of the proof shows that u, is subharmonic, 
which implies that 


[use — £2')e(z’) diiz y fo) d)(z’) 


decreases when £ \ 0. If we let 6 0, we conclude that u,(z) decreases 
when £e \ 0. Hence 


U(z) = lim u,(z) 


exists and is subharmonic by Theorem 1.6.2. Since u, > u in LE {O) we 
conclude that U = u almost everywhere, which completes the proof. 

In particular, we have thus proved that a function ue C? is sub- 
harmonic if and only if Au > 0. When Au > 0 we shall say that u is 
strictly subharmonic. 


- The following complement to Corollary 1.6.8 will be needed later. 


Theorem 1.6.12. [f 0 < feC? and log f is subharmonic, the function 
log(1 + f) is strictly subharmonic except where grad f = Af = 0. 
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Proof. That log f is subharmonic means that fA f — [grad f}? > 0. 
If, = 1+ f, we obtain f,A f, — |grad f,? = Af + (fAF — \grad f|?) 
which can vanish only if A f = 0, which implies grad f = 0. 

Finally, we shall prove a result due to Hartogs on sequences of 
subharmonic functions. 


Theorem 1.6.13. Let v, be a sequence of subharmonic functions in Q 
which are uniformly bounded from above on every compact subset of Q, 
and assume that Tim,.,,,, ¥,(z) < C for every z€Q. For every ¢ > 0 and 
every compact set K c Q, one can then find ko so that 


a(z) < C + & zéK,k > ko 


Proof. Since Q can be replaced by an arbitrary relatively compact 
subdomain containing K, we may assume that the sequence is uniformly 
bounded in Q, or even that v, < 0 in © for every k. Choose r > 0 so 
that K c Qa. By (1.6.1) we have for every ze K 


nr?v,(z) < | az) dalz’). 
In view of Fatou’s lemma, the upper limit of the right-hand side is 
< aCr? when k > oc. Hence we can for every z e K choose ky so that 


cZ J AAZ) < WC + e2, k > Ko. 


H -z| €r 


Since v, < 0, we obtain, if |z — w| < ô < r, 


u,(z’) dA(z’) ah. i ca(z') dA(z’). 


lz’—-z|< 


mr + vdo) <| 


lz- w| <r+6 
If ô is sufficiently small, it follows that 
vm) <C +e ifk> ko and |w — z|< ð, 


and since K is compact the theorem now follows from the Borel-Lebesgue 
lemma. 


Notes. The topics discussed in this chapter are so well known that we shall give 
very few references. However, we wish to point out that much stronger results than 
Corollary 1.3.2 are known. In fact, Mergelyan [1] has proved that, when K 
satisfies the hypotheses of Corollary 1.3.2, then the uniform closure of the set of 
restrictions to K of polynomials consists of all continuous functions on K which 
are analytic in the interior of K. Sce also Wermer [I] for a simple proof using 
functional analysis. The analogous statements are false in the casce of several 
variables (see Kallin [!]). Most of section 1.6 can be found in Radó [I]. An excep- 
tion is Theorem 1.6.13 which is essentially due to Hartogs. 


Chapter I 


ELEMENTARY PROPERTIES OF FUNCTIONS OF 
SEVERAL COMPLEX VARIABLES 


Summary. In section 2.] we define analytic functions as the solutions of the 
Cauchy Riemann equations ĉu = 0. After decomposing differential forms into 
a sum of forms of type (p,q), we define the ĉ operator for arbitrary forms. This 
gives a complex of differential operators, the exactness of which is proved for 
special cases in sections 2.3 and 2.7; the peneral case is studied with quite different 
techniques in Chapters IV and V. In sections 2.2 and 2.4 we give mostly classical 
results which can be proved by a simple extension of Cauchy's integral formula 
to product domains in C". In particular, we encounter examples of domains where 
all analytic functions can be continued analytically to larger domains. Domains 
for which this is not possible are called domains ef holomorphy. These are intro- 
duced in section 2.5 where we show that they are characterized by holomorph- 
convexity. A more explicit convexity property, so called pseudoconvexity, is intro- 
duced in section 2.6. We prove that holomorph-convexity implies pseudoconvexity, 
but the converse (Levi’s problem) is left for Chapter IV. The last section investi- 
gates approximation of analytic functions by polynomials and in that context the 
exactness of the A sequence. It is a preparation for Chapter HI, but a reader who 
wants to proceed directly to Chapter IV can bypass section 2.7 and the end of 
section 2.3 which prepares for it. 


2.1 Preliminaries. Let v be a complex valued function in CHO), where 
Q is an open set in C", which we identify with R”. We shall denote the 
real coordinates by x;, | <j < 2n, and the complex coordinates by 
2; = Xay-1 + ixj} = L---. nm. As in section 1.1, we can express du as 
a linear combination of the differentials dz, and dz,, 


(2.1.1) du = }" ôujðz; dz; + > duléz, dz,, 
i 1 


22 
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where we have used the notation 

(2.1.2) Gujdz, = $(0u/Oxz;- 1 — 10ujOxy,), 
Gu/OZ, = 4(OujOxz,-, + iux). 

With the notation 


(2.1.3) du = Ý duféz,dz;,, Ĉu = J Guséz, dz, 
1 [I 


we may also write (2.1.1) in the form 
(2.1.1) du = ĉu + ĉu. 


Differential forms which are lincar combinations of the differentials 
dz, arc said to be of type (1,0), and those which are lincar combinations 
of dz; are said to be of type (0,1). Thus ĉu (resp. ĉu) is the component of 
du of type (1,0) (resp. (0,1)). 


Definition 2.1.1. A function ue C\(Q) is said to be analytic (or holo- 
morphic) in Q if du is of type (1,0), that is, if ĉu = 0 (the Cauchy—Riemann 
equations). The set of all analytic functions in Q is denoted by A(Q). 

The differential operators ê and € are obviously linear and satisfy the 
product rule. Hence A(Q) is a ring. 

Now let u be an analytic function in Q with values in C’, that is, 


ue = (uy, -++°. us). 


where each component x; 1s analytic in © If veC'(w) for some open 
sct cy containing the range of u, the function 


wr: Os z > (ulz) 


is in C'(Q) and we have 
ao y 
d(u*v) = È ĉvjĉu; du; + $ êv/ðū; dii,. 
i i 


Since du, is of type (1,0) and di; of type (0,1) in Q. it follows that 
Hutry = $ avjdu;du;, — u*e) = X dv/éu, dii,. 
1 1 


Hence u*p is analytic ifv is analytic. More generally, the decomposition 
of das + d and the notion of analytic function are invariant under 
Analytic maps. 

The implicit function theorem extends immediately to analytic func- 


ions: 
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Theorem 2.1.2. Let f(w.z), j= 1,-+-, m, be analytic functions of 
(W.2) = (Wyss +, Wins 24, °''5Z,) in a neighborhood of a point (w°,z°) in 
Cc” x C", and assume that f(w®,z°) = 0, j = L, -++, m and that 


det(effew -1 FO at (w°,z°). 


Then the equations f{w,z) = 0, j= 1,---,m, have a uniquely determined 
analytic solution w(z) in a neighborhood of 2°, such that w(z°) = w®. 


Proof. We may regard the equations Sw, z) = 0 as 2m real equations 
Re fi(w.z) = 0 and Im f(w, z) = 0 for the 2m real unknowns Re w, and 
Im w,- In order to apply the usual implicit function theorem, we have 
to prove that at (w®.z°) the equations df; = 0 and dz, = 0, j = 1,---,m, 
k = 1,---,n, imply dw; = 0,j = 1,---,m. But this is obvious since the 
determinant of the system 


>» a faw,dw,=0, j=l, em 
1 


is not 0. Hence the equations f{w,z) = 0 define uniquely C' functions 
w, in a neighborhood of z® such that w(z°) = w°. To prove the analyticity 
we only note that for these functions w, 


m n 


» ew, dw, + X afféez, dz, = df; = 0 
1 1 


and we can solve this system of equations for dw, and find that dw, is a 
linear combination of dz,,---.dz,. 

Note that Theorem 2.1.2 means in particular that an analytic map of 
C” into itself has locally an analytic inverse where the Jacobian does not 
vanish. 

Finally we shall extend the definition of the @ and Ê operators to 
arbitrary differential forms. A differential form f is said to be of type 
(p. q) if it can be written in the form 


{=e dr Aca peel, 


Wp Wh=q 


where I = (,,---,i,) and J = (j++, j) are multi-indices. that is, se- 
quences of indices between | and n. We have here used the notation 


dz! Adz = dz, AeA dar |W ee Were 
fq 


Every differential form can be written in one and only one way as a 
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sum of forms of type (p.q); 0 < p.q <n. If fis of type (pq) the exterior 
differential 
df = pe dfg A da A dz? 
can be written df = êf + éf, where 
f= yon, AdE da, of = D ef, Adz Adz 
LJ DJ 
are of type (p + Lq) and (pg + 1). respectively. Since 0 = df = @?f 
+ (06 + FAS + Cf and all terms are of different types, we obtain 


(2.1.4) 27 S40, Ce te 0: ) Reed), 

Hence the equation 

(2.1.5) ču = f. 

where f is of type (p.g + 1), cannot have a solution uv unless 
ef = 0. 


This shows that even if we are primarily interested m the Cauchy 
Riemann equations (2.1.5) for functions u only, it is natural to study the 
Č operator also for forms of type (0,1), and therefore for forms of type 
(02), +. 

If u is a holomorphic map of Q c © into C" and if f = £ fy du! A di’ 
is a form defined in an open neighborhood of the range of u., we can 
define a form u*f in Q by 


wf = > fy, lee) dul A dit’, 
where du, and dit, for k = 1,---,¥ are differential forms in Q of type 


(1,0) and (0,1), respectively, since u, is analytic. Hence u*f is of type 
(p.q) if fis of type (pq), and since d(u*f) = u*(df) it follows that 


Cutt) = uef) Af) = uP). 


If .F is a space of functions (or distributions) we shall use the notation 
F „n for the space of forms of type (p,q) with coeflicients belonging to 7. 


2.2. Applications of Cauchy’s integral formula in polydises. A set 
D c C is called a polydise if there are discs D,,---.D, in C such that 
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The set I} @D, is called the distinguished boundary of D and we denote 
it by @gD. 
Theorem 2.2.1. Let D be an open polydise and let u be a continuous 


function in D which in D is an analytic function of each z; when the other 
variables are kept fixed. Then we have 


22a (2 


(2zi)"" | uči, EG = ee a = zi dey Peace 


aD 
Hence ue C*(D) and u ts in fact analytic in D. 


Proof. From Corollary 1.2.5 and the continuity of u, it follows that u 
is an analytic function of z;e D; if the other coordinates z, are given 
arbitrary fixed values in D,. By repeated use of (1.2.3), we therefore 
obtained (2.2.1), and. since the integrand is a C° analytic function of z 
when (2,z)€é)D x D. the theorem follows. 


Corollary 2.2.2. If Q is an open set in C" and ue A(Q). it follows that 
ue C“(Q) and that all derivatives of u are also analytic in Q. 


We can also immediately obtain bounds for the derivatives of u. In 
doing so we shall call an n-tuple æ = (2,, ---,«,,) of non-negative integers 
a multi-order and write ¢ = (@/€z,)"'---(é/éz,)". The operator @ is 
defined similarly and we write g! = a,!-++a,! and |a] =a, + ---+ 9%. 


Theorem 2.2.3. For every compact set K cQ (open ser in C”) and 
every open neighborhood œ of K there are constants C, for all multi-orders 
a such that 


(2.2.2) sup [u] < Calluin ue AQ). 
K 


Proof. This is proved by repeated use of Theorem 1.2.4 if w is a poly- 
disc and K is a compact subset of w. Since K can be covered by a finite 
number of compact subsets of polydiscs contained in in, the theorem 
follows. 


Corollary 2.2.4. If u,¢ A(Q) and u, >u when k — œ, uniformly on 
compact subsets of Q, it follows that ue A(Q). 


Proof. Repetition of that of Corollary 1.2.5. 


Corollary 2.2.5. If u, € A(Q) and the sequence |u| is uniformly bounded 
on every compact subset of Q, there is a subsequence i, converging 
uniformly on every compact subset of Q to a limit ue A(Q). 
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Proof. Repetition of that of Corollary 1.2.6. 


We shall now consider power series expansions of functions which 
are analytic in polydises. In doing so we say that a series E, a (z) con- 
verges normally in an open set Q if £, sup,la,(z)| converges for every com- 
pact set Kc Q, This implies of course that £, a (z) exists and is inde- 
pendent of the order of summation and that the sum is analytic ìf ali 
a, are analytic. 

Theorem 2.2.6. If u is analytic in the polydise D = fz; 
j= 1,- n} we have 

u(z) = $ Puya! zeD, 
a 


with normal convergence. 
Proof. ‘The power series expansion 
x as i Es es ayay e 
(či =a) N a) Se 1’ n 


converges normally when (¢,z)€é@,D x D. Hence we can multiply by 
m(C,.°-:,¢,) and integrate term by term in (2.2.1) if u is continuous in 
D. Since differentiation of (2.2.1) gives 


n 
(2.2.3) Eul) = ni)" "a! | pice es E tal a Guana eee 
bt 1 


the theorem follows if u is continuous in D. In general, we only have to 
apply this result to polydises which are relatively compact in D. 
We also note that the proof gives 


Theorem 2.2.7 (Cauchy’s inequalities). If u is analytic and |u| < M in 


the polydise {z; Ei <rpj= Lonn} it follows that 


(2.2.4) [E| < Mate 
Proof. This follows from (2.2.3) applied to smaller polydises. 


From Theorem 2.2.6 we obtain the uniqueness of analytic continua- 
ton as in the proof of Corollary 1.2.9. (We could also apply Corollary 
1.2.9.) The maximum principle also extends immediately from one to 
several variables. 

We shall end this section by proving the Hartogs theorem, that a 
Separately analytic function is analytic. A corresponding result would 
be false for functions of real variables: the function f(xy) = xy/(x? + y’), 
f (0,0) = 0, is infinitely differentiable with respect to x (or v) when y (or x) 
if Kept fixed, but in spite of that fis not even continuous at the origin. 
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Theorem 2.2.8. If u is a complex valued function defined in the open 
set Q c C" and u is analytic in each variable z; when the other variables are 
given arbitrary fixed values, then u is analytic in Q. 


The statement is purely local, so we only have to prove it in polydises. 


Lemma 2.2.9. If u satisfies the hypotheses of Theorem 2.2.8 in the 
polydise Q = {z:\z,| <rj j= lnn} and if ju] is bounded in Q, it 
Jollows that. u is analytic in Q. 


Proof. In view of Thcorem 2.2.1 it is sufficient to prove that u is 
continuous in Q. Let |u| < M in Q. Then we claim that 
n 
(2.2.5) Ju(2) — O| < 2M $ rz, — Cllr? — zél ifzčeQ 
1 
Since 


“v 


n 
u{z) a u(t) T > léi y pE Zjs EE) a ulta, ta Gis Zijt] h 
1 


it is sufficient to prove the estimate in the case of one variable. But then 
it follows from the Schwarz lemma, since the function z — u(z) — uŭ) 
is <2M in absolute value and vanishes when z = €& Hence (2.2.5) is 
valid, which proves the lemma. 

In what follows we assume that Theorem 2.2.8 has already been proved 
for functions of fewer than n variables. (Note that it is trivial when 


n= 1.) 


Lemma 2.2.10. Let the hypotheses of Theorem 2.2.8 be fulfilled and 
let D = JI; D, be a closed polydise with non-empty interior contained in 
Q Then there exist discs Dj c D; with positive radii and D; = D, 
such that u is bounded in D' = TF} Dj, hence analytic in the interior of D’. 


Proof. Let 
Ey = {z3z'e || D; and |u(z’z,)|) <M when z,e D,}. 
l 


Then Ey is closed since, by the inductive hypothesis, v is analytic and 
therefore continuous in z’ for fixed z,. Further Uv Ey = I DR 
Hence Baire’s theorem shows that E,, has an interior point for large M, 
and if we choose D' so that D' c Ey x D,, the lemma is proved. 


Lemma 2.2.11. Let u be a complex valued function in the polydisc 
D = {z:|z;-— z/|<R.j=1,---,n}, assume that u is analytic in 
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Z = (zt, Za-1) if Z, is fixed and that u is analytic and bounded in 
f . i 0 TAR k z 

D = {z:|2, = al er e a lee or some A= 0: 

Then u is analytic in D. 


Proof. We may assume that z° = 0. Choose R, and R; with O < R, 
< R, < R. By Theorem 2.2.6 we have 


(2.2.6) uļ(z) = $ adz)”, “Zep. 


where x only runs through multi-orders with n — 1 places, 
a,(z,,) = ulz) a! 
is analytic in z, and 
(2.2.7) |a,(z,)[R,!"! > 0 when |z| > æ for fixed z, with |z,| < R. 
Further, Cauchy’s inequality gives 
(2.2.8) la,(z,)|r!! < M 


if M is a bound for |u| in D’. Now apply Theorem 1.6.13 to the sub- 
harmonic functions 


Zp > L log \a,(z,)}.- 
1] 


In view of (2.2.8), these functions are uniformly bounded from above 
when |z,| < R and by (2.2.7) the upper limit when x| > 00 is < log (1/R)) 
for fixed z, Hence Theorem 1.6.13 shows that for large |2 


l l 
— logla,(z log — ifla] < Ri 
|2| ogla,( | s og R, 1 | | < 1 


that is, 
la(z,)|R,! < 1 for large jal if |z,| < Ry. 


This proves that the series (2.2.6) converges normally in D. and, since the 
terms are analytic, we conclude that u is analytic. 


Proof of Theorem 2.2.8. Given £€Q, we choose R > 0 so that the 
polydise {z;|z; — ¢| < 2R, j= 1.---. a} is contained in Q. By Lemma 
2.2.10 we can find z° with max, |z? ~ ¢| < R so that the hypotheses 
ol Lemma 2.2.11 are fulfilled for some r > 0. Hence u is analytic in a 
neighborhood of ¢, which proves the theorem. 
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2.3. The inhomogeneous Cauchy-Riemann equations in a polydisc. 
We first consider the equation 


=f 


where f is a given form of type (0,1) with compact support, and the un- 
known u is a function. We recall that @f = 0 is a necessary condition for 
the existence of a solution. Explicitly, this means that we want to solve 
the overdetermined system of differential equations 


(2.3.1) ulz; = f,, w= llponm aire 
when the compatibility conditions 

(2.3.2) Of (Cz, — êh = 90, jk=l, -n 
are fulfilled. 


Theorem 2.3.1. Let fiec oCh j = l-n, where k > 0, and assume 
that (2.3.2) is fulfilled (n > 1). Then there is a function ue CoC’) satis- 
fying (2.3.1). i 

Note that the theorem is false when n = 1 (take an arbitrary f, € Ca” 
with Lebesgue integral different from 0). : l 


Proof. We set 
uz) = Qri) | | ( = 2.) fylt, zae z) dt A dt 


= —(2ni)! rj T'AS T Za dt A dē. 
The second form of the definition shows that u e CC’), and it is clear 
that u(z) = O if |z.| + ---+ |z,| is large enough. From Theorem 1.2.2 it 
follows that Oujez,; = fy. If k > 1, by differentiating under the sign 
of integration and using the fact that Of, /22, = éf,/6Z,, we obtain 


Gulez, = (2niy- | [ (t — z) ON t, za A/A dt A dt = fe), 


where the last equality follows from Theorem 1.2.1. Hence u satisfies all 
the equations (2.3.1), which means in particular that u is analytic out- 
side a compact set. From the uniqueness of analytic continuation, we 
now conclude that u has compact support. 


Theorem 2.3.1 leads immediately to the following theorem of Hartogs. 
Theorem 2.3.2. Let Q be an open set in C", n> 1, and let K be a 


compact subset of Q such that QNK is connected. For every ue A(QN RK) 
one can then find U e A(Q) so that u = U in Q\K. 
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Proof. Let ge Co%(Q) be equal to | in a neighborhood of K. Set 
uo = (1 — eu, defined as 0 in K. Then uy € C*(Q), and we want to find 
pe C*(C") so that 


U = th — BP 


has the required properties. The function U will be analytic if 
(2.3.3) õe = Åm = -uĉo = f, 


where f, defined as 0 in K and outside Q, has components in Çe” (C"). 
Hence the equation (2.3.3) has a solution which vanishes in the un- 
bounded component of the complement of the support of œ. The 
boundary of this set belongs to QN K, so there exists an open set in QN K 
where v? = 0 and u = uy. Hence the analytic function U in Q which we 
have defined coincides with u on some open subset of QNK, and since 
this is a connected set we have u = U in QNK. 

Every function which is analytic in QNK can thus be continued 
analytically to the larger set Q. This is in striking contrast with the 
situation in the case of one complex variable (Corollary 1.5.3). We shall 
find another example of this phenomenon in the next section and shall 
make a thorough study of it in section 2.5. 

Without changing the method of proof we can also give a stronger 
version of Theorem 2.3.2 where the function n to be extended is just 
defined on eQ. 


Theorem 2.3.2‘. Let Q be a bounded open set in CŒ", n > 1, such that po 
is connected and C@QeC*. Denote by p a real valued function in C* such 
that p vanishes precisely on CQ and grad p #0 on ĉQ. If ue CQ) and 
fu A p= 0 on ĉQ, one can then find an analytic function U e CQ) 
such that U = u on éQ. 

Before the proof we make a few remarks. First note that, conversely, 
the existence of the analytic function U implies that U — u = ph with 
he C(O), hence GU — ĉu = hep on ĉQ so that ĝu A Gp = ĉU A ĉp=0 
on AQ. The hypothesis ĉu A ép = 0 can also be stated as follows: 


$ t; êuz; = 0 if St, éep/éz, = 0, 
i 1 
that is, u shall satisfy all tangential Cauchy-Riemann equations. Note 


that these involve only the values of u on @Q. The differentiability 
Assumptions can casily be reduced by two units. 
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Proof of Theorem 2.3.2’. We shall first construct Uo e C(O) so that 
Uy = u on ĉQ and 
CU, = O(p?) ai AQ, 


To do so we note that by assumption 
Cu = hy ép + ph, 
for suitable hy € C*(Q) and hy € Ch (Q). Hence 
Alt — hop) = p(h, — Elig) = ph, where h,e Cho 1 (QO. 


Since 0.= Alph) = Ôp A hy + põh» we have čp A hy = 0 on êQ. We 
can therefore write hy = hap + phy with hy © CÔ) and h, € Ch p). 
With Uo = u — hyp — hyp?/2, we then obtain 


Uo = pihy — Ghy/2). 
which completes the construction of U,. Now set 


f=U,ging, f=0infa 


The form fis then in Cfo.1,(C") and has compact support, so by Theorem 


2.3.1 we can choose a function re C'KC") so that ĉe = fand v has com- 
pact support. Since r is analytic in HE) and this is a connected set, it 
follows that v = 0 in Co. The function U = Up — v is therefore equal 
to Up = 4 on ĉQ, and GU = GU, — & = f—f=0inQ This com- 
pletes the proof. 

The study of the equation ĉu = fis slightly more complicated even in 
polydiscs when f does not have compact support. Since we shall need 
results when fis a form of type (0,4 + 1) for an arbitrary q > 0 in section 
2.6, we allow fto be of type (p,g + 1) for arbitrary pg > 0. For simplicity 
we assume that the components are in C”. 


Theorem 2.3.3, Ler D be an open polydisc and let feC wat 12) 
(p.q > 0) satisfy the condition &f = 0. If D cc D (that is, D' is relatively 


compact in D), we can find u e C* (D') with du = fin Di. 
: (rea) z 


Proof. We shall prove inductively that the theorem is truc if f does not 
involve dz, , ,.-++,dz,. This is trivial if k = 0, for f must then be 0 since 
every term in f is of degrec q+ 1 > 0 with respect to dz For k = n, 
the statement is identical to the theorem. Assuming that it has already 
been proved when k is replaced by k — 1, we write 


J=d Agth, 
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where geC?,,(D), he Cf 4412), and g and h are independent of 
di,, +--+, dZ,- Write 

E A y y fis dz! A dz 

Wl=p l=a 

where X’ means that we sum only over increasing multi-indices. Since 
6f = 0, we obtain 
(2.3.4) Og, 5/02; am 0, j > k, 


for this is apart from a factor + 1 the coefficient of dz! A dz A dz, A dz; 
in Of. Thus g, is analytic in these variables. 

We now choose a solution G, ; of the equation 
(2.3.5) OG, s/02, = Big- 


To do so, we choose Ņ\ e Co”(D,) so that ¥(z,) = 1 in a neighborhood 
D" c D of D‘, and set 


G; (2) ma 


(27i)! | K m WEE e r ee n) dt Adr 
= — (2ni) ' | fan eA e e a a A E 


The last expression shows that G, ,e C™(D}), from Theorem 1.2.2 it 
follows that (2.3.5) holds m D”, and in view of (2.3.4) we obtain by 


differentiating under the sign of integration 


(2.3.6) êG, =0, j>k 


If we set f, 
G = $ Gz dz? A d7, 
J 


it follows that in D” 
eG = yy eG, 02, dz, A dz! A dz! == dz, A B + hy, 
IJ j 

where h, is the sum when j runs from { to k — | and is independent of 
dz,,°++,dz,. Hence h— h, =f -cG docs not involve dz, - ‘> dzy, 
so by the inductive hypothesis we can find v€ Cj,,q(D') so that ĉr = S oy G 
there. (Note that f — 6G) = ðf = 0.) But then u = v + G satisfies the 
equation éu = f, which completes the proof. 


SS 
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By arguing as in the proof of Theorem 1.4.4, it is not difficult to prove 
that there is a solution ue Ch.@(P) of the equation ĉu = J when the 
hypotheses of Theorem 2.3.3 are fulfilled. However, we shall not do so 
until section 2.7, when we will have extended Theorem 2.3.3 to more 
general sets than polydiscs. 


2.4. Power series and Reinhardt domains. Let a, be complex numbers, 
defined for all multi-orders &, and consider the power series in C" 


aus 
a 


We define its domain of convergence D as the sct of all z such that the 
series is absolutely convergent at every point in a neighborhood of z. 
Further we denote by B the sct of all z such that la,z*| < C for all « 
and some constant C. It is obvious that D belongs to the interior B° 
of B. To prove that there is equality we first prove Abel’s lemma. 


Lemma 2.4.1. If we B. the power series converges normally in the 


polydise |z} < |wJ,j = 1,---,n. 


Proof. By hypothesis there is a constant C such that ja,w"| 2L F 
lz, kw and k; < 1 for every j, we obtain |a,2*| < Ck, and since 
Z, k = Mi (1 — k) ' < œ, the lemma is proved. 

Theorem 2.4.2. The convergence domain D is the interior of B, and the 
power sertes converges normally in D so that the sum is analytic in D. 

Proof. This is an immediate consequence of Lemma 2.4.1. 


Theorem 2.4.3. Let D* = {č če R", (e,---,&)eD}. Then D* is 
an open convex set in R", and if če D* it follows that TEDT n LC 
for every j. Further, we have zeD if and only if \z | <e j = ] es A 
Jor some Č e D*. iki Boi 


Proof. Define B* by substituting B for D in the definition of D*, 
From Theorem 2.4.2, it follows that D* is the interior of B*. Now if 
¢,4 € B*, one can find C so that 

Ja! exp( oč) <C and lal exe(Y, asn) <C for alla. 
1 
If Ap > O and A + p = L, it follows that 


Ja. exn(), afAč; + un))) < C. 
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Hence Ag + uye B*, that is, B* is convex. This gives immediately the 
asserted properties of D*. 

Conversely, if D* c R” has the properties listed in Theorem 2.4.3 and 
we define D according to the last statement there, we obtain an open 
set D which is precisely the domain of convergence for some power 
series. This follows from Theorem 2.4.5 below and the fact which will 
be proved in section 2.5 that there exists an analytic function in D which 
cannot be continued analytically beyond D. (See Corollary 2.5.8 below.) 

Theorem 2.4.3 means in particular that the domain of convergence of a 
power scrics has the property in the following definition: 


Definition 2.4.4. An open set Q c C" is called a Reinhardt domain if 
(Z1,°++,Z,)€Q implies (e'z,, ---, ez,) EQ for arbitrary real 0,,+--, 6,. 


Theorem 2.4.5. Let Q c C" he a connected Reinhardt domain con- 
taining the origin, and let fe A(Q). Then there exists one (and only one) 
power series such that 


f@ =D az 
a 
with normal convergence in Q. 


Proof. The uniqueness is obvious, since differentiation term by term 
(permissible in view of Theorem 2.2.3) gives that a, = a*f(O)/a! To 
prove the existence we take an arbitrary number e > 0 and define Q, as 
the sct of all zeQ such that diz, QO) > eļz|. (\z| is some norm in C") 
We have Oe Q,, and Q, is open. Let Q; be the component of Q, which 
contains the origin. It is clear that Q; increases when £N O0, and since 
every z€ Q can be joined to 0 with a polygon in Q, we have Q = u,, .Q,’. 
When ze Q,, we set 

giz) = (2zi) " i j fe Pes a ee Sa dee “dip, 

Cols 
where T, = {t;|(|< 1+ j= 1,.---,n}. The integral is defined, for 
the distance from z to (L+ e)z is ¢z|, so that, if zeQ,, it follows 
that (1 + e)zeEQ, Since Q is a Reinhardt domain, this implies that 
(f12y,°°'.6,2,)€Q for every te é@o7;. Differentiation under the sign of 
integration proves that g is analytic in Q,'. If now |z| is so small that 
(iZ tts GZ EQ for every te T, it follows from Theorem 2.2.1 that 
F(z) = 2(z). Since Q; is connected, we obtain that f = g in Q, 
Now we have 


(ti = iy set — Ne SAP e aty 
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with normal convergence when teot. Since (t,2z,, +--+, t,z,) belongs 
to a compact set in Q if z belongs to a compact set in Q; and te éoT,, 
we obtain with normal convergence in Q; that f(z) = E f(z), where 


f= ni) Fez oy tyes A tH" ty ood, 
Cody: 

is analytic in Q,. As above, we find that JAZ) = 270° (O)/a! in a neigh- 

borhood of 0 and therefore in Q.. This completes the proof. 

We shall say that a Reinhardt domain is logarithmically convex if it 
has the properties of a convergence domain which were described in 
Theorem 2.4.3. It is clear that the interior of the intersection of a 
family of logarithmically convex Reinhardt domains is also a logarith- 
mically convex Reinhardt domain. To every open set Q in C” one 
can therefore find a smallest logarithmically convex Reinhardt domain 
containing it—possibly the whole of C" From Theorems 2.4.3 and 
2.4.5 we now obtain 


Theorem 2.4.6. Let Q be a connected Reinhardt domain containing O 
and let Q be the smallest logarithmically convex Reinhardt domain con- 
taining it. Every function in A(Q) can then be extended to a function in 
A(Q). 


_ Example. {fQ = {ze C?, max(|z,|, |z,)) < 1, min(|z,|, [z2|) < £}, we have 
Q = {ze C?, max(lzy], Iza), |z,z2//e) < 1}. 


2.5. Domains of holomorphy. In Theorems 2.3.2 and 24.6 we have 
found examples of open sets Q c © such that every ue A(O) can be 
extended to a function in A(Q). We shall now examine this phenomenon 
more closcly. 


Definition 2.5.1. An open set Q < ©" is called a domain of holomorphy 
if there ure no open sets Q, and Q, in C" with the following properties: 

a) Ø #2, 00,09. 

(b) Q, is connected and not contained in Q. 

(c) For every u € A(Q) there is a function u, € A(Q 2) (necessarily uniquely 

determined) such that u = u, in Q,. 

Roughly speaking, the definition means that there is no part of the 
boundary across which every element in A(Q) can be continued analytic- 
ally. We shall see later that for every Q there is a largest © to which all 
functions in A(Q) can be continued analytically, and Q is then a domain 
of holomorphy. However, this result is true only if we admit complex 
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manifolds SAAG over C”. Since we only consider schlicht domains here, 
the discussion will be postponed to section 5.4. 


Definition 2.5.2. If K is a compact subset of ©, we define the A(Q)- 
hull Ro of K by 
(2.5.1) Ry = {z:z€Q,|f(2)| < supl. if fe A(Q)}. 

If we choose f(z) = exp<z,f>, we find that Ro is contained in the 


convex hull of K, hence is bounded. It is also obvious that Ro is closed 
in Q, but in gencral Ro need not be a compact subset of Q (see Theorem 


2.5.5 below). 
If D is an open polydisc with center at 0, we set 


Ag(z) = sup{r; {z} + rD c Q}. 


Lemma 2.5.3. Let fe A(Q), assume that 


(2.5.2) | f(2| <Ag?(2), zeK, 
and let “e Ry. If ue A(Q), the power series expansion of u at € 
(2.5.3) Sie — i Cuca! 


then converges when z belongs to the polydisc {%6} + | f(D. 
Proof. Let D = {z;|z| < raj = 1,:--,n}. O< t< 1, the set 


j= 1,---,n, for some we K} 


{z; |z; = w] < ff) 


is a compact subset of Q, hence Ju(z)| <M there for some M. From 
Cauchy’s inequalities, we therefore obtain 


(uweh wil! <M, wek. 
Since f(w)*l Gu{w) is analytic in Q, the same estimate holds when 
we Ke When w = č, we conclude that (2.5.3) converges in the polydisc 


{C} + | AOD- 


Now let 6 be an arbitrary continuous function in C" such that 6 > 0 
except at 0 and 


(tz) = |t\(z),  teC, zec. 


Set oz, $2) = inf, <pe (z — w). It is clear that d(Z, 62) is a continuous 
function of z. 
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Theorem 2.5.4, Let Q be a domain of holomorphy. If fe A(Q) and 
Irol < oz, § 2), ZEK: 
where K is a compact subset of Q, it follows that 
S < sz bo zea 
In particular, when f is a constant we obtain 


inf dz-—w)= inf íz- w) 
zek.wefn reKy,,.wefa ( -i 


Proof. If {z; ôlz) < I} is a polydisc D, the theorem follows from 
Lemma 2.5.3, since the power series expansions of all ue A(Q) at a 
point Ge Ke cannot converge in a fixed polydisc which is not contained 
in Q, by the definition of a domain of holomorphy. Now we can write 
A(z, §2) = sup{re R; z + aweQ if we CŒ, Aw) < I, and ae, ja| < r} 


= inf 6,(z, 
b0v) = 1 „(z 02, 

where 

6,,(z, 62) = supre R; z + aweQif la| < r}. 
It is therefore enough to prove the assertion for 6, and we may of 
course assume that w = (1,0,---). But if 

D, = {z; ja] < 1, |z| < 1/k---, Jz < 1/k}, 
then Ao™2) increases to 6,(z, C2) when k + œ. If ¢ > 0, it follows 
from Dini’s theorem that 


í [f(2)| < öz DD, zek, 
implies 
ISES (+ HA), zekK, 
if k is sufficiently large. Hence 
FOLS (1+ HAO 514+ C CeRa, 


according tò the remark at the beginning of the proof. This proves 
the theorem. 


We can now give a characterization of holomorphy domains. 


Theorem 2.5.5. If Q is an open set in C, the following conditions are 
equivalent : 


(i) Q is a domain of holomorphy. 
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(ii) If K cc Q, it follows that Ro cc Q and that with the notations 
of Theorem 2.5.4 


sup If (oz, § 2) = aie Irese 62), fe AO). 


(iii) If K cc Q, we have Rg cc Q. 

(iv) There exists a function fe A(Q) which cannot be continued 
analytically beyond Q, that is, it is not possible to find Q, and 
Q, satisfying (a) and (b) in Definition 2.5.1 and f, € AQ.) so that 
fah inQ,. 

Proof. (i)= (ii) according to Theorem 2.5.4. The implications 
(ii) => (iti) and (iv) => (i) are trivial, so it remains to show only that 
(iii) => (iv). Let D be a polydisc with center at 0 and denote for eQ 
by D; the largest polydisc of the form {{} + rD which is contained in Q. 
Let M be a countable dense set in Q. It is sufficient to construct fe A(Q) 
such that f cannot be continued to a neighborhood of D, for any Ce M. 
To do so, we let [,, ¢,,--- be a sequence of elements in M, containing 
every point in M infinitely many times. Let K; c K, c --- be a sequence 
of compact subsets of Q such that every compact subset of Q belongs 
to some K,. Since K, cc Q, we can find zje D, such that z,¢ Kj. 
Hence there ts a function f;€ A(Q) such that f{z;) = 1 but supx,| fj\< 1. 
Replacing f; by a high power of f, if necessary we may assume that 


(2.5.4) Haw sup |f;1< Dds 
d 


We can choose f; so that f; is not identically 1 in any of the components 
of O. Now form the infinite product 


= [| (logy. 
1 


Since £ j/2/ is convergent, the product converges uniformly on K, for 
every l and therefore it defines a function fe A(Q) which is not identically 
0 in any component of Q. All derivatives of f of order < j vanish at z;. 
If eM, we can thus for every integer N find points in D; where all 
derivatives of fof order < N are equal to 0. An analytic continuation of 
f to a neighborhood of D; would therefore have a zero of infinite order, 
hence be identically O in D;, which is a contradiction. The proof ts 
complete. 


Corollary 2.5.6. If © is convex in the geometric sense, then Q is a 
domain of holomorphy. 


—————— 
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Corollary 2.5.7. If Q, is a domain of holomorphy for every a in an 
index set A, then the interior Q of O4Q,, is a domain of holomorphy. 


Proof. Since Ky c Ro, if K cc Q, the distance from Ra to DQ, is 
> the distance from K to 62 for every a. Hence condition (iii) in 
Theorem 2.5.5 is fulfilled. 


Corollary 2.5.8. Let Q be a connected Reinhardt domain containing 0. 
Then the following conditions are equivalent : 
(i) Q is the domain of convergence of a power series. 

(ii) Q is a domain of holomorphy. 

(ili) O* = {€; EER", (e%, “++, e%)EQ} is an open convex set in R”, 
and if € €Q* it follows that nEQ* ifn, < yor every j. Further, 
we have zeQ if and only if lz] s< e, j= 1, n, Jor some 
fe Qs. 


Proof. That (i) => (iii) follows from Theorem 2.4.3. Further, (it) = (i) 
in view of Theorem 2.4.5, so we only have to prove that (iii) = (ii). Let 
K be a compact set in Q We can find a finite set k c Q such that 


K =E: lz skh i= 1,-+-,n}, 


and no ({ vanishes when Cek. Assume now that ze Ky and that 
Z,°++Z;#0 while z,,,,---,z, all vanish. (We can reduce ourselves to 
this case by changing the notations for the coordinates.) Then we have 
for all a 


lz," he -zl < sup kr AS gl, 
ek 


that is, if A; = a(x, + -+ + a), 


J J 

> 4; loglz4 < sup > A, loglé. 

1 ček i 
Since`4; are here arbitrary non-negative rationals with sum equal to 1, 
the estimate also holds for arbitrary non-negative reals 4i- This means 
that the point (loglz,|, ---,logl|z) Ri is in the convex hull of the set 
of all (y,,-- -,7,;) such that nis loglċ;l, i= [,---,j, for some ček. This 
proves that for some y e Q* we have lz] < e'i, i = 1,-:-, j, and therefore 
for all j. Hence Ry € Q, which proves the corollary. 

We have thus proved that every function which is analytic in a con- 
nected Reinhardt domain containing 0 can be extended to an analytic 
function in a domain of holomorphy which is also a Reinhardt domain. 
The next theorem is analogous but more general. 
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Definition 2.5.9. An open set Q c C" is called a tube if tire is an 
open set w c R", called the base of Q, such thai Q = {z; Reze ow}. 


It is obvious that the convex hull ch Q is a tube with base ch w. 


Theorem 2.5.10. If Q is a connected tube, then every ue A(Q) can be 
extended to a function in A(ch Q). 
We shall deduce the theorem from Lemma 2.5.3 and 


Lemma 2.5.11. Let Q be a tube whose base contains the convex hull 
of 
k = {(x,,0,-°°,0), 05 x, < 1}U{Ox,---,0,0< x, < 1} 
Set for 0 <6 < 1/2, 
K, = Nees Oe: 7 O}E 0 < Mts 0 < X2 Xi 4 X3 < l 


xi +x (x + xy?) < | e, 
and 
k, = {x + iy; xek, y + ya? < Vea Y3 => =), = 0}. 
Then the A(Q)-hull of k, + in contains K, + in for every ne R”. 


Proof. We can take y = 0 in the proof. Now consider. 


M, = {(21,22,0,---, 0); Rez, = 0, Rez, > 0, Re(z, + z,) < 1. 


Z + 2, — (2,2? + 2,7) = 1 —¢}. 
With z; = x; + ty;, we have in M, 
(2.5.5) Xi + Xa — elx? + x) 4+ yy? + yle, 
x,20,x%,20,x, +x <1. 
Hence x,? + x3? < 1 and y,? + y2? < i/s, so M, is compact. Since 


i (zı +z — o(z,7 + 227) = 1 — 2ez, #0 on M, 
OZ; 


the implicit function theorem shows that z, is locally an analytic i 
tion of z; on M,. Similarly, z, is locally an analytic, function of z, 
on M,- Since x, +x, <1 on M, except at the points (1,0,---,0) 
and (0, 1,0,---,0), the boundary of the surface M, belongs to k, and 
the maximum on M, of a function in A(Q) is assumed in k,. Hence 
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the A(Q)-hull of k, contains I&i X20, 0); xı2 0, x, 20, 
My t X2 Sl, xy +x, — oxy? +x) =1— e}. Since Ak, < k, when 
0< żx< 1, the lemma follows. 


Proof of Theorem 2.5.10. (a) We first assume that the base œw of Q 
is starshaped with respect to the origin, that is, that xew, O<t <1 
implics txe. Note that every tube with a starshaped base is con- 
nected and that the intersection of two such tubes is starshaped and 
therefore connected. Hence there is a tube © with starshaped base ® 
such that every ue A(O) can be continued analytically to Q, and Q 
contains every starshaped tube with this property. In fact, we need only 
take the union of all such tubes. We have to prove that @ is convex. 
Let therefore č, and č, be two linearly independent elements in &. We 
may choose coordinates so that ¢, and č, are unit vectors along the 
x, and x, axes. Let k be defined as in Lemma 2.5.11 and choose 6 > 0 
so that Ag"(z) > 6, z€ k (for notations, see Lemma 2.5.3). Let 


E = {a;0 <a < l, such that 0 < XLS xnxx tx <4 
implies (x,, x3, 0, ---,O)e cl. 


It is obvious that E is open in [0,1] and that OSE. If 46E and 
0 < e < 1/2, it follows from Lemma 2.5.11 that the A(Q)-hull of k + iK 
for some compact set K e R” contains 


Lae = {Xn x0- -00 XO 5 eek a a= sja}. 


Hence the power series expansion of any fe A(Q) at a point č with 
RefeL,, converges in ({} + 6D. From this we conclude that E is 
closed, hence E = [0,1], which proves the convexity of ©. 

(b} Now let œ be an arbitrary connected open set in R”. Let Oc 
and denote by © the largest tube whose base is starshaped with respect 
to the origin such that, to every fe A(Q), one can find fe AQ) so that 
{=f in a neighborhood of 0. According to (a), © must be convex. 
Now assume that © does not contain all of Q. Then we can find a point 
Xo€ mM so that xo¢® and, since w is connected, we can join x, to 0 
with a polygon in œ. Let x, be its last intersection with ĉ®. Then Sy 
is connected to 0 with a polygon which apart from x, belongs to w ^ &. 
If œ, is a convex neighborhood of x, which is contained in œ, the 
function f” = fin @ + IR", f' = fin w, + iR" is uniquely defined and 
analytic in the tube with base @ u Ww, which is starshaped with respect 
to xı. According to (a) the function f can therefore be continued to 


the tube with base ch(@ V @,), which is starshaped with respect to 0, 
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also. This contradicts the definition of Q. Hence © > Q, and we obtain 
f = fin the whole of Q by the uniqueness of analytic continuation. 


Example. If P is a polynomial (or entire function), the components 
of the interior of {; P(€ + in) Æ 0 for all y e R"} are all A i This 
follows from Theorem 2.5.10 applied to 1/P. In particular, this gives 
interesting information concerning hyperbolic polynomials (cf. 
Hörmander [2], Chapter V). 

Corollary 2.5.12 (to Theorem 2.5.10). A tube is a domain of holomorphy 
if and only if every component is convex. 

We finally list some simple constructions which lead to domains of 
holomorphy. 


Theorem 2.5.13. Let Q be a domain of holomorphy and fi. x the € A(Q). 
Then Q; = {z3z€Q,|f{2)| < 1.7 = 1,---, N} is a domain of holo- 
morphy. 

Proof. Let K be a compact set in Q,. Choose r < 1 so that IA =" 
in K when j = 1,---, N. Then this inequality is also valid in Kg, which 
proves that Ky € Q, Now Ko is compact because Q is a domain of 
holomorphy, and since Ky s & Kg it follows that Ro IS compact. 

A more general form of the same statement ts the following: 


Theorem 2.5.14. Let Q and Œ be holomorphy domains in C" and in C™, 
respectively, and let u be an analytic map of Q into C™. Then 
QO, = {z; zE Q, uze Q} 


is a domain of holomorphy. 


Proof. Let K be a compact set in Q,. Since Ko, = Ko ce o, it Is 
sufficient to prove that Rie is closed in Q. Now u(K) is a pompat 
subset of Q since u is continuous, so the A(Q'}-hull K’ of u(K) is a compact 
subset of O. If fe A(Q’) and € e Ko, we have 


[Fed < sup |SU = sup | 
which means that u(¢)¢ K’. Hence every point in the closure of Ro, in Q 
is mapped by u into K’ and therefore belongs to ©,. The proof is 
complete. 


Remark. The proof does not use the full force of the hypothesis that Q 
is a domain of holomorphy; we only needed that Ko, cc Q for every 
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KESEN co Owe t 
l u Tf O, 5 can therefore drop the assumpti 
is a domain of holomorphy. : ob ite 


2.6. Pseudoconvexity and plurisubharmonicity. So far we have only 
used Theorem 2.5.4 when fis a constant, but we shall now extract 


further information. Let z, b i i 
É ; o belong to a domain of holomorphy Q an 
lct we C”. Choose r so small that a : 


D = {zo +w;teC hsr co, 
and let f(t) be an analytic polynomial, such that 
— log ôlzo + tw, GO) < Re ff), [x =r. 
If we choose an analytic pol ii in C" F 
ana polynomial F in C" so that F(z y= f 
our hypothesis can be written E a 


lemo < Az, 62), zéEeD. 


Since the A(O)}hull of @D contains D by the maximum principle. it 
follows from Theorem 2.5.4 that le~"©| < &z, (2), 2€D, thatis, — 


— log d(z5 + tw, 62) < Re f(z). l| < r. 


The Same conclusion is obvious if w = 0. Hence —log dz + tw, §.Q) is 
for fixed z e C"andweC’a subharmonic function of t where it is defined. 


( (8) í ) h m 1.6 3) ice a name Su 
See conditi n ii) in I core Afe We introdu 


( Definition 2.6.1. A function u defined in an open set Q c C with balues 
in [~ æ, +æ) is called plurisubharmonic if 


(a) u is semicontinuous from abore. 


(b) For arbitrary z and we Ç", the function t > u(Z + tw) is sub- 
harmonic in the part of C where it is defined. 


We shall denote the set of all such functions by P(Q). 
Example. If fis analytic, then log |f] is plurisubharmonic, 


i Before Proceeding further we shall list the properties of plurisub- 
armonic functions which we shall need, and which are not immediate 
consequences of their analogues for subharmonic functions. 


Theorem 2.6.2. A function ue C ?(O) is plurisubharmonic if and only if 


2.6.1 ‘ 2 ARR T 
( ) A O° u(z/Cz C2, wW, > 0, zeQwec" 
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Proof. We only have to apply Theorem 1.6.10 to the functions 
t —> ulz + tw). 


Theorem 2.6.3. Let 0 < pe Co”(C") be equal to 0 when |z| > 1, 
let o depend only on |z,\,---, |z,], and assume that f(z) dA(z) = l where 
då is the Lebesgue measure. If u is plurisubharmonic in Q, it follows that 


u(z) = [ ulz — eol) dA 


is plurisubharmonic, that u,e C” where d(z, HO > ¢, and that UNU 
when eNO. (We assume that u # — œ.) 


Proof. That u, decreases when N0 was proved in the case n = 1 
in the proof of Theorem 1.6.11. Iteration of this result shows that u, is 
decreasing also if n > 1, and from the case n = 1 we also immediately 
find that u<u,. Since lim,.,u, <u in view of the upper semi- 
continuity of u, we conclude that U, NU when —e\0. That u, is pluri- 
subharmonic follows immediately from Theorem 1.6.10. 

Conversely, Theorem 1.6.2 shows immediately that the limit of a 
decreasing sequence of plurisubharmonic functions is plurisubharmonic. 


Theorem 2.6.4. Let Q c C" and Œ c C”, let f be an analytic map of 
Q into OF, and let ue P(Q’). Then f*u e P(Q). 


Proof. First assume that u € C?(Q’). Then we have 


n m 
` Oud f (z)/8z 02, wW = Be ufff ce 0, 
dk=1 jk=1 
where we have written g,; = Xi w,¢f,/6z;. Hence f* ue P(Q). For a 
general u € P(Q’), we only have to use Theorem 2.6.3 to choose a sequence 
of C® plurisubharmonic functions which decrease toward u and use the 
remark preceding the theorem. 

Note that Theorem 2.6.4 strengthens condition (b) in Definition 2.6.1 
even when n = I. 

The result obtained at the beginning of this section can now be stated 
as follows: 

Theorem 2.6.5. If Q is a domain of holomorphy and (2, (2) is 
defined as in Theorem 2.5.4, then — log 6{z, C2) is plurisubharmonic and 
continuous. 

In Chapter IV we shall prove that the converse of this result is true. 


= 
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However, we can alread 


ev y at this point discuss equiv: 
condition just obtained. page 


Definition 2.6.6. If K is a com j 
; 6.6. | k act subset e Open se 
ee a al we ae ls wset of the open set Q c œŒœ 


P 
Ro? = |z; zen, u(z) < sup u for all we PQ). 


It is clear that the P(Q)-hull of K is contained in the A(Q}-bull of K 


Theorem 2.6.7. If Q is an open set in C", the 


‘ollowing conditions ar. 
eh aie f g conditions are 


(i) A Pa (z, p Q) is plurisubharmonic inQ if 6 is defined as in Theorem 


( ) P, £ a ited z 
i There exists a CONLNUOUS plurisubhar monic jun 
ction u in Q such 
fi 


Q, = {z; ze Q, ulz) < (Bie eaten 10) 
Jor every ce R. 
(iii) Ro ce Q if K cc Q, 
Proof. If (i) is fulfilled, we onl 
i filled, y have to set u{z) = |z|? — log 6 
to get a function satisfying (ii). That (ii) implies (iii) is | | ee bo) 


only prove that (iii) implies (i). Let 
r > 0 so that os PES 


obvious, so we need 
weC", and choose 


D = {z + ww; jl < rien. 
Let f(t) be an analytic polynomial such that 
—log ôlzo + ctw, D Q) < Re f(a), jel, = r, 
that is, 
(2.6.2) ÖlZo + tw, 62) > je, ll DA 


We want to prove the same inequality when lt] < r. To do so, we take 
any vector a e C" with (a) < I and consider for 0 < J < | the an 


T>Zo + twt Ace FO, ll ep 
We denote its range by D,; clearly Do = D. Put 
A = {4;0 <14 <1,D; c Q}. 


It is obvious that A is an open subset of [0,1] and to prove that A is 
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equal to the whole interval we shall prove that A is closed. Let K be the 
compact set 


K = {zo + ww + dae, |e] = 7,0 <1 < 1}, 
which is contained in Q by (2.6.2). If ue P(Q) and 4 € A, then 
T — UZy + tw + Jae) 
is subharmonic in a neighborhood of the disc |z| < r, which proves that 


ulZp + tw + dae~S) < supu if |e <r. 
K 


Hence D; c Ra’ for every 2e A, and this implies that A is closed, for 
o° is relatively compact in Q by (iii). Thus D; c Q, that is, 


Zo t.tw+aeFeQ if Ha) < 1 and |r| < r, 
so that |d(zp + tw, § | = le 4 if |e] < r, or 
—log (zo + tw, LQ < Ref, k| <r. 
This proves (i). 


Definition 2.6.8. The open set Q c C is called pseudoconvex if the 
equivalent conditions in Theorem 2.6.7 are fulfilled. 

Since the supremum of a family of plurisubharmonic functions 1s 
plurisubharmonic if it is continuous, we obtain from condition (i) in 
Theorem 2.6.7: 


Theorem 2.6.9. If Q, is a pseudoconvex open set for every « in an index 
set A, then the interior Q of Osea Q, is also pseudoconvex. 

The corresponding statement for holomorphy domains was given in 
Corollary 2.5.7. However, the next theorem is by no means obvious 
for domains of holomorphy and is, in fact, in that case essentially equiva- 
lent to the identity of holomorphy domains and pseudoconvex domains 
which we shall prove in Chapter IV. 


Theorem 2.6.10. Let © be an open set in C”. If to every point in Q 
there is a neighborhood œ such that œ © Q is pseudoconvex, then Q is 
pseudoconvex. 

The condition in the theorem is of course only a restriction on 00. 
Loosely stated, the theorem means that pseudoconvexity is a local 
property of the boundary. 
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Proof of Theorem 2.6.10. Let zp e ĉQ and choose a neighborhood 
w of zp according to the hypothesis. Then A(z, 62) = A(z, Ca N w)) 
for all z sufficiently close to zp. Hence —log 6(z, § Q) is plurisubharmonic 
in a neighborhood of every point on 0Q, so there is a closed set F c Q 
such that —log &(z, 62) is plurisubharmonic in QN F, Now take a con- 
tinuous function p e P(C") (for example, a convex increasing function 
of |z|?) such that g(z) > — log o(z, 62) when zeF, and (z) > œ% 
when |z| > co. Then u(z) = sup (e(z), —log dz, 0 O) is in P(Q), for 
u = in a neighborhood of F and the supremum of two plurisub- 
harmonic functions is plurisubharmonic. It is clear that u satisfies 
condition (ii) in Theorem 2.6.7, which proves that Q is pseudoconvex. 

For reference in Chapter IV we give a property of the P(Q)-hull which 
seems much stronger than that in Definition 2.6.6. 


Theorem 2.6.11. Let Q be a pseudoconvex open set in C", let K bea 
compact subset of Q, and w an open neighborhood of Ky’. Then there 
exists a function u e C*(Q) such that 

(a) u is strictly plurisubharmonic, that is, the hermitian form in (2.6.1) 

is strictly positive definite for every z € Q. 

(b) u < Oin K buu>O0nQna fo. 

(c) {z; zE Q. ulz) < c} co Q for every ce R. 


Proof. We shall first construct a continuous function ve P(Q)) satis- 
fying (b) and {c). To do so we choose a function uo with the properties 
listed in (ii) of Theorem 2.6.7. Adding a constant to uo, if necessary, we 
may assume that uy < Oin K. Set 

K’ = {z; ze Q, ulz) < 2}, L= {z:ze Qn l o, ulz) < 0}. 

These sets are both compact. For every z € L we can choose a function 
w € P(Q) such that w(z) > O but w < Oin K. By means of a regularization 
as in Theorem 2.6.3 we obtain a continuous plurisubharmonic function 
w, in a neighborhood of K’, with w, < Oin K and w, > Qin a neighbor- 
hood of z. Since L is compact, we can now use the Borel-Lebesgue 
lemma and the fact that the supremum of a finite family of plurisub- 
harmonic functions is plurisubharmonic to construct a continuous 
plurisubharmonic function w, in a neighborhood of K’ such that w, > 0 
in a neighborhood of L and w, < O in K. Let C be the maximum of Wo 
in K’ and set for z eQ, 


v(z) = sup(w2(z), Cuo(z)) if up(z) < 2, uz) = Cus(z) if up{z) > 1. 


The two definitions agree when 1 < ulz) < 2, so v is a continuous 
plurisubharmonic function in Q. which obviously satisfies (b) and (c). 
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Let 
y Q, = {z; z€ Q, v(z) < c}. 


If with the notations of Theorem 2.6.3 we set 
ol =f ADAE — Ofede da) + elz? G = 0+) 
v ora 
and & is cose sufficiently small (depending on j), we obtain a function 
v; e C*(C’) which is > v and strictly plurisubharmonic in a neighborhood 
of Õ,. By suitable choice of we can also achieve that vo < 0 and 
vı <0in K and v; < v + Lin Q; for j = 1,2,---. Now take a convex 
function ye C”(R} such that y(t) = 0 when t < 0 and xo > 0 when 
t > 0. Then y(x; + 1 — j) is strictly plurisubharmonic ina neighborhood 
of O;,\Q;~,;. We can therefore choose successively positive numbers 
äi 43,°°° SO that k 
Un = vo + X ae; + 1 =j) 
1 


is > v and strictly plurisubharmonic in a neighborhood of On. We have 
üm = u in Q; if l and m are > j, so u = lim u„ exists and is a strictly 
plurisubharmonic C* function in Q. Since u = vg < Oin K and u > v 
in Q, the properties (a), (b), (c) follow. TiNa 

If Theorem 2.6.11 is applied to œ = QN {x}, where x ¢ Ko”. it follows 
that we can restrict u to P(Q) a C™(Q) in Definition 2.6.6. Hence Ko 
is closed and therefore compact if K is a compact subset of Q and Q is 
pseudoconvex. 

We shall now examine when an open set with a C? boundary is 
pseudoconvex. 


Theorem 2.6.12. Let Q c C" be an open set with a C? boundary ; let 
Q = {z; p(z) < 0} where p is in C? in a neighborhood of Q and 
grad p # 0 on CQ. Then Q is pseudoconvex if and only if 


n 
(2.6.3) $ 0°p/ðz EZ wW > 0 when ze GO and È dp/éz,w; = 0. 
dk=1 1 
Condition (2.6.3) is called the Levi condition; 0Q is also said to be 
pseudoconvex if (2.6.3) holds. 


Proof. If p, is another function satisfying the hypotheses in the 
theorem, then p, = hp with h > 0 in a neighborhood of Hence 


> 079, /020Z, wii, =h Y} 6? pfez€z, ww, if p = ¥ ep/éz;w, = 0; 


hk =1 Jjk-1 1 
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which proves that (2.6.3),is independent of the choice of p. To prove that 
there is a function satisfying (2.6.3) if Q is pseudoconvex, we set 


pz) = -z bY no =A) in FQ 


where 6 is, for example, the Euclidean metric. Then pe C? near the 
boundary of Q. (This follows from the implicit function theorem.) At 
points in Q sufficiently close to ðQ, the plurisubharmonicity of —log ò 
means that 


>, (—d" ! 076/0z,0z, + Ò? 06/62,05/62,) ww, = O. 
jk=1 
Hence 
$, &p/dz,0z, ww, > 0 if Y ap/éz;w; = 0. 
jk=1 1 
A passage to the limit shows that this is also truc on €Q. 

In proving the converse we may by the first part of the proof assume 
that (2.6.3) is satisfied with p defined as above. Assume now that with 
wec 

8? 
— @tét 


for some z so close to @Q that öe C? at z. Then we have by Taylor’s 
formula 
log d(z + cw, DQ) = log d(z, 0O) + RelAt + Br?) + c|z|? + o(|z|?), 
to 0. 


c log d(z + tw, (o9 >0 when z= Q, 


Herc A and B are constants. Now choose a e C" with d{a) = A(z, C2) so 
that z + ae Q, and set 


z(t) = z + tw + aexp(At + Br’). 
- Then we have 
d(z(t), FQ) > d{z + cw, DQ — dfalexplAr + Br?) 
> Slayer? — fet Be 


when |r| is sufficiently small. Since 6(z(0), GQ) = 0, we conclude that 
(d/dz)5(z(t), GQ) = 0 and that (0?7/dcé7Z)5(z(t), (2) > 0 when + = 0. 
With the notation p used above, this means, since z(t) is an analytic func- 
tion of q, that 


>, épjéaz,z;(0) = 0, 
1 


D7 8? paz 02, z;(0) z,'(0) < 0. 
kw 1 
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This contradicts (2.6.3) at z(0), which completes the proof. (Note the 
analogy of this proof with that of Theorem 2.6.7.) 


The necessity of (2.6.3) is also easily proved directly. In fact, when 
(2.6.3) is violated, one can even prove a local extension theorem ana- 
logous to Theorem 2.3.2’. 


Theorem 2.6.13. Let p be a C* function ina neighborhood @ of Zo 
such that p(z 9) = 0 but grad p(zo) # 0. Further, assume that 
(2.6.4) 

>, & p(29)/0z 02, wi, <0 for some weC" with È, w,dp(zo)/ez; = 0. 
ko 1 i 


Then there exists a neighborhood œw © œw of zo such that, for every 
ue Cw) satisfying the tangential Cauchy-Riemann equations, u A ép = 0 
on {z;zeœw, p(z) =O}, one can find UeC'a') so that U=u when 
p = 0, and CU =O inw,' = {z; zew, piz) > 0}. 


Proof, After a linear change of coordinates we may assume that 
Zo = 0 and that 


P(X) = Xan + A(x) + oix’) 


where A is a quadratic form. Taylor’s formula gives 


A(x) = f, 2,2, 67 p(0)/az,02z, + Re Y zz, €7p(0)/Gz,0z,. 


jk=1 jk=1 
If we make the analytic change of variables 
n 
Zz; = Zj ifj < A l: Zo — Zn a i om ZjZk 6? p(0)/2z Oz. 
pk=t 
the Taylor expansion of p assumes the simpler form 


p=Imz,+ Y 2,2 dp(0yéz,az, + Olz. 
SA= 1 


To simplify notations we may therefore without restriction assume that 
the original coordinates were chosen so that 


p=Imz,+ }, Aj,2j% + O((z|*), 
ik=1 


where (A ,,) is a hermitian symmetric matrix. The hypothesis (2.6.4) means 


———————— EL aaa 
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that the form 
n-1 
2, AZZ 
Jjk=1 
is not positive definite. By a linear change of coordinates we may achieve 
that A,, < 0. Since 


AZ,,0,°+*,0) = Alz? + olz) 
we can then choose first 6 > 0 and then ¢ > 0 so that 7 p/6z,8Z, < Oin 
o = {zija < 6,|z. + ---+ fz] < st ou, 


and p < 0 on the part of the boundary where jzı| = 6. For fixed Za 
z, with |za|+ = + |z,| < £, the set of all zı with |z| <6 where p < 0 
is then connected, because p cannot have a local minimum as a function 
of zı. The proof of Theorem 2.3.1 therefore applies without change to 
prove that for every form fe Cones k > O satisfying the equation 
éf = 0 and vanishing outside w,' there exists a solution ue C twa) of 
the equation ĝu = f such that u vanishes outside w,- But then the 
assertion of the theorem follows by repetition of the proof of Theorem 
2.3.2’. The details may be left as an exercise for the reader. 

If on a smooth surface in C” we are given a function u satisfying the 
tangential Cauchy~Riemann equations, it is thus possible to extend u 
analytically to at least one side of the hypersurface in a neighborhood of 
every point where the Levi form (2.6.3) does not vanish identically. In 
that case no extension need exist, however. For example, any function of 
X2n—1 Satisfies the tangential Cauchy—Riemann equations in the hyper- 
plane x2, = 0, but obviously there is no analytic extension in gencral. 


2.7. Runge domains. We shall here prove an approximation theorem 
extending Corollary 1.3.2 and in the same context an existence theorem 
for the 6 operator. The elementary methods which we use here do not 
allow us to study general holomorphy domains, so we shall return to 
these questions in Chapter IV. 


Definition 2.7.1. 4 domain of holomorphy Q c Œ is called a Runge 
domain if polynomials are dense in A(Q), that is, if every fe A(Q) can be 
uniformly approximated on an arbitrary compact set in Q by analytic 
polynomials. 

Since power scries expansions show that polynomials are dense in 
A(C"), we might as well have considered arbitrary entire functions instead 
of polynomials in the definition. In what follows we set for compact 
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sets K (cf. Definition 2.5.2) 
K = Re= {z; ze C", |P(2)| < sup |P] for all polynomials P 
K 


Definition 2.7.2. Compact sets K with K = K are called polynomially 
COnNLEX. 


We shall now prove (cf. Theorem 1.3.4) 


Theorem 2.7.3. The following conditions on a domain of holomorphy 
Q c C are equivalent: 
(1) Q is a Runge domain. 
(ii) For every compact set K c Q we have K = Ro. 
(iti) For every compact set K c Q we have K nQ = hee 
(iv) For every compact set K € Q we have KA Qcc Q. 


Proof. That (i) = (iii) follows from the definition of Ro and the 
definition of a Runge domain. The implication (ii) => (iii) is trivial and 
(iti) = (iv) since Q is a domain of holomorphy. The remaining implica- 
tions (iv) = (ii) > (i) will be proved later on in this section after we have 
studied the equation ĝu = f in neighborhoods of polynomially convex 
sets. 

We shall say that a compact set K has the Cousin property if for every 
fECEq+1) With 6f = 0 in a neighborhood of Kíp, gq > 0) the equation 
Ču = f has a solution we tpp 10 Some neighborhood of K. Our aim is 
lo prove that all polynomially convex sets have the Cousin property. 
First we approximate by sets of a simpler type. 


Lemma 2.7.4. Let K be a polynomially convex compact set and let œ 
he a neighborhood of K. Then one can find polynomials P., +>, P,, such 
that 


K c {z;|P{2)) < Wj = 1m = Le or 
L is called a polynomial polyhedron, and is obviously polynomially convex. 


Proof. Let P (2) - aAZpaj = l.-++,n, where a; > 0 are chosen so small 
that |P] < 1 in K. For every ze with ja,z,| < 1 for j = 1,---,n, we 
can find a polynomial P so that [P(z)] > 1 but sup, |P) < 1. Application 
of the Borel Lebesgue lemma now shows that P,, ,,---, P, can be chosen 
so that the statement of the lemma is valid. 


The following fundamental lemma is essentially due to Oka [1]. 


——— 
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Lemma 2.7.5. Let K be a compact set in C", let D be the closed unit 
disc in C, and let P be a polynomial in C”. Denote by u the Oka map 


C 3z > (z, P(z}) e C+ 1, 


and set Kp = {z; ze K,|P(z)| < 1}. Assume that the set K x D in "+! 
has the Cousin property. Then 


(a) Kp has the Cousin property. 

(b) For every FE Cow (Pg = 0) with Of = 0 in a neighborhood of Kp, 
one can find Fe CG gq with OF = 0 in a neighborhood of K x D, so 
that f = u*F in a neighborhood of Kp. 

: Note that Kp is equal to u~ "(K x D). The notation u* was introduced 
in section 2.1. 


Proof. We first prove (b). Let z be the projection 
Cl 3 (zw) 3 ze C. 


Then z op is the identity. If w is an open set containing Kp such that 
SE C.a (©) and of = 0 in w, then x*fe Cora (T'o) and én*f = n*éf = 0 
in x ‘w, which is a neighborhood of 


UKp = {(z,w)e K x D,w = P(z)}. 


We have p*n*f = (xp)* f= f in œ. Let now p EC (x tw) be equal to 
l in a neighborhood of Kp and set 


F = en*f— QG 


where Q(z,w) = w — P(z) and G is a form of type (p.q) in a neighborhood 
of K x D which shall be determined so that GF = 0. Note that u*F = 
(*o)f=f in a neighborhood of Kp. The cquation 6F = 0 can be 
written in the form Q0G = Gp A n*f, for n*f is €-closed; thus we have 
the equation 


2 Rz 
6G = Gey A ntf = H. 


Since ĉp = 0 in a neighborhood of wKp, we have H € Cong 41) in a neigh- 
borhood of K x D, and 6H = (1/0) ĝo A n*f=0. Since K x D is 
assumed to have the Cousin property, we can find a solution G e C ipa OF 
the equation ¢G = H in a neighborhood of K x D, and this proves (b), 
To prove (a). we take fe C2, , n with &f = 0 ina neighborhood of Kp. 
According to (b), we can choose F e Cip.q+ n SO that CF = 0 ina neighbor- 


hood of K x D and f = p*F. Since K x D has the Cousin property, the 
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equation U = F has a solution € C „ in a neighborhood of K x D. 
If we set u = p*U, it follows that du = p*6U = p*F = fin a neighbor- 
hood of Kp. The proof is complete. 


Remark. Note that the proof of (a) involves the existence of solutions 
of the equation 6G = H in a neighborhood of K x D both for forms H 
of type (p,q + 1) and (p,q + 2). This is the main reason why we cannot 
restrict ourselves to forms H of type (0,1). 

From Theorem 2.3.3 we know that every closed polydisc has the 
Cousin property. By repeated application of Lemma 2.7.5 we therefore 
obtain 

Theorem 2.7.6. Ler A be a closed polydisc in C", let D be the closed 
unit disc in C, and let P,,--:,P,, be polynomials. Denote by p the Oka 
map 


Caz ->(z, P,(z),---, PAz)eCr'", 


and set K = {z:ze A, |P) < 1, j = 1,---, mj = WMA x D"). Then 
(a) K has the Cousin property. $ 
(b) For every fe CG.) (p.g = 0) with êf = 0 in a neighborhood of K, 
one can find F € Coq, with CF = 0 in a neighborhood of A x D" so 
that f = p*F in a neighborhood of K. 


Proof. A proof by induction over m is obvious in view of Lemma 


2.05, 
We shall now deduce some consequences of Theorem 2.7.6; in parti- 


cular, we shall complete the proof of Theorem 2.7.3. 


Theorem 2.7.7. Let f be an analytic function in a neighborhood of a 
compact polynomially convex set K. Then there is a sequence f; of analytic 
polynomials such that f; + f uniformly on K. 


Proof. By Lemma 2.7.4 we can choose a compact polynomial poly- 
hedron L containing K so that f is analytic in a neighborhood of L. 
Choose a closed polydisc A with center at 0 so that A > L, and let 


L= {z;ze A |P (2| < 1, j = 1,- m} 


By Theorem 2.7.6 (b) we can find a function F which is analytic in a 
neighborhood of the polydisc A x D" in C"*™ so that 


if (A) R A EE A) 


in a neighborhood of L. But if F (z,w) are the partial sums of the power 


SS 
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series expansion of F(z,w), we have F, > F uniformly in the polydisc 
A x D”. Hence 

F(z, P,(2),-++, Paz) > F(z, P,(z),---, Pz) = f(2) 
uniformly on L, which proves the theorem. 


End of proof of Theorem 2.7.3. That (ii) implies (i) follows immedi- 

ately from Theorem 2.7.7. To prove that (iv) = (ii) we set 
K,=KnoQ, K,=Ko fa 

Then K, is compact by (iv), and K, is a closed subsct of K and therefore 
also compact. K, and K, are disjoint, so we can define a function which 
is analytic in a neighborhood of K by setting f = 0 in a neighborhood of 
K, and f= 1 in a neighborhood of K,. Since K is polynomially convex, 
it follows from Theorem 2.7.7 that we can find a polynomial g such that 
lg -f| <4 on Š, hence |g| <4 on K; >K and lg] > 4 on K, Since 
K- c K, we conclude that K, is empty. Using Theorem 2.7.7, we con- 
clude that (i) is valid, hence also (iii) and (ii). 

We leave as an exercise to prove that analogues of Corollaries 2.5.6 
and 2.5.7 and Theorems 2.5.13 and 2.5.14 are valid for Runge domains. 
Instead we shall improve part (a) of Theorem 2.7.6. 


Theorem 2.7.8. If Q is a Runge domain, the equation ĉu =f has a 
solution u e C p (Q) for every fe Cha n (Q) such that of = 0 (p,q > 0). 


Proof. Let K, be an increasing sequence of compact subsets of Q such 
that K j = K; for every j, and every compact subset of Q is contained in 
some K;. According to (a) in Theorem 2.7.6, we can for every j find 
u; E Coq) (Q) satisfying the equation Cu; =f in a neighborhood of K,. 
We wish to make the sequence u; convergent, 

First assume that q > 0. We claim that the forms u; can then be 
chosen so that Wy = u4; in a neighborhood of K; for every j. In fact, 
assume that u;,°+-,u; have already been chosen so that this condition iş 
fulfilled. If ue Cipp (Q) satisfies the equation ĝu = fin a neighborhood 
of Kj41, we have Au, — ua) =f—f=Oina neighborhood of K;, so by 
Theorem 2.7.6 again we can choose v € Cig 1 (2) so that u; — u = 6 in 
a neighborhood of K,. Hence ĉļu + ĉr) = ĉu =f in a neighborhood 
of Kj, and u + Gp = u; in a neighborhood of K;. We can therefore 
choose uj,,; =u + év. Now it is clear that u = lim)... 4; exists, that 
ue Cpa (Q) and that ĉu = f. 

The case q = 0 is slightly more involved. If u is a form of type (p.0), 

u A 


N=p 
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we write |u| = (£ hult. Note that the equation ĝu = 0 means that 
Cu, = 0 for every I, that is, all uy are analytic. If we argue as above, 
using Theorem 2.7.7 instead of appealing to Theorem 2.7.6 a second time, 
it follows that the forms uje CG, o(Q) can be chosen so that Cu; = fina 
neighborhood of K, and |u;,, — uj| < 27 in K, for every j. Since the 
coefficients of u;, — u; are analytic in K,;, we conclude that u = lim)... 
u; exists and that u — u; has analytic coefficients in the interior of K; for 
every j. Hence u € Co, 5 (Q) and cu = fin Q. 


In the case of one complex variable we found that a domain is a Runge 
domain precisely if it is simply connected. A topological characterization 
of Runge domains in C” ts not possible when n > [. [In fact, at the end 
of section 2.4 we have given an example of a domain which is homco- 
morphic to a ball and is not even a domain of holomorphy. However, we 
shall now prove that there are topological restrictions on Runge domains. 


Lemma 2.7.9. Let Q be an open set in C" where the equation ĉu = f has 
a solution ue CE g(Q) for all fe Co qa (Qh with of = 0 (p.q > 0). Iff is 
a differential form of degree r > 0 with coefficients in C*(Q) and if 
dfe Co's 1.0» one can then find a form f'e Cp oO) and a form g of degree 
r — J with coefficients in C*(Q) so that f — f" = dg; note that this implies 


that df’ = df, hence that éf' = 0. 


Proof. Wc can write fin the form 
P 

I= BN y 
Q 


where fy 4.4 E€ Ce g.g(Q). By induction over k we shall prove that the 
theorem is true if f,_,, = 0 when q >k. This statement is obvious if 
k = 0 and coincides with the theorem if k = r. Assume that 0 < k <r 
and that the statement has already been proved when k is replaced by 
k — 1. Since of, _,, is the only term of type (r — kk + 1) in df, we have 
Of, 44 = 0, so by hypothesis there is a form g'e Ce na—1(Q) such that 
a Ee nett 
k=l 


J dg dee gg E 
0 


and, since @g¢' € C-ri- 1 (Q). it follows from the inductive hypothesis 
that f — dg’ = f’ + dg”, where f'e CoO) and g” is of degree r — 1. 
This completes the proof. ‘ 

Now recall that by the de Rham theorem (see also section 7.5) there is a 


natural isomorphism 
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H"(Q,C) = {C° forms f of degree r with df = 0}/{dg where g is a C” 

form of degree r — 1}; 
here H'(Q,C) is the rth cohomology group of Q with complex coeflicients. 
When the hypotheses of Lemma 2.7.9 are fulfilled, there is a form 
JE Chol). with df = 0, in every residue class. Further, if such a form 
can be written f= dg with g of degree r — 1, then g can be chosen in 
Ce- 1,0(Q), and 6g = 0. Let us call a form he Ci o(O) with Of = 0a 
holomorphic form of degree s. (Note that all coefficients of a holomorphic 
form are holomorphic.) Then the remarks just made prove 


Theorem 2.7.10. Let Q be an open set in C" where the equation ĝu = f 


AS a solution ue Chal) for all fe C (rg 1(Q) with &f = 0 (p, q = 0). 
hen 


B(QC) = {holomorphic forms J of degree r with of = O}/{eg where 
g is a holomorphic form of degree r — I}. 
Hence HQC) = 0 when r > n. 
Theorem 2.7.10 applies in particular to Runge domains. We shall then 
prove that also the ath cohomology group is 0: 


Theorem 2.7.11. if © is a Runge domain in C", then HOC) = 0 
when r >n. 


Proof. We have to prove that every holomorphic form of degree n is 
the exterior differential of a holomorphic form of degree n — 1. Now a 
holomorphic form of degree n can be written 


(2.7.1) Tide tee la 


where fe A(O), and a holomorphic form of degree n — I can be written 
(2.7.2) DD edz, A A ey ee ee ee 
i 


where d2, means that dz; shall be omitted, and f;€ A(O). The differential 
of the form (2.7.2) is equal to the form (2.7.1) if 


S= } Gj/dz,. 
1 


When fis analytic in the whole spacc, we can simply choose f, = --- = iff 
= 0 and f,(z) = J f(t, 23, °++,Z,)dt (complex contour integration), and 
entire functions are dense in A(Q) since Q is a Runge domain. Hence 
differentials of (n — 1}-forms are dense in the set of all closed n-forms 
and we shall prove in section 7.5 that this implies that AOC) = 0. i 


RUNGE DOMAINS Se 


Since a polynomially convex set in C” has a fundamental set of 
neighborhoods which are Runge domains, Theorem 2.7.11 and an 
clementary fact concerning Cech cohomology which we shall prove in 
section 7.5 give the following result: 


Theorem 2.7.12. If K is a compact polynomially convex set in C", 
then H'(K,C) = 0 when r > n. 

We shall finally give an example which shows that H'™(Q,C) does not 
vanish for all Runge domains Q when r < n. Set 


O = {z;zEC",|z,---z, — 1] < tz < 2j = L--- ah. 


This is a bounded Runge domain (compare the proof of Theorem 2.5.13). 
Let 1 < r < n and consider the form 


SSM eam Vea art ona NE 


which is a closed holomorphic r-form in Q, since z; -+ z, #0in Q Let 
y be the cycle in Q defined by 


io; A et D — 0+- +0, pa 5 a 
z= e, thle e Z4 =e i z=lj>r+ i. 


Here the parameters 6; vary from 0 to 2x. Now we have 


[f= [rdo,---a0, = Oniy + 0. 


Hence fis not the differential of any form of degree r — 1, which proves 
that H°(Q,C) # 0. 


Notes. We refer readers who are not familiar with differential forms to de 
Rham [1] for the basic definitions assumed in section 2.1—Sections 2.2 and 2.4 
contain only classical results, which mostly can be found in Osgood [I], but the 
presentation owes much to the introductory chapter of Malgrange [1].—Theorem 
2.3.2 is a famous theorem of Hartogs. The refined version Theorem 2.3.2’ is due 
io Bochner [1]. The usual proofs of these results depend on deformations of a curve 
to which the Cauchy integral formula is applied. As pointed out by Ehrenpreis 
[1], what is involved is really a theorem on existence of compactly supported 
solutions to the Cauchy—Riemann equations, and so we start from such a result 
instead. (Similar questions have been discussed for complex manifolds by Kohn 
and Rossi [1].} Theorem 2.3.3, the Poincaré lemma for the Ë operator, is often 
referred to as the Dolbeault Grothendieck lemma.—The characterization of 
domains of holomorphy in Theorem 2.5.5 is due to Cartan and Thullen [1]. 
Theorem 2.5.10 is due to Bochner (scc Bochner—Martin [1] for another proof). 
A simpler but less elementary proof can be based on the study of envelopes of 
holomorphy in section 5.4—That domains of holomorphy enjoy convexity 
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properties was already found by Levi and Hartogs. The presentation in section 
2.6 follows Bremermann [1] and Lelong [1]. Theorem 2.6.13 is essentially due to 
Lewy [l]-—-The methods and results of section 2.7 are basically due to Oka [I], 
although his paper looks rather different formally since he siudies the Cousin 
problems and not the Cauchy—Ricmann equations. The consideration of differen- 
tial forms of higher order in Lemma 2.7.5 (or equivalently the study of cohomology 
groups of higher order) which is now standard is also an csscntial simplification — 
Theorem 2.7.10 is proved in Cartan [1] for Stein manifolds. We shall do so in sec- 
tion 5.2. Theorem 2.7.11 is due to Serre [2], and Theorem 2.7.12 was published 
by Browder [1]. The example at the end of section 2.7 has been taken from Behnke 
and Stein [I]. 


Chapter III 


APPLICATIONS TO COMMUTATIVE BANACH 
ALGEBRAS 


Summary. We first recall the basic notions in the theory of Banach algebras. 
Inasmuch as the presentation is short, a reader who is totally unfamiliar with 
the subject may need to consult a more detailed text, for example Natmark [1] or 
Loomis [1]. In section 3.2 we then prove that analytic functions of several complex 
variables operate on the space of Gelfand transforms. We also show that the 
Shiloy boundary is determined by local conditions. 


3.1. Preliminaries. We shall first recall some basic facts and defini- 
lions concerning commutative Banach algebras. 


Definition 3.1.1. An algebra B (over the complex numbers) is called a 
Banach algebra if there is a norm given in B under which B is a Banach 
space and 

lls Ille] fees 


We shall only consider commutative Banach algebras with unit element, 
denoted by e. This assumption will therefore not be stated explicitly 
every lime. 

One of the main objectives of the theory is to study to what extent il is 
possible to represent the algebra by an algebra of continuous functions 
on a compact space. Let K be a compact space and C(K) the algebra of 
continuous complex valucd functions on K. Suppose that 


Baf— Tfe CK) 


is a continuous representation of B, that is, that T commutes with the 
algebraic operations of the algebra and 


sup |Tf| < CFI 
61 
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for some constant C. Since T(f") = (77 )", it follows that 
sup [Tr | < cin | rn" < (Cue if |. 

Hence 

GL) sup [Tf] < lim "|" < [FI 


We shall now prove that among the mappings of the type just con- 
sidered there is one from which all others can be obtained. 
Definition 3.1.2. A linear form m on B is called a multiplicative linear 
functional if it is continuous, not identically 0. and 
m( fz) = mf mg)  (f.g € B). 
We denòte by Mp or simply M the set of all multiplicative linear functionals 
on B with the weakest topology which makes the mapping 


Mam-mfjec 


continuous for every fe B. 


The definition of the topology means that a fundamental system of 
neighborhoods of my € M can be obtained by taking finite intersections 
of neighborhoods of the form {m;|m(f) — mo(f)| < £}, where fe B and 
g > 0. It is clear that the condition m # 0 is equivalent to nXe) = 1. 


Theorem 3.3.3. Mp is a compact Hausdorff space. 


Proof. Application of (3.1.1) to the mapping f— mf) for a fixed 
meM shows that |m(f)| < ||f|| for every fe B. Let P, be the disc 
{z;zeC, |z| < | f ||}. Then the map 

Mam— {mf} jene [| Dp = D 
fp 
is a homeomorphism of M onto the set of all z = {z,}eD such that 
Ze = Í and 
Zap Ua, Tey Bea es I eee, 


which is a closed subset of D and thercfore compact. This proves the 
theorem. 


Definition 3.1.4. The continuous function f on M defined by 
fim = mf), meM 
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is called the Gelfand transform of fe B. The mapping Baf > fe C(M) is 
called the Gelfand representation of B. 

Now consider again an arbitrary continuous representation 

Bafo The C(K), 

where K is a compact space. Since (Te)? = Tle”) = Te, the continuous 
function Te on K only takes the two values O and 1. Put Ko = {kike K, 
(Te)(k) = 0} and K, = {k; ke K,(Te)(k) = l}. Then Ko and K, are 
compact and disjoint, and Tf = 0 in Ky for every fe B. Only the res- 
triction of Tf to K, is therefore of any interest. For every ke K,, the 
map Baf — (Tf)(k) defines an clement me M, which we denote by (k). 
The definition of the topology in M and the fact that Tf is continuous 
for every fe B imply that ọ is continuous, and since Tf = fooon K, 
we have found a complete description of all representations of B by 
continuous functions in terms of the Gelfand representation. 

We next turn to theorems on existence of multiplicative lincar func- 
tionals. 


Definition 3.1.5. If fe B, the spectrum olf) of f is defined as the set of 


- all AEC such that f — 2e has no inverse. 


Theorem 3.1.6. For every fe B we have 
(3.1.2) o( f) = {flm);me M}, sup|[fm)| = lim |f" 
meM n> w 


The proof of this theorem will require some preparations. Now we 
only note that {f(m;me M} = o(f). In fact, if Ad o(f), we can choose 
ge B so that g( f — Ae) = e, hence £(f — A) = |, which proves that fÀ 


Lemma 3.1.7. If g` ' exists, then(g — Ah) * exists when |A] |g "hl] < 1, 
and is a continuous function of A there. If w is a relatively compact open 
subset of this disc, bounded by a finite number of C' arcs, then 


[ (g — Ah)! plA)dA = 0 


if ~ is anafytic in œ and belongs to C'(O). 


Proof. If g 'h = H, then 
HA) = g F H" 
0 


converges normally in the disc in question, and I(A)(g — Ah) = 
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Igie — AH) = e. This proves the lemma since we can integrate term 
by term over Co after multiplying by (å). 

Lemma 3.1.8. If(e — 4f) ' exists when |A| < R, then 


RI fll < s we ae ary 
(3.1.3) [ets sup te 307l n20 


Proof. From Lemma 3.1.7 it follows that 
(2am! [ee de-seap ais) da 
“paler 


is independent of r when 0 < r < R, and when r|| f || < L we find that the 
integral is equal to f” by integrating the series expansion. This proves the 
lemma. 

We can now prove another part of Theorem 3.1.6. Let 1/R > sup |z]. 


zeo(f) 


Then (e — #f)~' exists when |/| < R, so it follows from (3.1.3) that 
R lim |” <1 

Hence | 

(3.1.4) lim Pee) = sup |z|: 

If we can prove that o( f) < { f(m); me M}, the proof of Theorem 3.1.6 

will thus be complete, for (3.1.1) and (3.1.4) then give 


sup |f(m)| < lim |" < Tim || "|" < sup |z| = sup] fon], 
men naw no he zeo(f) meM 


so that equality must hold all the way. 


Lemma 3.1.9. No fe B has an empty spectrum. 


Proof. If f bas an empty spectrum, then (e — 2f)~' exists for every 


Ae Cand |e — Af)" "| s JAE H Mle — AY || = oldal) when 
À = oo. This contradicts (3.1.3) when n = 0. 


Lemma 3.1.10. Ifa Banach algebra B is a field, then B is isomorphic 
to the field of complex numbers. 


Proof. By Lemma 3.1.9 we can for every f € B find AeC so that f — Je 
has no inverse. But if B is a field, this means that f — 4e = 0. Hence B 
consists of all complex multiples of e. 
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Recall now that a vector space I œ B is called an ideal if BI c J, that 
is, if g fed for allge Band fel. IfI # B, we say that the ideal is proper. 
No element fe B with |e — {|| < 1 can belong to a proper ideal F, for 
f= e — (e — f) would then have an inverse ge B, hence e = gfel so 
that J = B. The closure J of a proper ideal is therefore a proper ideal. 


Lemma 3.1.11. IfI is a maximal ideal in B, that is, I is a proper ideal 
contained in no other proper ideal in B, then I is closed and BjI is iso- 
morphic to the complex number field. 

Proof. Since Î is a proper ideal containing J, it is clear that I is closed. 
The quotient algebra B/I is therefore a Banach algebra with the quotient 
norm, and it contains no ideals # {0} and # B/I since the inverse 
image in B of an ideal in B/I is an ideal in B containing I. But this 
means that B/I is a ficld, because the ideal generated by an arbitrary 
non-zero element in B/I contains the identity in B/f. Hence the lemma 
follows from Lemma 3.1.10. 

If I is a maximal ideal, the mapping B>f— B/I can therefore be 
regarded as a multiplicative lincar functional m, and I = { fe B; m(f) = 0}. 
Conversely, if me M, it is clear that I = { fe B; m{f) = 0} is a proper 
ideal in M, and since B/I is of dimension 1, the ideal is maximal. Hence 
there is a one-to-one correspondence between maximal ideals in B and 
multiplicative linear functionals on B. The space M is therefore often 
called the maximal ideal space of B. 


Theorem 3.1.12. If I is a proper ideal in B, there exists an element 
me M such that m f) = 0 for every fel. 


Proof. Since no proper ideal contains e, an application of Zorn’s 
lemma (see Loomis [1], p. 2) shows that every proper ideal is contained 
in a maximal ideal. But this ideal is the sct of zeros of a multiplicative 
linear functional. 


End of proof of Theorem 3.1.6. If 4E o(/), then the ideal generated 
by (f — de) is different from B, so by Theorem 3.1.12 one can find 
meM so that m vanishes on this ideal. In particular, m( f — że) = 0, 
that is, 2 = mf). Hence a( f) < { fin): me M}. and by the remarks fol- 
lowing Lemma 3.1.8, this completes the proof. 

Instead of considering the spectrum of a single clement in B, one can 
study the spectrum of a set of clements: 

Definition 3.1.13. If fi. f € B. the joint spectrum alfu’: fy) of 
these elements is defined us the set of all AEC" such that the ideal 
generated by (fi — 21€h (fa ~ Ane) is different from B. 
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Theorem 3.1.6 has an immediate extension: 


Theorem 3.1.14, For arbitrary f,,---, fn € B we have 
alfi Sn) = {(fin), ---, £m), me M}. 


Proof. If Aeo(f,,-:-,f,), it follows from Theorem 3.1.12 that one 
can find meM such that m(f,— Ae)=0 for j= 1,---,n, thal is, 
mfi) = A; On the other hand, if å ¢ o(f,,---, f) we can choose g;EB 
so that i f 


Dekh — 2) = e. 

1 
Hence £7 2;{ fi — Aj)= 1, which proves that (f,(m),---, Film) # y+ +5 An) 
for every me M. 

We shall say that B is generated by the elements Joh EB if the 
smallest closed subalgebra of B containing f,, ---, f, is equal to B. In 
other words, the elements P(f,,---,f,) where P is a polynomial with 
complex coefficients shall be dense in B. (In defining P(f,,---.f) 
= La, f”, we set f° =e) The maximal ideal space of a finitely gener- 
ated algebra is particularly simple to describe. 


Theorem 3.1.15. Let B be generated by f,,---, f,. Then the map 
g:Mam— (f,(m).---. f(meC 


is a homeomorphism of M on a compact polynomially convex set K in 
C, which is by Theorem 3.1.14 the joint spectrum of the system of generators 
Sosh Uf fe B, then fo ' can be uniformly approximated by poly- 
nomials on K. i 

Note that the joint spectrum of a system of elements which are not 
gencrators of B need not be polynomially convex. 


Proof. The map ¢ is continuous by definition of the topology in M, 
and ọ is | — 1 because, if me M, 


MPS Ad) = PEA,- fim). 


so that (f,(m), - - -, f(m) determines m uniquely on a dense set in B and 
thercfore on all of B. Since M is compact, it follows that K is compact 
and that ọ is a homeomorphism. Now let z e K (this notation was intro- 
ie before Definition 2.7.2). To prove that ze K we must show that 
the map 


fez; 
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can be extended to a multiplicative linear form on B. Clearly such a 
form must for every polynomial P map Pift ts Ja) on P(z1.---.2Z,) 
so what we have to prove is the continuity of this map, that is, that 


|P(zi. a as Zn) < PUfi, ki -Jall 
for all polynomials P. Now we have 


[Piza Za) S sup e as sup (PS s Aad) 


< (PUn: P fn) : 


This proves the theorem, for the final statement follows from the fact 
that polynomials in f}, +, fp are dense in B and that supy |ê| < ||g|| for 
every g € B. 

Combination of Theorem 3.1.15 and Theorem 2.7.12 gives 


Corollary 3.1.16. If B has n generators, then H(M,C) = 0 when k > n. 


Example. The continuous functions on the n-sphere have n + 1 
generators by Weierstrass’ approximation theorem but not n generators 
in view of the corollary, for M is the n-sphere itself. 

To give an example of Theorem 3.1.15, we choose a compact set 
K c C" and let B be the closure C,(K) in C(K) of the restrictions to K 
of analytic polynomials in C”. (C(K) is the space of continuous func- 
tions on K with the maximum norm.) Then B is a Banach algebra with 
n generators z,,:--,Z,. The maximal ideal space can be identified with 
Š, and the Gelfand representation consists in extending the functions 
in C,(K) to functions in C,(K). Thus these spaces are isomorphic. 

The maximum ideal space can be regarded as the largest space on 
which the algebra A can be represented, but as shown by the previous 
example it may happen that the Gelfand transform of all elements in 
the algebra are determined by their restrictions to a certain subset of M. 


Definition 3.1.17. A closed subset My of M is called a boundary for 
M (with respect to B) if 
sup|/|=sup|f],  feB. 
Mo M 
Theorem 3.1.18. There is a boundary S for M which is contained in 
every boundary. One calls S the Shilow boundary for M (with respect to B}. 


The intersection of all boundaries consists of all mae M such that MNV 
is not a boundary for any neighborhood V of mo, that is, such that for 
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every Vone can find fe B so that supy, y |f| <supy| Ô|. To prove that 
the set of all such m, is indeed a boundary, we need a lemma. 


Lemma 3.1.19. Le: tie: f,€ B and set 
U = {meM;| fin)| < ti = 1,--- nt. 


Then either U intersects every boundary of M or else M o \U is a boundary 
of M for every boundary Mo of M. 


Proof. Assume that M, but not MoU is a boundary for M. Then 
we can choose f € B so that supy ÎI = Í but Waa | < 1. Replacing 
f by a power of f, we may assume that IfI < c£ in M)\NU, where ¢ > 0 
is chosen so small that ¢ supu | fl <l, i=1J,:--,n. Then we have 
[ff] < 1 in U by the definition of U and in M,\U by the choice of e. 
Hence | ffi] < 1 in Mo; and, since Mg is a boundary, this implies that 
[ffl <1 on M, i= l,- n. Every point where | f| = 1 must therefore 
belong to U, so U must intersect every boundary of M. 


Proof of Theorem 3.1.18. Let S be the interscction of all boundaries, 
that ts, the set of points described immediately after the statement of 
the theorem. Let f eB and assume that |f| < lon S. We have to prove 
that Lf | < | on M. To do so, we form the compact set M’ = {me M; 
|fm| > 1}. For every me M’. we can by the definition of S find a 
boundary Mo so that mé Mo, and therefore a neighborhood U of m 
of the type discussed in the lemma so that U ^n My = Ø. By the Borel- 
Lebesgue lemma we can cover M’ by a finite number of such sets 
U,.---,U,. Since M is a boundary, it follows by repeated use of the 
lemma that M\(U4 U) is a boundary. But since |f| <1 there, we 
obtain |f| < 1 on M, which completes the proof. 


Example. The Shilov boundary of a polydisc is its distinguished 
boundary. 


3.2 Analytic functions of elements in a Banach algebra. The following 
extension of a part of statement (b) in Theorem 2.7.6 is the central result 
of the section. 


Theorem 3.2.1. Let f,.--:,f,€B and let o be an analytic function in a 
neighborhood of of fitt afha) in C". Then one can find a finite number 
of elements fayi, fy € B and a function ® which is analytic in a neigh- 
borhood of the polydisc 
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fg rete, (BAe feeds 2 
such that of A) = DOn). 


Before the proof we give the main application 


Theorem 3.2.2. Let f,,---.f,¢B and let @ be an analytic function in a 
neighborhood of ol fis: +° sfa) E C. Then one can find g € B such that 


& = off. sf). 


In other words, analytic functions operate on the space of Gelfand trans- 


Jorms. 


Proof. Choose f,41,°°°.fy and ® according to Theorem 3.2.1. We 
have 


Oz) = J az, Yila|R*< 00 R= || fill). 
where = aA lence 
g=} af" 


exists with norm convergence, and % = E, a, f" = ffn) = 


oh, i Sin. 


The proof of Theorem 3.2.1 will result from two lemmas. 


Lemma 3.2.3. Let Q be an open set in C" which contains opl fi" ` sfn) 
Then there exists a finitely generated closed subalgebra B’ of B such that 


fist fe B' and ogl fis: sfx) E Q. 


Proof. First note that it is trivial that op(f,,°+-.,f,) decreases when B' 
increases. It is thercfore sufficient to prove that for every z é op fist sfna) 
onc can choose B’ such that z ¢ ogh fist fa) To do so, we note that the 
hypothesis means that e = Li gf f; — ze) for suitable gje B. If B is 
the closed algebra generated by f\,-°+.f,.21. °°‘. En it follows that 

zE oml Sint s fa) ‘ 

Choose f,..,.:°:.f, so that f,,---,f, generate the algebra B'in Lemma 
3.2.3, and let z be the projection (z,,°++, Z) > (Zr Zn) of C" on C”. 


Lemma 3.2.4. There exist polynomials P,,k = 1,--+,p, in v variables 
such that 
ZE C, zil S FAS) H l, earn |P,(2)| s | Pfi ilii Joll 


k=1,---,uenmzeEeQ 
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Proof. If nz¢op(fi.°:-.f,), the map fi> zaj = lev cannot be 
extended to a multiplicative linear functional on B^ Hence there is a 
polynomial P in v variables such that 


Per 21 Ne ig teh) 


This inequality must also hold in a neighborhood of z. Since the set 
{z;|z,| < [6h = b++-,v} is compact, an application of the Borel- 
Lebesgue lemma shows that polynomials P,.-+-, P, with the required 
propertics can be found. 

Proof of Theorem 3.2.1. Let Q be a neighborhood of o,(f/,,:°°,f,) 
where œ is analytic, and choose fast tafe and Pi, tt, Pu according 
to the previous lemmas. Set fur, = Pfi fk = 1.--+. pe and set 
N=y+ yp. By Lemma 3.2.4 the function z— {zz} is analytic in a 
neighborhood of 

K = {z;ze@, [2] < Ahi = 1---. [Pa s fal A = 1-77. 
Hence it follows from (b) in Theorem 2.7.6 that we can find a function ® 
which is analytic in a neighborhood of the polydisc 


(zzeC™, |e] < [6l = 1.147 N} 


H 


such that 
(Z1,°**, 2,5 Pi) a Pa) = pinz) 
for all z in a neighborhood of K. In particular, if me M we can choose 
z; = JI(m) = m fhj=1,.v which gives Pz) = m( fisy) = fp. 0m). 
Hence z e K and we obtain 
Of), i Sw) = Aft. he es 
which proves Theorem 3.2.1. 


As an application of Theorem 3.2.2 we shall prove an “implicit function 
theorem” for a Banach algebra. This concerns the solution of an algebraic 
equation 


(3.2.1) ¥ a“ = 0, 
a 


with coefficients ape B and the unknown we B. This equation implics 
the corresponding equation for the Gelfand transforms, 


(3.2.2) Lån = 0, 
0 
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which for every me M is an algebraic equation with complex cocfficients 
for (m). A necessary condition for the existence of a solution to (3.2.1) is 
therefore that (3.2.2) has a solution which depends continuously on m. 
Conversely, we shail prove 


Theorem 3.2.5. Suppose that there is a continuous function h on M such 
that 


(3.2.3) Jáh =0, Skat"! #0 at every point of M. 
0 1 


Then there is a solution w of (3.2.1) with ŵ = h. 


The proof will proceed in two steps. First we shall only determine w so 
that (3.2.2) holds, and afterward we correct w so that (3.2.1) is valid. 


Lemma 3.2.6. One can find a finite number of elements a, ,,.°°+,a,€ B 
such that h(m,) = him) for all (m,m pE M x M with dfm,) = afm), 


j= 0y. 


Proof. For every point (m,°,m,°)eM x M with m,° Æ m,° we can 
choose ge B so that G(m,°) 4 a(m,°), hence a(m,) # Gm.) in a neighbor- 
hood of (m,°,.m,°). On the other hand, consider a diagonal element 
(m°m°). Choose 6 > 0 so that the polynomial £} 4,(m®)z* only has the 
simple zero z = h(m®) in the dise |z — h(m®)| < 6. Let V be a neighbor- 
hood of m® such that |h(m) — h(m®)| < ò and the equation Xf d,(m)z* = 0 
has only one root with |z — h(m®)| < ò when mel. If meV, it follows 
that h(m) is the only zero of £$ 4,(m)z* with |z — h(m®)| < ò. so that, if 
(mm )EeV x Vand d,(m,) = a,{m.),k = 0,---, a, it follows that h(m,) = 
A(m,). Since M x M is compact, we can now use the Borel-Lebesgue 
lemma to find a finite number of elements a,,, attt ad, with the required 
properties. 


Lemma 3.2.7. Let app d, be chosen according to Lemma 3.2.6 
Then there is a function H which is analytic in a neighborhood of 
aldy ta) in CY"! such that h = Hla. ++ a). 


Proof. According to Lemma 3.2.6 there is a uniquely defined function 
H on ody, di., a) such that h = H(t å.) To prove that H ts 
continuous, it suffices to prove that, if m;e M,i = 1,2,7- and a,(m,) > 
åm). k = 0, =, y, then A(m,) > him’). We may assume that h(m,) 
converges to a limit k. But if m is a limit point of the sequence m, we 
have â (m) = d,(m®), k = 0,7: , v, and K = h(m), so K = h(m?). 


g2 APPLICATIONS TO COMMUTATIVE BANACH ALGEBRAS 
The continuous function H on o(ao, `<- , a,) satisfies the conditions 
n n 
> zH" = 0, ¥ kz! £0 
o 0 


in view of (3.2.3). From the implicit function theorem (Theorem 2.1.2) it 
follows that the first equation defines in some spherical neighborhood of 
any point in o(d9,°*-,a,) an analytic function which coincides with the 
given function H in the intersection of o(ao,:--,a,) and the ball. Let 26 
be a positive lower bound for the radii of such balls; the existence is 
guaranteed by the compactness of o(ay,---,a,). Then we obtain a 
uniquely defined analytic function H satisfying the equation E z,H* = 0 
in the sct of points at distance < 6 from o(ag,---,a,) and coinciding with 
the given function H on that set. In fact, if two balls with radius ô over- 
lap, then the center of one is contained in the ball with radius 26 and the 
same center as the other ball. This proves the lemma. 


Proof of Theorem 3.2.5. Combination of Lemma 3.2.7 with Theorem 
3.2.2 gives that there is an clement wye A such that ŵọ = h. This means 
that 


n 

$ k 
$ awo = b, 
o 


where $ = Ep âh" = 0, hence |b| #0 when j> œ by Theorem 
3.1.6. (We say that b belongs to the radical of B.) The other condition 
in (3.2.3) means that E3 kâ o" #0 everywhere on M, that is, 
X'i kawo“ ' is invertible. To solve equation (3.2.1) exactly, we now set 
w=wy + u. To guarantee that # = h = Wo, we must have u in the 
radical. The equation for u becomes 


b+ uy kaw !+t---=0 
1 


where dots indicate terms involving higher powers of u. The proof of 
Theorem 3.2.5 will therefore be completed by the following lemma. 


Lemma 3.2.8. In the equation 
0 


with coefficients in B, we assume that by belongs to the radical and that 
b, is invertible. Then the equation has a solution u belonging to the radical. 


Note that this is the special case of Theorem 3.2.5 with h — 0. 
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Proof. Since we can multiply by b, +, it is no restriction to assume 
that h, = e. Now consider the equation 


SE yh W Ane a EO, 


where Zo,Z2,°'’.Z, are complex variables. By the implicit function 
theorem it has a unique analytic solution w in a neighborhood of 0 in C’, 
such that w = 0 when zy) = 2, = +++ = z, = 0, and we can write 


Wiz) f ez 


ato 
Here « = (0%, %2, %,) is a multiorder and 
$ elr! < 00 


for some r > 0. We claim that c, = 0 except when Lia) = % — a2 — 
2a, —---—(n— 1x, > 0. Assume that this has already been proved 
for terms of degree < k (it is obvious when k = 0 or I, since w = Zo + 
terms of higher order). Now if «',---,2/ are multiorders with L(o‘) > 0, 
i=1,---,j, it follows that L(x’ + ---+ #2 j. Therefore terms of 
degree < k + lin zw? + --- + z,w" are all of the form zf with LP) >j 
— (j — 1) = 1 > 0, so that all terms of degree k + 1 in the expansion of w 
also satisfy this condition. 

We shall now prove that the series w(b) obtained by substituting b; for 
z; converges in the norm, which implies that w(b) is in the radical since 
all terms in the series are radical elements. Choose R > 1 so that 
|b| < R7~', 2<j <n. Then we have 


leel < lbo ba"... ball < [bo R" if L(x) > 0. 


Since by belongs to the radical, we have for sufficiently large xo 


| by ||R*° < piel, 


| || 1 
For we may assume that r < 1 and then we have r”! > r?#°, and ||bp**|| '/° 


+ when «o > co. Hence the series w(b) = 2 ¢,b% is absolutely con- 
vergent. It is clear that w(b) satisfies the desired cquation, for by + w(b) + 
b,w(b)? + --- can be rearranged as a power series in h, all of whose co- 
efficients arc 0. The proof is complete. 


Theorem 3.2.9. Assume that M is not connected and write M = Mo Vv 
M, where M, and M, are closed and disjoint. Then there exist two ele- 
ments e and e, e B such that eg + €, = e, ese; = 0, ĉo = 1 on Mo, and 
é, = l on M,. 
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Proof. The function h = 0 on Mo, h= 1 on M,, is continuous and 
satisfies the equation h(1 — h) = 0 which has only simple zeros. Hence 
we can find e, €B so that e,(e — e,) = 0 and é, = 0 on My, é, = 1 on 
M,. If we take eg = e — e,, the statements are valid. 

The result means that eg and e, are idempotents with €o€1 = 0 and 
ĉo + e, =e. Thus the ideals Bey and Be, are Banach algebras with units 
eo and e,, respectively, and B is their direct sum. C onverscly, it is clear 
that, if a Banach algebra can be decomposed into a direct sum, then the 
maximal ideal space is the union of the corresponding maximal ideal 
spaces, hence disconnected. 


Theorem 3.2.10. Let ac B be invertible and assume that there is a 
continuous function h on M with h' =å. Then there is an element we A 
with wv" = a, 


Proof. That a is invertible means that â # 0 everywhere on M, so h 
is a simple zero of h” — a. 


Finally we shall give a theorem which shows that the Shilov boundary 
can be described by local conditions. 


Theorem 3.2.11. Let mye M and assume that there is an open neigh- 
borhood Vo of mo such that to every neighborhood V of mo there is an 
element fe B with 


(3.2.4) sup |f| < sup | Ô|. 
VoN\V Vv 


Then my belongs to the Shilov boundary of M with respect to B. 


In other words, mọ is in the Shilov boundary if My is locally in the 
Shilov boundary. The proof requires the following lemma. 


Lemma 3.2.12. Let fy eB and 
{mime M, jim = 1} =K uK" 


where K' and K" are compact and disjoint. Then there are elements 
Joh in B and a function œ which is analytic in a neighborhood of 
alfo’ A) such that oza — 1) is analytic in a neighborhood of 
Khm, =>, Am); me K’, but ofm), fm) = | when me K". 


Proof. We can choose f\,---,f, so that the map 
(3.2.5) Məm > (fo(m),---,f(m) 


maps K’ and K” on disjoint (necessarily compact) sets K, and K,” 
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Let ye Cy*(C"*?) be equal to | in a neighborhood of K,” and equal to 
0 in a neighborhood of Ky. We wish to take gz) = x(z) + (2o — De(2) 
where v is chosen so that ¢ is analytic, that is, (1 — zo)¢v = cy. In a 
neighborhood Q of M, (defined as the range of the mapping (3.2.5)), we 
have (1 — zo) '€y € Cģ,n(Q) and this form is obviously é closed. By 
Lemma 3.2.3 we can choose figata A so that, if B' denotes the algebra 
generated by fo. af, the polynomially convex set gy fost fi ce Cl! 
is mapped into Q by the projection 


milo cae (asa): 


By Lemma 2.7.4 we can find a polynomial polyhedron contained in 
nm 'Q and containing op-(fo.°**.f,), and if we apply Theorem 2.7.6 it 
now follows that there is a C” function v in a neighborhood of 
Oplfor*: fy) such that p = n*% + (Zo — Ue is analytic there. This 
proves the lemma. 

Proof of Theorem 3.2.11. We can take the neighborhood V of mo open 
and relatively compact in Fo. According to the hypothesis we can 
choose fo € B so that 


(3.2.6) sup 


Fpl saul sup |fo| = 1. 
VoXV V 


We can normalize f, so that f,(m) = 1 for some me V. Now set 


K' = {m;m¢ Vo, fom) = 1}, K” = {m;me Vo, folm) = L} ce V, 
and apply the lemma. For sufficiently small ¢ > 0, the function 
Az) = Ezy — €24,°°*,2,)(Zo — 1 — £) ' 


is analytic in a neighborhood of o(f,°':.f,) because | fo(n)| - 1 when 
me Voy and ọ(z)/(zọ — 1) is analytic in a neighborhood of the image of 
MN o under the map m — (fol), =- fm). Hence it follows from 
Theorem 3.2.2 that there is an clement g, e€ B such that #, = pd fo ih) 
In the complement of V we have ĝ, = O(c) when £: — 0, but £,(m) = 
—1 + O(s) when £ > 0 if me K”. Hence Cv is not a boundary for any V, 
which proves that mọ is in the Shiloy boundary. 


Notes. The origin of Theorem 3.2.2 is the theorem of Wiener and Levy that, 
if f is a periodic function with absolutely convergent Fourier series and if F is 
analytic in the range of f, then F(f) has an absolutely convergent Fourier series 
In several variables such results were first given by Shilov [1] to whom many of 
the results of section 3.2 are due. With the exception of Theorem 3.2.11 which is 
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due to Rossi [i], all the results of section 3.2 can be found in Arens and Calderón 
ui iA many important algebras it is impossible to relax the condition in Theorem 
2.2 that ~ be analytic (see Helson, Kahane, Katznelson and Rudin [1]). For 


further applications of com is 1 
ations plex analysis in the theory of Banach : 4 
refer to a survey article by Royden [1]. 4 RE 


Chapter IV 


L? ESTIMATES AND EXISTENCE THEOREMS FOR 
THE å OPERATOR 


Summary. In this chapter we abandon the classical methods for solving the 
Cousin problems (that is, solving the Cauchy—-Riemann equations), of which an 
example was given in section 2.7. Instead we develop a technique for studying 
the Cauchy--Riemann equations where the main point is an L? estimate proved 
in sections 4.1 and 4.2. In sections 4.2 and 4.3 we deduce existence and approxi- 
mation theorems for solutions of the Cauchy-Riemann equations in domains of 
holomorphy. At the same time a solution of the Levi problem is obtained. 

One of the main advantages of the methods used here is that, without any 
additional effort, they give results on existence of solutions of the Cauchy—Riemann 
equations satisfying growth conditions. In section 4.4 we give some theorems of 
this kind which are important in the applications to differential equations in 
section 7.6. A special case is applied to prove a theorem on analytic functionals 
in section 4.5. This theorem plays the same role in a number of existence theorems 
for analytic functions as the Paley-Wiener theorem plays in existence theorems 
involving C” functions. However, we do not develop the applications here, and 
section 4.5 is not needed for studying Chapters V-VII. 


4.1. Preliminaries. Let Q be an open set in C". Fg is a continuous 
function in Q, we denote by L2(Q,@) the space of functions in Q which are 
square integrable with respect to the measure e`? dà, where dA is the 
Lebesgue measure. This is a subspace of the space L?(Q.loc) of functions 
in Q which are locally square integrable with respect to the Lebesgue 
measure, and it is clear that every function in L?(Q,loc) belongs to 
L? (Qop) for some Q. By Lal) we denote the space of forms of type 
(p,q) with coefficients in £7(Q,¢), 

f= E fia dz! A dz’, 
=p Wla 
where Z means that the summation is performed only over strictly 
BE 
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increasing multi-indices. We set 
If? = » [fral 
IJ 
and 
E e e aa. 


H is clear Mar L7(Q,~) is a Hilbert space with this norm. Similarly 
we define Lip,q(Qloc) and Dip. (Q) where DQ) is a notation for Co(Q) 
which we sometimes use in order to avoid having too many subscripts 
and superscripts. The space Dipa (hQ) is of course dense in LE Ap) 
for every o. ill 
py Pı and p, are two continuous functions in Q, then the operator 
¢ defines a lincar, closed, densely defined operator 


T: Lpp 1) = Loi 1(Q.¢2); 


an element we Li ,(Q,¢,) is in Dy if Gu, defined in the sense of distribu- 
tion theory, belongs to Lê q+ (p2), and then we set Tu = Gu. That 
T is closed follows from the fact that differentiation is a continuous 
operation in distribution theory, and the domain is dense since it com 
tains Dipa (h). 

For suitable densities we want to prove that the range of T consists 
of all f € Lié,.g+1(Q,02) such that f = 0 (which is of course a necessary 
condition for f to be in the range of T) The following lemma reduces 
this question to the study of an estimate. 


Lemma 4.1.1. Let T be a linear, closed, densely defined operator from 
one Hilbert space H, to another H, and let F be a closed subspace of 


H, containing the range Ry of T. Then F = R, if and only if for some 
constant C 


(4.1.1) lf ilu. < oases JEEN Dyr. 
Proof. First assume that (4.1.1) is valid and let ge F. Since T** = T 
the equation Tu = g is equivalent to the identity i 


T*S Yn, = (2. u> fe Dye. 
If we prove that 


(4.1.2) Keu] < Clelln,|| IRANI fe Dys, 


a application of the Hahn-Banach thcorem to the antilinear form 
id > (g, Dx, will thus show that the equation Tu = g has a solution u 
with 


(4.1.3) lule, < Cle la,.- 
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(Since H, is a Hilbert space we could of course use a projection on 
R; instead of the Hahn-Banach theorem.) To prove (4.1.2) we first note 
that, if f is orthogonal to F, we have (g, fìn, = 9, and T*f = 0 since 
Rpa F. Hence it is sufficient to prove (4.1.2) when feF aD, and 
then it follows immediately from (4.1.1). 

Conversely, assuming that Ry = F, we must prove that the set 


B = {fi fE EA Dren |T la, S1} 


is bounded. To do so it is sufficient to prove that B is weakly bounded 
in F, that is, that |(f-g),,,| is bounded when fe B for every fixed gel’. 
But by hypothesis we can choose u€ Dy so that Tu = g, and this implics 


Kgl = (7 *fi0,| < Jalla fe B. 


The lemma is proved. 
In proving approximation theorems we shall need the information 
concerning the operator T* which follows from (4.1.1). 


Lemma 4.1.2. Let T be a linear closed densely defined operator from 
one Hilbert space H, to another H,, and let F he a closed subspace of 
H, containing the range Rr of T. Assume that (4.1.1) is valid. For 
every ve H, which is orthogonal to the null space of T, one can then 
find fe Dr» such that T*f = v and 


(4.1.4) fla. < Clelia.: 


Proof. The null space of T is the space orthogonal to Rre, so the 
hypothesis means that v is in the closure of Ry. Now the orthogonal 
complement of F is in the null space of T*, so the restriction of T* 
to F^ Dy has the same range as T*. But (4.1.1) shows that this 
restriction has a closed range. Hence we can find fe F ^ Dz. so that 
T*f = v, and (4.1.4) then follows from (4.1.1) 

In our application of Lemma 4.1.1, the spaces H, and H, will be 
L, (p1) and Ling + Pa) respectively, T the operator between 
these spaces defined as explained above by the ¢ operator, and F the 
set of all fe La (p) with Öf = 0 (in the sense of distribution 
theory). Let œ, be another continuous function and let S$ be the operator 
from L, a+ (p2) to Liy+2(O,@3) defined by é. Then F is the null 
space of S, and to prove (4.1.1) it will be sufficient to show that 


415) (SI, < CTN, + IF fe Der Ds, 


for the last term drops out when fis in the null space of S. If the densities 
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are suitably chosen, it is enough to prove (4.1.5) when fe D 1 1(Q) 
for we have tpg 184), 


Lemma 4.1.3. Let ,, v = 1, 2,--- be a sequence of functions in C 0 (Q) 
such that O < f, < 1 and y, = 1 on any compact subset of Q when v is 
large. Suppose that p€ C!(Q) and that 


(4.1.6) eo? 2 (aaz ET E E EV E2 
z1 


Then Deg 1 y® is dense in Dye © Ds for the graph norm 


he Fle. ats E ij ISl 


Note that (4.1.6) means only a finite number of bounds for Pj — Piri 
on each compact subset of Q, so one can always find continuous func- 
tions 1, Pz, Py satisfying, (4.1.6). 


Proof of the lemma. Since 
Sin) — nSf=en Af, feDs, 
it follows from (4.1.6) that 
Kana exe ee gl em ee 

Hence the dominated convergence theorem gives 
(4.1.7) Sf) nsf llo > 0 when v> œ, feDs. 

If fe Dy. and n € Co™ (Q), it follows that yfe Dy. In fact, 

(fT), = LATOy, = (LT p, + ATU — Tdo, 
= (Tfu), + (fH Tu — Tüte uE Dr. 


Since no derivative of u occurs in the last term, it follows that (yf. Tu), 
4 2 


Ee lir for the norm |u!,,,, so there is an clement ve Le, ap) 
wit 


(P, Wo, = (Hf,TH),,. ue Dyr. 


Phis means that yf € Dy. and that T*(@7f) = v. When y = 4,, we obtain 
by estimating 4,Tu — T(j,u) as in the proof of (4.1.7) that 


KTHS- TF el < SIS leu] ene"? a, 
which implies the bound 


[Tm f) — mT rere < | fen, 
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As above, we can therefore conclude by dominated convergence that 
(4.1.8) | T*, J) mT*f |o 20 when v >œ iffe Dr. 


Hence n,f > fin the graph norm if f € Dre © Ds. 

To complete the proof we only have to approximate elements 
f€DysO Ds with compact support in Q by elements in Dy, + 1(Q). 
This requires an elementary lemma: 


Lemma 4.1.4. Let y be a function in Co” (R) with f zdx = 1, and set 
x(x) = 6 "ylx/o),xER™. If ge LR”) it follows that 


g * xx) = | e(vIndx — Y) dy = fg — ey)y(y) dy 


is a C” function such that |g * x, — glz, > 0 when £ +0. The support 
of g * x, has no points at distance > £ from the support of g if the support 
of y lies in the unit ball. 

Assuming the lemma for a moment we complete the proof of Lemma 
4.1.3. If fe Dy Ds has compact support, we define f +x, by choosing 
y as in Lemma 4.1.4 (with N = 2n) and letting the convolution act on 
each coefficient of f. The support of f * y, is then contained in a fixed com- 
pact subset of Q when £ — 0, and the lemma gives that lf — f * xelo > 0- 
Since S(f *7,) =(Sf)*x. we also obtain from the lemma that 
|Sf — SS *Z)he, > 0. The operator T* does not have constant 
coefficients but we can write e”? “T* = 9+ a where 9 is a constant 
coefficient differential operator and a is of degree 0. (Cf. formula (4.1.9) 
below.) Since 


(9 + a(f * A= (9 + af) * x. + aS * x) — (Gf) * Xe 


and the right-hand side is L? convergent to the limit (9 + a)f + af — af 
according to Lemma 4.1.4, it follows that |T*(/ *x.) — T*f ||», — 9, 
which completes the proof of Lemma 4.1.3. 

Proof of Lemma 4.1.4. In the first integral defining g *¥, we can 
differentiate under the sign of integration any number of times to show 
that g xy, € C”. From the second expression for g * y, and Minkowski’s 
inequality, it follows that 


le * xel: < Cllgll.2 where C = jj |z| dx. 
It is obvious that g *y, — g > 0 uniformly if ge Co™(R“), which is a 


dense subset of L?. Since the last statement in the lemma is also self- 
evident, we have ||g +y, — g||,2 > O for all g in a dense set in Lê, and 
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from the uniform bound just proved it follows that this is true for all 
geL?. The proof is complete. 


We conclude this section by actually computing T*, which also gives 
another proof of (4.1.8). Thus choose 


u= y w tx dz’ A dz* e Dp), 
W]=p |K]=g 


f= > pe fis dz’ Adze | eee + 1 (Que 2). 


Hl=p |Jl=q+1 


s 


Since f; is defined for all J as an antisymmetric function of the indices 
in J, and 

n 
$ t A n 4 
>» & au; fez! dZ A^ dz! ^ d3“ 


|IH=p |K|=ą j=1 


ĝu = 
we obtain, if fe Dys, 
i DTP ntl e di = (Thy, = (LTH, 


Shells [> È Sik CU, lêze © di, 
TAK j=1 
which means that 
(4.1.9) T*f =(-1y"! y D? e”! Be Pf ix Oz, dz! A dZ“. 


I,K j=l 


4.2. Existence theorems in pseudoconvex domains. Choose a function 
y e C”(Q) such that 


(4.2.1) D [ên] < e” in Q, v= 1,2,--- 
k=1 

If we set 

(4.2.2) Pi =P = Uh p= p — Y, p3 = p 


the condition (4.1.6) is satisfied for any choice of o. We shall now study 
T*f||,, and DIR when fE Dong» (OQ), keeping y fixed in all that 
follows but making all estimates uniform in ( so that we can make a 
suitable choice of at the end of the discussion. We assume that 
pe CO). 


First note that, since 


AEE ee eee Ofy,3/02, dz, A dz’ A dz, 


MWl=p[sl=q* 1 j=1 
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we obtain 


a ae, aa . 
lef? = ys. my Of, 318Z; fy 1/02 elt 
LJ jie. 
where «jj = 0 unless j¢ J, lé L, and {Pu J = {h} u L, in which case 
ef! is the sign of the permutation (47). We shall rearrange the terms in 
this sum. First consider the terms with j= = Then we must have 
J =Landj¢J if ci} 4 0, so the sum of these terms is 
D 2 fraz 
Id jéd 
Next consider the terms with j # l. If eff # 0, we must then have leJ 
and je L, and deletion of | from J or j from L gives the same multi- 
index K. Since 
JK LIK pod pK 


JJ — H = 
Em. = Sp yKin "KEL > 


the sum of the terms in question is 
, A EREE. 
Sa D Dd fi axl Z; hr jr êZ- 
I.K j£! 


Hence we obtain 


423) YP = E Eha — E E Aha ele Nal OR 
Kij 


IJ j 
(When p = 0, q = 1, this follows from the fact that 
lar? = E Wêz — felz ?I2) 
Next we consider T*f. With the notation 
(4.2.4) ôw = e? Awe Oz; = Gw/Oz, — whp/dz;, 
we obtain from (4.1.9) 


& Tf = (-1P "YY Oy fix dz" A dz 


LK jal 


+ (=U St) Tec erie Naz 


TK j=\ 


Henee 


lga 
EKN 


p 


Sfi Ondraxe” das UTF YB, +2 JA loye % da 
1 


iM: 


5 
k 
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Combining this estimate with (4.2.3), we obtain 


(425) f pit as (Si jk OnSta ~ ft rlr Sian OzZ,) e7? aA 
+I È (halz e-e dà < THEN, + ISIB, + fI Ploy em di. 
sh JE 


Now the operators @/02, and — ô, are adjoint in the sense that 
fwi awaz et aa = — Jöwiwze di, wy, Wp ECo™(O); 
and we have the commutation relations 
(4.2.6) 6 6/02, — 6/62,6, = 0° —p/62,0z,. 
Shifting the differentiations to the left in the first sum in (4.2.5) therefore 
gives 


(427) X E faix fixe P@/020%,€ ° dd + 7i al lefi slz e7? dà 


I,K 
< 2T la + ISF], + 2 f Lf Plew? en? ds, FE Dyg+ yO. 


Now assume that the function g is strictly plurisubharmonic, 


n 


n 
(4.2.8) $ &o/éziz,ww,>cY|wi?, wec, 
1 


ik=1 

where c is a positive continuous function in Q Then it follows from 
(4.2.7) that 
(4.2.9) fe — AASV e? dd < 2T A IS fe Ding + D. 
Recalling Lemma 4.1.3, we have now proved 

Lemma 4.2.1. With 91, 2,94 defined by (4.2.2), where ọ, Y e CO), 
we have 
(4210 (AI, < NT*AN, +S, SE Dn 0 Dy 


provided that 


n Tah, A T n 
(4.2.11) $, 07 p/éz,02, ww, > Alp)? + ery lwJ?, wec. 
k= l 


We can now easily prove an existence theorem. 
Theorem 4.2.2. Let Q be a pseudoconvex open set in CŒ". Then the 


eqn aig ĉu = f has (in the sense of distribution theory) a solution 
u E Lipa (loc) for every f E Lg a+ (Q100) such that 6f = 0. 
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Proof. In view of Theorem 2.6.11, we can choose a strictly plurisub- 
harmonic function péC*(Q) such that 


K. = {z;z€Q, plz) < c} c <Q, for every ceR. 
Let 
$ 6? p/dz02z, wi, = mY |w], 
jk=1 1 
where 0 < me CQ). If y is a C” convex increasing function and 
o = x(p), we obtain 


n n 
S pliz ew > pm Y wj. 
jk=i t 


Hence o satisfies (4.2.11) if 

x (pm = Alay)? + e”), 
that is, if 
(4.2.12) x(t) > sup 2\ey|? + e%)/m. 


The right-hand side of (4.2.12) is a finite increasing function of t, which 
is defined when t > min p. Hence there exist increasing C® functions 7’ 
satisfying (4.2.12). It is clear that we can choose y so that in addition 
any given fe Lê q+ (loc) belongs to Lig E — W) But then it 
follows from Lemma 4.1.1 that the equation ĉu = f has a solution 
ue Le, pp — 2Y). This proves the theorem. 

We shall now examine the regularity propertics of the solution u of the 
equation ĉu = f which we have obtained. In doing so it is important to 
note that the solution of the equation Tu = f given by Lemma 4.1.1 can 
be chosen orthogonal to the null space of T, that is, in (the closure of) 
the range of T*. This will yicld an additional differential equation for u 
which is essential in proving the smoothness of u. 

Let W5, where s is a non-negative integer, denote the space of functions 
in C" whose derivatives of order < s are in L?. By W(Q.loc) we denote 
the set of functions in © satisfying the same condition on compact 
subsets of Q. The space of forms of type (p.g) with coefficients in this 
space is accordingly denoted by Wip loc). If f is of type (pq + 1) 
(p.q = 0), we set 

n 
Of O V 2 A U 
Ik j-1 


This is essentially the principal part of the differential operator in (4.1.9). 
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Lerma 4.2.3. If f € L2,.+1(C") has compact support, if of € Li, g+2(C") 
and Sue Lå, (C°), then ue Wi g+ (C). 

Proof. First note that if fe Dy,441) then (4.2.7) with p = y = 0 
gives 


(4.2.13) E E SIZ] 42 < 2Y lo? + hão. 
LJ fei~ 


If f only satisfies the hypotheses in the lemma, we can form a regulariza- 
tion f *x, of f as defined in Lemma 4.1.4. If we apply (4.2.13) to 
f * xe — f *Za noting that AS *y) = (Sf) «x, > OF in eae) and 
the corresponding fact for e(f * y,), it follows that x, * Gf, 4/02; converges 
in L? for all I, J, j when ¢ 0. Hence ¢f,,/¢ez,e L. The proof is 
therefore reduced to the following lemma. 

Lemma 4.2.4. If we LC") has compact support and é@w/0Z,¢ L? for 
j=l, -n tien weW!. 


Proof. We only have to prove that @w/éz,;eL?. If weCo”, two 
integrations by parts give 


êw/ðz]? dà = | éw/dz,éw/éz, dd = — | @w/dz,éz,@ dA = |\éw/éz,)? da. 
I j d j j l E] I! j 


Using this result in the same way as we used (4.2.13) in the proof of the 
previous lemma, we obtain that @w/éz;e€ L4. 
We can now give an improvement of Theorem 4.2.2. 


Theorem 4.2.5. Let Q be a pseudoconvex open set in C", and let 
O0<s<o. Then the equation ĉu = f has a solution uc Wip alloc) 
for every fe Wipri (loc) such that cf =0. Every solution of the 
equation ĉu = f has this property when q = 0. 

Proof. (a) First assume that g = 0. We know from Theorem 4.2.2 
that the equation ĉr = f has a solution u = X'i dz’ € Lpo (loc) The 
equation ĉu = f means that 


Gu,/6z, = Aj € W(Q,loc) 


for all 7 and j. Suppose that we W(Qiloc) for a certain finite ø with 
0 <o< 5; we know that this is true if o = 0. If ye C,*(Q) we then 
obtain 
Oyu 62; =Xfr + Cx/OZ, uy E W". 

If v is a derivative of order o of yu, it follows that @v/@z;¢ L? for every 
j- Hence ve W! by Lemma 4.2.4, that is, all derivatives of yu, of order 
a+ are in 17, This means that u,eW°''\Qloc). Repeating the 
argument, we conclude that u; e W** (Q.loc). 
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(b) Next assume that q> 0. As pointed out after the proof of 
Theorem 4.2.2, the solution of the equation ĉu =f given in that theorem 
can be chosen in (the closure of) the range of T*. In view of (4.1.9) and 
the fact that 97 = 0, we have 


9 (e7 ®'u) = 0, Gu = J. 
This can also be written 
du = f, Qu = au, 


where a is a differential operator of order 0 with C” coeflicients acting 
on u. Assume that we have already proved that ue Wi .(Q.loc) for a 
certain finite o with O< o < s. If yeCg”(Q), we obtain 

AWE Weagsiy Axe Wh4—1- 


If D is a differentiation of order ø, the form D (zu) satisfies the hypotheses 
of Lemma 4.2.3, which proves that D (zu)e W'. Hence yue WZ). 
that is, u e W¢,4}(Q.loc). This completes the proof. 


Corollary 4.2.6. If Q is pseudoconvex, the equation du =f has a 
solution we Ci, aO) for every f € Cipa + (2) such that ëf =Q. 


Proof. By the well-known Sobolev lemma, we have 


(4.2.14) W ino Quoc) € Ch OQ) 


(p-a) 


so the corollary follows from Theorem 4.2.5. (An elementary proof of 
(4.2.14) is obtained from the trivial fact that 


sup |w] < [10"w/ðx, +++ OX z_f då, weCy7(C"), 


for as in the proof of Lemma 4.2.3 one obtains from this inequality 

that every we W?” with compact support is a continuous function after 

a change of its definition on a null set. The details are left to the reader.) 
Combining Corollary 4.2.6 with Theorem 2.7.10, we obtain 


Theorem 4.2.7. If Q is a pseudoconvex open set in C", then HW(Q,C) = 0 
when r >n. 


Remark. One can prove more by Morse theory, namely that 
HQZ) = 0 for r >n (sce Milnor [1]. On the other hand, H"(Q.C) 
need not vanish when r < n. For let 


OQ =4zi26 © E aya att 


88 L? ESTIMATES AND EXISTENCE THEOREMS 


This is a domain of holomorphy since it is the product of open sets in 
C (which are thus domains of holomorphy). Hence Q is pscudoconvex. 
The form f = dz, A++ A dz,/z,---z, where | <r <n, is closed, but 
iff is the elosed cycle zi = @°4)---, z, = ef”, (OFERY ze ay all} 
then the integral of f over y is equal to (27i # 0. Hence f is not the 
differential of any form of degree r— 1. (See also an example in 
section 2.7.) 
We can now prove a converse of Theorem 2.6.5. 


Theorem 4.2.8. An open set in C" is a domain of holomorphy if (and 
by Theorem 2.6.5 only if) it is pseudoconvex. 

This is a consequence of Coroilary 4.2.6 and the following 

Theorem 4.2.9. Let Q be an open set in C" such that the equation 


tu = f has a solution ve C (Q) for every fe Cõa+ (O) such that 
= 0 (q = 0,---,n — 2). Then Q is a domain of holomorphy. 


Sor Se 


Proof. The theorem is true when n = 1, since every open set in C 
is a domain of holomorphy. We shall prove it by induction over the 
dimension n, so we assume that it has already been proved for n — | 
dimensions. 

It is enough to prove that for every open convex set D c Q, such 
that some boundary point z° of D is on the boundary ĉQ of Q, there is 
an analytic function in © which cannot be continued analytically to a 
neighborhood of z°. We may assume that the coordinates are chosen 
so that z°=0 and the plane z,=0 has a non-empty intersection 
Do with D. Then the convexity of D shows that 0 is on the boundary 
of Do and therefore on the boundary of 


w = {z;zEQ,z, = 0}. 


(We can regard œw as an open set in C"~'.) Let j be the natural injection 
of œw into Q, and let z be the projection of C" on C"~', obtained by 
dropping the last coordinate. The main part of the proof is now to 
show that for every fe Calo) = 0) with éf =0, one can find 
Fe Co.(Q) such that @F = 0 and f = j*F. (Cf Lemma 2.7.5. The 
notation j* was introduced in section 2.1.) To construct F we note 
that the sets w and M = {z;z€Q,2z¢«} are disjoint and relatively 
closed in ©, so one can find p e C*(Q) such that œ = | in a ncighborhood 
of w and ~ = 0 in a neighborhood of M. The form ex*f, defined as 0 
where ~ = 0, is then in Co p(Q), and j*on*f = f. We now set 


F = on*f — z, 
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with ve C& (O) to be chosen so that ÂF = 0. This means that 
év =z, ‘6p A n*f 


and, since the right-hand side is in C(.,41)(@) and is é closed, the 
existence of v follows from the assumption in the theorem. We have 
F = j*n*f = f, so F has the required properties. 

We can now prove that the hypotheses in the theorem are fulfilled 
if Q is replaced by œ. In fact, for given fe CG q+ (0) with of = 0, we 
have proved that there is a form F € Ci + p(Q) with OF = 0 and j*F = f. 
By hypothesis the equation GU = F has a solution Ue Cø, „(Q). Setting 
u = j*U, we obtain 


du = U = PF =f 


By the inductive hypothesis it follows that @ is a domain of holomorphy, 
so there is a function f which is analytic in w but cannot be continued 
analytically to a neighborhood of Dy. If we choose F analytic in Q so 
that j*F = f, that is, F = fin œ, it follows that F cannot be continued 
to a neighborhood of D. Hence © is a domain of holomorphy, which 
completes the proof. 


4.3. Approximation theorems. We shall now show that the Z? estimates 
proved in section 4.2 also give approximation theorems. The essential 
step is the following 


Lemma 4.3.1. Let p be a strictly plurisubharmonic C” function in Q 
such that 
K, = {z;z€Q, pz) <c} co Q for every ceR. 


Every function which is analytic in a neighborhood of Ko can then be 
approximated in L? norm over Ko by fimctions in A(Q). 


Proof. By the Hahn—Banach theorem it suffices to prove that, if 
ve L*(K,) and if 


(4.3.1) | wodi =0 
“Kn 

for every ue A(Q), then (4.3.1) is true for every u which is analytic only 
in a neighborhood of Ky. Extend the definition of v by setting v = 0 
outside Ky. Then (4.3.1) implies that ve” is orthogonal to the null 
space Ny of the operator T discussed in the previous section (with 
p = q = 0), for Nz is a subspace of A(Q). (All elements in the null space 
are C” functions by Theorem 4.2.5.) When the estimate (4.2.10) is valid, 
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it follows from Lemma 4.1.2 that one can find f = 2) f;dZ; € Dy so 
that 


llo < he'll, 
and T*f = ve®. By (4.1.9) this equation implies that 


n 
vet! = e”! X ale yf Vaz; 
jel 
in the sense of distribution theory. Writing g = fe ~®? we therefore have 
t= — 2} ĉg;/ĉz; and 
n 


(4.3.2) h 3 lgl? e” d? < fh. |r|? gr dz, 


still under the assumption that (4.2.10) is valid. 

In the proof of Theorem 4.2.2 we found that (4.2.10) is valid if g,.¢2, 93 
are defined by (4.2.2) with @ = x(p), where y is convex and satisfies 
(4.2.12). Choose a sequence y, of convex functions satisfying (4.2.12), 
so that x,(t) is independent of v if r < 0 but 7,7 œ when v > oo if 
t > 0. We can then for every v choose g, j = 1,---,n, so that 


(4.3.3) v= — Y g; /âzn 
1 
and 
(4.3.4) (F le exp.) — p) d? < C 
ay el 


for a certain constant C which does not depend on v, for the right-hand 
side of (4.3.2) only involves integration over Ky and 7,(p) is independent 
of v there. Now x, < zy, so we can choose a subsequence of the sequence 
g` which converges weakly in the Hilbert space Li; (Q.v — 7\(p)) to a 
limit g. From (4.3.4) we obtain that g = 0 where p > 0, and (4.3.3) 


gives that v = — £; ég,/Cz, in the distribution sense, that is, 
a 
(4.3.5) | urd, = > Gufez,¢, dA 
* l 


for all we Co*(Q). In fact, this follows from (4.3.3) with g replaced by 
ge’. Since v and g vanish outside Ko, the identity (4.3.5) is valid for 
every u which ts in C% only in a neighborhood of Ko, and if u is analytic 
in a neighborhood of Ky it follows that (4.3.1) holds. The proof is 
complete. 

The following reformulation of Lemma 4.3.1 is more useful. 
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Theorem 4.3.2. Let Q be a pseudoconvex open set in C" and K a 
compact subset of Q such that Rof = K (see Definition 2.6.6). Every 
function which is analytic in a neighborhood of K can then be approximated 
uniformly on K by functions in A(Q). 


Proof. Let u be analytic in a neighborhood « of K. By Theorem 2.6.11 
we can choose a strictly plurisubharmonic function pe C*(Q) such that 
p satisfies the hypotheses in Lemma 4.3.1 and K is in the interior of 
Ko, which is itself in the interior of œ. According to Lemma 4.3.1 there 
is a sequence u; € A(Q) such that u; — u > Oin L*(Ky). By Theorem 2.2.3 
this implies that u;— U0 triticale on K. The proof is complete. 

Note that since ion c Rg (ithe A(Q)-hull of K, see Definition 2.5.2), 
Theorem 4.3.2 is also valid if we replace Kg’ by Kg. We can therefore 
give a result parallel to Theorem 1.3.4 which extends Theorem 2.7.3. 


Theorem 4.3.3. Let Q, c Q, be domains of holomorphy. Then the 
following conditions are equivalent : 

(i) Every function in A(Q,) can be approximated by functions in A(Q,) 
uniformly on every compact subset of Q,. (Q, is then called a 
Runge domain relative to Q.) 

(ii) For every compact set K < Q, we have Ro, =K ive 

(ili) For every compact set K c Q, we hare Ko, OQ, = Ko, 
(iv) For every compact set K <Q, we have oe MO en One 


Proof. It is obvious that (i) = (it) => (iv) (for Q, is assumed to be a 
domain of holomorphy). If we set K’ = Ko, O Q; and K" = Kg, ^ Co,, 
then (iv) implies that the disjoint sets K’ and K” are compact, for Ro, 
is compact since Q, is a domain of holomorphy. For every fe A(Q,) 
it follows from Theorem 4.3.2 that the function which ts equal to f 
on K’ and equal to I on K” can be approximated uniformly on 
Ke = K' u K” by functions in A(Q,) This proves (i), and choosing 
f= 0 we obtain K” = @. Flencte (iv) (and the equivalent condition 
(iii) implies (ii) and since the opposite implication is obvious, the theorem 
is proved. 

We shall finally give a strengthened form of Theorem 4.2.8. 


Theorem 4.3.4. Let K be a compact subset of a pseudoconvex open 
set Q c C". Then Ko (Definition 2.5.2) is equal to Kg? (Definition 2.6.6). 

This of course contains Theorem 4.2.8 and we shall prove Theorem 
4.3.4 using that result. For a direct argument, see also the proof of 
Theorem 5.2.10. 
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Proof of Theorem 4.3.4.. It is trivial that Kg? < Kp. To prove the 
opposite inclusion, let œ be any open neighborhood of Ky’. Using 
Theorem 2.6.11 we can choose a continuous plurisubharmonic function 
p in Q such that p < 0 in K, but 


Qo = {z; ze Q, p(z) < 0} 


is contained in œ. Since Qg is obviously pseudoconvex, it follows from 
Theorem 4.2.8 that Q and Q, are domains of holomorphy. Moreover, 
Q, is a Runge domain relative to Q, for every function in A(Q») can 
be uniformly approximated by functions in A(Q) on the compact sets 
{z;ze€Q, píz) < c}, ¢ < 0, in view of Theorem 4.3.2. Hence condition (ii) 
in Theorem 4.3.3 shows that Kg c Qo c w. Thus Kg c of which 
completes the proof. 


4.4. Existence theorems in {7 spaces. In sections 4.2 and 4.3 we have 
used the Z? estimates to study the 6 operator in C®. However, more pre- 
cise global information is obtained if one keeps the L? norms as we shall 
do in this section. 


Lemma 4.4.1. Let Q be a pseudoconvex open set in C” and let @ be a 
real valued function in C?(Q) such that 


(4.4.1) c} wl S $ a7p/6z;0Z,w,¥,3; zEeQ, wec", 
l j,k=1 


where c is a positive continuous function in Q. If g © Lẹ, + (2, p) and 
og = 0, it follows that one can find u eL}, ale o) with ðu = g and 


(4.4.2) [ire-taa < af jgļ e */cdA, 
provided that the right hand side is finite. 


Proof. Using Theorem 2.6.11 we choose a C® strictly plurisubharmonic 
function s in Q such that for every real a 


Q, = {ze Q; s(z) < a} EQ. 


For any a the cutoff functions y, used in section 4.2 can be chosen equal 
to 1 in Q,,,, and we can then find y > 0 satisfying (4.2.1) so that y = 0 
in Q,,,- We replace p by go’ = + x{s) where y > 0 is equal to 0 in 
( -œ, a) and x is convex and so rapidly increasing that 
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o'—W = p+) -W4 = 9, x's) F 07 s/Oz , OZ, Wy = 2|Oy|? 3 [wl 
juk=l 


If we apply (4.2.9) with ọ replaced by ọ' and p; = ¢' + (j — 3)¥, we 
obtain 


Í elfe da < MTA, + USS, 


when fE Dip, 441)(2), hence when fe Dren Ds. Since 29, — 9 — ¢' = 
p’ — 2p — o 20, Cauchy-Schwarz’ inequality gives if the right hand 
side of (4.4.2) is equal to | 


(fet = 25 f elpe tai SITS, +27 USS lp» S E Dre O Ds. 


We claim that 
(4.4.3) Ke foal £ TIe f € Dre- 


If Sf = 0 this is already proved. On the other hand, if fis orthogonal to 
the kernel of S, then fis orthogonal to the range of T so T*f = 0. Since 
og = 0 and 


J tette-eaa < [igre eas <0 
because p3 —9 = 9 —W — p ZW =O, we have (g, So, = O for such 


f which completes the proof of (4.4.3). 
If we apply the Hahn-Banach theorem to the anti-lincar form 


T*f > (g, Dos f E Dr”, 
if follows that there is an element u, € Lp, (2, P1) such that 
(4.4.4) flean <il 


and (2, f)o, = (tas T*S )p, When fe Dya, hence Tu, = g. We can now take 
a sequence a; > œ such that #,, is weakly L? convergent on Q, for every 
a to a limit u. Since Ju, = g we obtain du = g, and from (4.4.4) it follows 
that 


Í juļe "dA < 1 
2 


for every a. This proves (4.4.2). 


2 
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The following theorem is a simple consequence of Lemma 4.4.1 but it is 
often much more useful since the conditions on smoothness and strict 
plurisubharmonicity on œ are eliminated. 


i ap 4.4.2. Let Q be a pseudoconvex open set in Œ and p any plu- 
risubharmonic function ip For ever 7 ith Oe 
ie function in Q. For every ge Loar (Q, p) with dg = 0 


z . . 2 . 
there is a solution u € LẸ, p(Q, loc) of the equation du = g such that 


(4.4.5) [peeraa s{ jele dA. 
2 


Ẹ roof. S nh h p C . We Shall ap y Le 1 4 4 W 


(4.4.6) Pr wis fa 


es z OZ, 
= (1+2 wP + [z17) Kw, z>17) = (L+1z|?)"4{ wl, 
which implies that = 2(1+ r ; 
eg, ehes hat eean alc. Alle E Thue (2), give 


n 


2 


log (1+|z/’) 


Q, = {zE Q; s(z) < a} EQ 


for every a € R. The open sets Q, are also pseudoconvex. Regularizing 
pas indicated in Theorem 2.6.3 we obtain C® plurisubharmonic functions 
P, defined in Que Where a(c) > co as s — 0, and o, 4o as € }0. By 
the part of the theorem already proved we can now find a icon 
u, E Lip, (Qao Pe) so that Ou, = g in Qa and 


f, ereraa sf 
Natry 2 


Since gy, decreases with e this shows that the L? norm of u, over Q. is 
bounded for every fixed a. We can therefore choose a sequence £ >0 Goh 
that u,, converges weakly in Q, for every a to a limit u in L? i (Q, loc) 
For every £ > 0 and a e R we obtain S i 


lel?e" dA <Í lgl e dA. 
n 


nqz) 


i jul?e dà <f lele °dA 
Qa Q 


which implies (4.4.5), and since Oz — g this completes the proof. 
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As a first application of Theorem 4.4.2 with p = q = 0 we study the 
extension of an analytic function defined on a lincar subspace. The exis- 
tence of the extension is of course a trivial matter if no growth conditions 
are imposed on the extended function, However, as we shall sec in section 
4.5, it is important to give good bounds for the extension. 


Theorem 4.4.3. Let ọ be a plurisubharmonic function in C" such that 
for some constant C 


(4.4.7) lo(z)-@(z)1<C if |z-z'| <1. 


Let = be a complex linear subspace of C" of codimension k. For every 
analytic function u in È such that 


(4.4.8) | ture*ao < 0, 
x 


where do denotes the Lebesgue measure in È, there exists an analytic 
function U in Œ" such that U = u in © and | 


(4.4.9) i |U] e (1+ |z)?) “da S oee | juj e %de. 
E 


Proof. Since log (1 | |z|?) is plurisubharmonie by (4.4.6), it is enough 
to prove the theorem when & is a hyperplane and then iterate this special 
result k times. We may assume that £ is the hyperplane z, = 0. Then u 
is an analytic function of z‘ = (z,, ``", Zn-1) and we may regard w as 
an analytic function in C” which is independent of z,. By (4.4.7) we have 


(4.4.10) Í jul e7 "dd S ref jul e tdo. 
len] < 1 x 


Let y be the continuous function in C which is equal to 1 in the disc with 
radius 4, vanishes outside the unit disc, and is a linear function of |z| in 
between. Then |@¢y//6z| S 1. Writing 


U(z) = W(z,)u(z')—2,0(z) 


we have U(z) = u(z’) when z, = 0 so it only remains to choose v so that 
v has a suitable bound and U = 9, that is, 


(4.4.11) dv = z; 'u(z')Op(z,) = z, ulz jêpan dZ = f- 
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It is clear that @f = 0 and from (4.4.10) we obtain, since @p/0Z, = 0 
when |Z,| < 4; 


[urtereaa s ane | juļ e "do. 
E 
Theorem 4.4.2 now provides a solution of (4.4.11) such that 
fpei +z) dA S Ane! [ lu|e %de. 
vt 


Combining this estimate with (4.4.10), we obtain (4.4.9). 
A similar argument is used to prove the following existence theorem. 


Theorem 4.4.4. Let ~ be a plurisubharmonic function in the pseudo- 
convex open set Qa C. If z? eQ and e? is integrable in a neighbor- 
hood of z? one can find an analytic function u in Q such that u(z°) = 1 
and 


(4.4.12) Í ju(z)\’e 0 +|z|’)" *"da(z) < œ- 
Q 
Proof. We may assume that z0 = 0. Choose a polydisc 
Pater eet ie loo} ce @ 
where e7 is integrable, and define lonk Olu ats nED 
Q, = {zE Q; |z| < r for j > k}. 


We shall prove inductively that for every k there is an analytic function 
u, in Q, with u,(z°) = l and 


(4.4.13) f jue (1 +421’) “da(z) < 00. 
Qk 


When k = 0 we can take uo = I. and u, will have the desired properties. 

Assume that 0 < k < n and that 44-1 has already been constructed. 
Choose y e C (C) so that y(z) = 0 when [z| > r/2 and y(z) = | when 
|z| < r/3, and set 


u,(z) = W(2,)ite i(z)— 2, 0(Z) 
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where (z,)t,—1(z) is defined as 0 in 2,\2,-,. To make u, analytic we 
must choose v as a solution of the equation 


Ov = z, 'u,-1 OW = f. 
By the inductive hypothesis 
4 IAP z E dA < co 
so it follows from Theorem 4.4.2 that v can be found so that 
[te 26-1 4-|z|?)' dA < o. 
k 


Together with the inductive hypothesis on tg- ı this implies (4.4.13). 
Since ve C® in a neighborhood of O we have u,(0) = u,-,(0) = 1 so 
u, has the required properties. 


For the application of Theorem 4.4.4 the following elementary result 
is required. 


Theorem 4.4.5. There is a constant C such that for every plurisubhar- 
monic function y in the unit ball in ©" with (0) = 0 and W(z) < 1 when 
|z| < I 


(4.4.14) { CAAT E 
lzl<+ 


Proof. First assume that a = 1. We can then use the Riesz represen- 
tation (Radó [1, Chap. VIJ) 


weie eM -ztd | (1 —lzl?)lz— tI dole) 


šl Kl=] 


anye) = Í | 


where dit = Ai) = 0 and do S \d¢] is the weak limit of Y on the unit 
circle. Putting z = 0 we obtain 0 = f log [Elda (O) + f do(C) or 


1 
log ~> due dij- do(©) = 27. 
[ee ai +f iJ- dolt) = 27 
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Since both terms are non-negative it follows that 
l 
(4.4.15) | log du(f) < 2r, | lao) < 4n. 
Bisi 


Hence 


Qa fa-ti aoto| <6 when |z| <4, 


a -Í du(Qj2n < 1log (I/R) <2 if R< et, 
|o1<R 


Since e < 4 we can choose R so that 4 < R < e t. Then we have 


i log Ci -tldu(| < C, |z] < 4, 


LI> R 


for some C, and the inequality between geometric and arithmetic means 
shows that 


exp (-ea f toe leet zld) 
= exp (f log lz elt —26ldy(¢)/2na) 


<Í (Jz—Eif[L—2€|) da Olnra < C when |z| <4 
BIER 


since a < 2. Summing up we have proved (4.4.14) when n = 1. The general 
statement follows since introducing polar coordinates we have 


e YOdA(z) -f as(&) [w]e M dAw)27 
lz] <4 


l= Jw[<4 


where dS(¢) denotes the surface arca on the unit sphere. The proof is 
complete. 


Corollary 4.4.6. If p is a plurisubharmonic function in a connected 
pseudocontex open set Q and ọ is not identically —co, then e`? is lo- 
cally integrable in a dense open subset G containing all points in Q where 
(z) > —œ. The complement of G is the set of zeros common to all 
analytic functions in Q satisfying (4.4.12). 
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When n = | it is easy to see from the proof of Theorem 4.4.5 that 
e-® is locally integrable in the complement of the discrete set of points 
where Ag has a mass = 4r. 


In the following application of Theorem 4.4.2 we shall rely on the fact 
that (4.4.5) is uniform with respect to p. By A we denote the space of 
entire functions in C” with the topology of uniform convergence on all 


compact sets. 


Theorem 4.4.7. Let @ be a plurisubharmonic function in C" and denote 
by A, the set of entire functions u such that for some N 


(4.4.15) [ieee eter) an < %0. 


Then the closure of A, in A contains all ue A such that \u\?e7° is locally 
integrable and it is equal to A if and only if e ® ts locally integrable. 


Proof. Given an entire function U such that |U]? e~” is locally inte- 
grable we shall approximate U in {z; |z| < R} by functions in A,. To do 
so we choose ye CX(C") so that z(z) = 1 when |z| < R + 2 and set 
V = yU. Then 


f=i= Uey =0 when |z| < R+2, 
and f has compact support. To make the norm of {small we set for £ > 0 
edz) = o(z)+ max (0, t log (|z|/(R + 1)). 


Then it is clear that p, is plurisubharmonic and that 
{ur exp (—@,)dA > 0, t > 00, 
so it follows from Theorem 4.4.2 that we can find u, with du, = f and 
far exp (—¢,)(I +z) dA +0 as too. 


In particular, õu, = 0 when |z| < R + 1, and 


Í ju, dà > 0 
jJzel<R+1 
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so u,(z) + 0 uniformly when £ > œ and |z| < R. Since 
| lt!’ + ]z)?)72- Me" dz) < 00, 
the analytic function V — u, satisfies (4.4.15) with N = 2 -+ (t/2). Hence 
V —u,é€ A, and converges uniformly to U when |z| < R and f > œ. 


This proves the theorem, for every function in A, must vanish at z if e7? is 
not integrable in any neighborhood of z. 


Note that the proof of Theorem 4.4.7 gives an alternative proof of 


Lemma 4.3.1. 


4.5. Analytic functionals. Already in the proof of Theorem 4.4.4 we 
considered linear forms on the space of entire analytic functions but 
we shall make a more systematic study in this section. 


Definition 4.5.1. Elements in the dual space A’ of the space A = A{C") 
of entire functions, equipped with the topology of uniform convergence on 
compact sets, are called analytic functionals. An analytic functional uis 
said to be carried by a compact set K if for every neighborhood w of K 
there is a constant C, such that 


(4.5.1) | < Cy sup|f, fea. 


From the definition of the topology in A it follows that for every 
He A’ there is some compact œw such that (4.5.1) holds. Hence ft has 
some compact carrier, but we shall give an example below where there 
is no carricr which is contained in all others. This is in contrast with 
the notion of support of a function or distribution. 

Linear combinations of the exponential functions exp¢z, (>, where 
heme <2 mare gt or Znon> are dense in A, for if we differ- 
entiate e@? with respect to č and put ¢ = 0 afterward, we conclude 
that z“ is in the closure of the lincar hull of the exponentials for every a. 
An analytic functional p is therefore uniquely determined by its values 
for the exponentials, that is, by the Laplace transform: 


Definition 4.5.2. If u ¢ A’, we define the Laplace transform by 
(4.5.2) AE) = ule EE), Cec” 
The Laplace transform is an entire analytic function of ¢, for the con- 


tinuity properties of u show that we can differentiate under the p-sign to 
prove that ñe C® and that dj/dl ; = O for all, From (4.5.1) we obtain 
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the estimate 

IAO] < C., exp(sup Re<z, £)). 
Sci 
(4.5.3) Ht) = sup Re<z, č). 


Then Hx is a convex positively homogencous function of č, and if K is 
convex we have 


(4.5.4) K = {z; Redz,0> < Hx), CEC}. 


(This well-known property of support functions of convex sets is proved 
by applying the Hahn-Banach theorem to the convex set {(t,0)e R x C”; 
H(¢) < t}.) The remarks we have now made prove the first half of the 
following 

Theorem 4.5.3. If pe A’ and un is carried by the compact set K, then 
M(t) = AY) is an entire analytic function and for every 6 > Q there is a 
constant C; such that 


(4.5.5) [M(O)| < C,expHeS) + de), Cec” 


Conversely, if K is a convex compact set and M an entire function satisfying 
(4.5.5) for every 6 > 0, there exists an analytic functional p carried by 
K such that fi = M. 

In particular, the Laplace transformation is a one-to-one mapping of A’ 
onto the space of all entire functions M which are of exponcntial type, 
that is, which for suitable constants a and C have the bound 


|M(0)| < C exp alt]. 


We shall first give the classical proof of Theorem 4.5.3 when n = | and 
then a proof depending on Theorem 4.4.3 which is valid for every n. 


Proof of Theorem 4.5.3 when n = 1. Let M be a function satisfying 
(4.5.5) and form the power series expansion 


MO) = F ajk! 
0 


Choose A and C so that |M(Q| < Ce“. Then the Cauchy inequalities 
give 
la,|/k! < C eA ®/R* 


for every R > 0. Choosing R = k/A we minimize the right-hand side 
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and obtain from Stirling’s formula with a constant C, 
(4.5.6) la,| < C(Ae¥k!/k < CCE 


Now we can write 


Ck! = (2ni) i, a maya 


where y is a convex curve with the origin in its interior. Hence we have 
formally 


(4.5.7) M(t) = > at"/k! S(O )iew | eBo) dz, 
l- J 
where 
(4.5.8) Bz) = Ske La 
0 


is called the Borel transform of M. Now it follows from (4.5.6) that this 
series is uniformly convergent when |z > C, + 1, so (4.5.7) is in fact 
valid if y lies in this set. 

We shail prove that B can be continued to an analytic function in (K. 
Admitting this fact for a moment we set 


wf) = (Rri) | fæ B(z) dz, 


where y is an arbitrary convex curve surrounding K. This defines an 
analytic functional which does not depend on the choice of y, and y is 
therefore carried by K. By (4.5.7) we have ñ = M. 

To construct the analytic continuation we form with arbitrary fixed 


CeC 


FS 


Baz) = J Maw e`" dt. 


This integral is absolutely convergent and defines an analytic function in 
the half plane 


(4.5.9) {z; H(0) < Re čz}, 


and when C,|č| < Re ¢z it follows from (4.5.6) that we can compute B,{z) 
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by using the power series expansion for M, which gives that B{z) = B(z) 
then. Hence any two functions B;, and B,, coincide in some open subset 
of the intersection of the half planes where they are defined and they 
must therefore agree in their common domain of definition. It follows 
that the functions B, define an analytic continuation of B to the set of 
all z such that H(¢€) < Re čz for some ¢, which by (4.5.4) is the complement 
of K. 

Note that the proof also gives a one-to-one correspondence between 
analytic functionals and functions which are analytic in a neighborhood 
of infinity and vanish there. 


General proof of Theorem 4.5.3. Let K, be the set of points at euclid- 
can distance < ¢ from K. We wish to construct a continuous function 
yw vanishing outside K, such that the analytic functional defined by the 
measure Ņ dA has the Laplace transform M, that is, 


(4.5.10) MO) = | we) e date), 


Let yf be the Fourier-Laplace-transform of y considered as a function 
of 2n real variables 


UO. r Oan) = f Wye Het tata dey drag 


This is an analytic function of 2n complex variables. The condition 
(4.5.10) means that, if we set y = Y, 


(4.5.11) Wit, —€,,i€3, =b, a? iy pane) a M(,.- w BC al 


so the construction of y is an extension problem of the type considered 
in Theorem 4.4.3. If has its support in K, we must have 


(4.5.12) KO < Cexp o0), 

where 

(4.5.13) p40 = sup(x, Im 0, +--+ + x2, Im 0,,). 
x@K, 


Conversely, if ¥ is an entire analytic function in C?” such that 
(4.5.12) O| < Ca + [Ol 2"! exp edO, 0 e C7”, 


it follows from the Paley-Wiener theorem in its most elementary form 
that Y is the Fourier—Laplace trafisform of a continuous function wy 
vanishing outside K, and if ¥ satisfies (4.5.11) the theorem will be proved. 
(The proof of the Paley—Wiener theorem consists simply in forming the 
inverse Fourier transform 
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YAx) = (2n)72"] el +B’ +. 10") dé". 
R?» 


A change of integration contour shows that this is independent of 0”. 
If we replace 0” by t0” and let t+ +o, it follows that (x) = 0 when 
€x,0")> ,{0"), and from an analogue of (4.5.4) we conclude that Ww 
vanishes outside K, By Fourier’s inversion formula the Laplace 
transform of the function y is equal to Y.) 

To construct ¥ we denote by u the function 


(1, ER met) ils =a) a M(t AAS N 
which is an analytic function in an n-dimensional subspace £ of C2". 


If 6 = (if,, —{,,---, i€,, —C,), we obtain from (4.5.13) 
y{0) = sup(x, Ref, — x, Im, +) = sup Re¢z,f> = H,(¢) + alc]. 


xeK, ZzeK, 


Hence (4.5.5) implies that 
jut0)| < Cs explo d0) + (8 — ef), 6 > 0, OEE, 


and choosing 6 < zs, we obtain 


n ul? e~ 2% da < œ. 


Since P, is convex and therefore plurisubharmonic, and since P, 1S 
uniformly continuous, it follows from Theorem 4.4.3 that there is an 
entire analytic function U in C?" such that U = u in E and 


f (UOJ? e261 + Jo)" dA < o, 


where dA is now the Lebesgue measure in C2". By Theorem 2.2.3 this 
implies that 
(4.5.14) JUO] < Cem OL + jop". 


Now set 


P(A) = U(0)2(0) 


where y is the Fourier—Laplace transform of a non-negative function 
ye Co™(C’) with support in {z;|z| < e}, such that y only depends on lz] 
and the integral of y equals 1. This means that y(O) = 1 and that 2(0) is 
a function of 0,° + --- + 02,2, which implies that 7 = 1 in Hence Y 
satisfies (4.5.11), and since by the Paley-Wiener theorem 
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Izo] < C,(l s lo) => PaL 


for every N (this is proved by partial integration), the estimate (4.5.12) 
with £ replaced by 2e follows from (4.5.14). 


Example. The function M(t) = cos(2,/ £2) is entire and of exponential 
type. Since |cos | < el! for every complex number t, it follows that 


[MO] < exp(a|f,| + a2{f.)) if aiaz = 1 and a;, az > 0. 


Hence the analytic functional u for which # = M is carried by the set 
(zpoza); lzi] < an |z2| < a2} if aya, = 1. The intersection of these 
carriers is the origin, but it is clear that x is not carried by the origin 
since M(C,,C,) is of exponential type 2. Hence there need not exist a 
smallest convex set which carries M except in the case n = 1 where the 
Borel transform of M can be continued analytically to the complement 
of the intersection of all convex sets carrying u, which proves that p is 
carried by the intersection. 


Notes. Existence theorems for the Cauchy-Riemann equations in domains of 
holomorphy (stated as solution of the first Cousin problem) were first proved by 
Oka [2]. He also proved an approximation theorem for functions analytic in a 
neighborhood of a holomorph-convex compact subset. For a smaller class of 
domains this is due to Weil [3]. The identity of pscudoconvex domains and 
domains of holomerphy was proved much later by Oka [S], Bremermann [2] and 
Norguet [I]. It is an important feature of the methods used here that they solve 
the first Cousin problem directly in pscudoconvex domains. This makes it easy 
to prove that these are domains of holomorphy. In doing so we also prove that they 
are characterized by the existence of solutions to the equation ðu = f for every form 
with af = 0 (cf. Serre [3]). Techniques similar to those used here were first pro- 
posed by Garabedian and Spencer [I] in analogy with the Hodge-de Rham-Ko- 
daira decomposition of forms on Riemannian munifolds. The basic a priori esti- 
mates were first proved by Morrey [1] for (0, 1) forms and by Kohn [I] in the ge- 
neral case. (A simplification due to Ash [I] of the proof of Kohn [i] will be used 
in Chapter V.) Kohn [2] also proved some theorems on boundary regularity re- 
guired in his approach and that of Morrey; a simplified proof has been given by 
Kohn and Nifenberg [1]. The technique of using weight functions to modify the L? 
norms goes back to Carleman in other areas of the theory of partial differential equa- 
tions. It was introduced in the present context by Hérmander [I] to avoid the boundary 
difficulties referred to above and to prove sharper results. Related arguments are due 
to Andreotti and Vesentini [1]. More precise existence theorems in £? norms are given 
in section 4.4 with a few applications. Theorem 4.4.4 is duc to Bombieri [1]; for 
further applications we refer to Skoda {1, 2]. The important feature of Theorem 4.4.2, 
the main result, is its uniformity with respect to the weight functions and pseudo-convex 
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sets considered. For an application of the latter property w 
mer [i]. However, in this context one obt 
for the equation Ju = 


e refer to HOrmander-Wer- 
is : ains better results from the existence theory 
i we fin maximum norms recently developed by Henkin, Ramirez 
i apj- “i y relid - 3 ; 
ira n a Kerzman, @vrelid and others. (Sce Harvey-Wells [I] and the roferences 
given there.) These techniques fi i i Š 
: s fall outside the scope of this i 
5 i s : 3 his book. As as l ice 
tion of the results of secti i i A a | bike Pa 
sults of section 4.4 we prove in secti 
$ on 4.5 a theorem on analytic functi 
nals due to Pólya [1] for one c i Fuge ARA 
y e complex variable and to Ehre sis [2 i 
nee ees. Ehrenpreis [2] and Martineau 
» Using results of Martineau [1], Kis i i 

ra $ > Kiselman |I] has studied when there is : 

unique minimal carrier for an ie f i a | ener 
vanalytic functional. For ¢ icati ic fì 

l pni £ i ' onal. applications of ani y 5- 
tionals, sce e.g. Ehrenpreis [3 J, Malgrange [3]. i 


Chapter V 


STEIN MANIFOLDS 


Summary. Until this chapter we have studied function theory in open subsets 
of C" only. However, this is too special for many purposes. For example, the 
simultaneous analytic continuation of all functions analytic in an open subset 
of C" may lead to functions defined in a Riemann domain which is spread over 
C" with several sheets just as a Riemann surface may be in the case n = 1. We 
therefore introduce a class of complex analytic manifolds, the Stein manifolds, 
whose definition is modeled on the properties of domains of holomorphy in C”. 
The definitions are given in section 5.1, and in section 5.2 we show that the exis- 
tence and approximation theorems for the Cauchy-Riemann equations given 
in sections 4.2 and 4.3 can be extended to this more general case. In section 5.3 
we prove that a Stein manifold can be represented concretely as a closed sub- 
manifold of a space C™ of sufficiently high dimension. Conversely, such manifolds 
are always Stein manifolds. The maximal simultaneous analytic continuation 
of the analytic functions in a domain in C" is studied in section 5.4. We show 
that it Ieads to a Stein manifold spread over C" and that such manifolds can be 
characterized by a pseudoconvexity condition. (Sections 5.3 and 5.4 are not 
necessary for reading the later parts of this book.) At last the Cousin problems 
are stated in section 5.5 where we solve them for Stein manifolds, In section 5.6 
we extend the results of section 5.2 to sections of analytic vector bundles over 
Stein manifolds. This is an essential preparation for the theory of coherent analytic 
sheaves to be given in Chapter VIL. In scction 5.7 finally we show that an analytic 
structure can also be defined by prescribing at cach point of a manifold what 
differentials shall be of type (0,1) in such a way that a certain integrability condi- 
tion is fulfilled. The result is important in the study of perturbations of complex 
structures, but the reader may bypass it here without any loss of continuity, 


5.1. Definitions. A Hausdorll topological space ® is called a manifold 
of dimension n if every point in Q has a neighborhood which ts homeo- 
morphic to an open set in R”. The concept of complex analytic manifolds 
is defined by means of a family of such homeomorphisms: 
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Definition 5.1.1. 4 manifold Q (of dimension 2n) is called a complex 
analytic manifold of complex dimension n if there is given a family F of 
homeomorphisms x, called complex analytic coordinate systems, of open 
sets Q, < Q on open sets Q, c C" such that 


(i) If x and x'e F, then the mapping 
KK |: (Oy A OW > K(Q, 0 Qp) 


between open sets in C" is analytic. (Interchanging K and x’ we 
Jind that the inverse mapping is also analytic.) 
{ii) (JQ, =a. 
KEF 
(iti) If Ko is a homeomorphism of an open set Qo € Q on an open set in 
C” and the mapping 


KKg 1 Kolo OQ.) > KN Q,) 


as well as its inverse are analytic for every KE F, it follows that 
Kot #. 


The condition (iii) is in a way superfluous. For if ¥ satisfies (1) and 
(li), we can extend .¥ in one and only one way to a family #’ satisfying 
(i), (ii), (iii). In fact, the only such family ¥ is the set of all mappings 
satisfying the condition (iii) relative to F. A complex analytic structure 
can thus be defined by an arbitrary family # satisfying (i) and (ii), but if 
condition (iii) is dropped, there are many familics defining the same 
structure. Such a family is called a complete set of complex analytic 
coordinate systems, and two such sets are called equivalent if they define 
the same structure. 

We shall say that n complex valued functions (2,,°-°,z,) defined in a 
neighborhood of a point w in Q are a local coordinate system at w if they 
define a mapping of a neighborhood of w into C” which is a coordinate 
system in the sense defined above. If f,,-++,f, are analytic functions in a 
neighborhood of z(w) = (ziw) =, z,(w)) in C, then (f(z), -- > (2) is 
another system of coordinates at w if and only if det(ef,/ez Fj. Z Oat 
2(w). This follows from Theorem 2.1.2. 

Definition 5.1.2. Let Q, and Q, be complex analytic manifolds. Then 
a mapping f: Q, > Q, is called analytic if kz°fok; ' is analytic (where 
it is defined) for all coordinate systems x, in Q, and K, in Q3. 


It is of course suflicient to choose only coordinate systems in complete 
sets of coordinate systems in Q, and Q, In particular, we have now 


DEFINITIONS 109 


defined the concept of analytic functions in a complex analytic Wanilla 
Q; the set of such functions with the topology of uniform pe P 
compact subsets of Q will be denoted by AQ). l It is Ta is : 
Fréchet space if Q is countable at infinity, that is, if there cxists a am - 
able number of compact subsets Ki, Ka't such that every compact 
subset of Q is contained in some K,. In fact, the topology in A(Q) is 


then defined by the seminorms 


AQ) af sup eae jee 
d 


and the completeness is obvious. P j 
It is clear that every open subset of a complex manifold Q has a struc 


ture of complex analytic manifold, so the concept of an analytic aie 
(mapping) on an open subset is also well defined. Note that i is ana 4 : 
in Q, c C", then fex is analytic in Q,,. Hence by the de wo = 
complex analytic manifold, analytic functions do exist locally. : 5 p 

now define a class of manifolds where there is a good supply of globa ly 
defined analytie functions. As we shall sec, complex function theory 
such manifolds behaves essentially as in domains of holomorphy in C”. 


Definition 5.1.3. A complex analytic manifold Q of dimension n which 
is countable at infinity is said to be a Stein manifold if 
(x) Q is holomorph-convex, that is, 


R = {z:ze€0,|f(z)| < sup|f|for every fe AQ)} 
y K 


is a compact subset of Q for every compact subset K of Q. : 
(B) If zı and z, are different points in Q, then fiz) # f (z2) for some 


fe A(Q). $204 
(y) For every z€ Q, one can find n functions fitt: „fa € A(Q) which form 


a coordinate system at z. 
f T ae 
Example. By Thcorem 2.5.5, every domain of holomorphy in C" is a 


Stein manifold. y 
To give another example, we need a definition. 


Definition 5.1.4. A subset V of a complex analytic manifold Q of 


dimension n is called an analytic submanifold of dimension m if 


(i) Vis closed. l i jë iha 
(ii) In a neighborhood œ of an arbitrary point ve V there exist local 


coordinates Zy, +- *, 2, Such that œ O V = {Wi WEO, Zm4 (QW) E= = 
Z,(W) = 0}. 


= 
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We can define a natural analytic structure on V by means of the co- 
ordinate systems (z,,--:, z,,) when (Z,,°>*,2,) is a coordinate system for 
Q with the stated property. If fy- J, is an arbitrary coordinate system 
for Q at ve V, then one can always find m among these functions which 
form a coordinate system for Vat v. In fact, since the Jacobian 


det(ef/Cz,) # 0 = RE ty 
at z(v), one can choose i,,:+-, i, so that 


det(cf;, /0z,) # 0 (4, v = l,m). 
Hence the restrictions of ti»: Sin to V form a local coordinate system 
at v. 


Theorem 5.1.5. Every submanifold of a Stein manifold is a Stein 
manifold. 


Proof. (x), (f) are trivial since the restriction to a submanifold of a 
function which is analytic in the whole manifold is necessarily analytic. 
(;) follows from the remark just made. 

This theorem would have been false for every smaller class of manifolds 
containing all spaces C”. In fact, we shall prove in section 5.3 that every 
Stein manifold of dimension n can be embedded as a submanifold of 
Cc t 


Finally, we prove that Theorem 2.6.11 can be extended to Sicin 
manifolds. 


Theorem 5.1.6. Let Q be a Stein manifold, K a compact subset of Q, 
and œ an open neighborhood of R. Then there exists a function @ e C*(Q) 
such that 

(a) @ is strictly plurisubharmonic. 

(b) p <Oin K but >O0in Soo. 

(c) {z;zEQ, ez) < c} cc Qfor every ce R. 

Note that the notion of strict plurisubharmonicity is well defined for 
functions on a complex analytic manifold since it is invariant under 
analytic changes of variables. (See the proof of Theorem 2.6.4.) 


Proof of Theorem 5.1.6. By condition (x) in Definition 5.1.3 we can 
choose a sequence K, = R, Ka of compact subsets of Q such that 
K, = K;, UK; =, and X; is in the interior of K;,, for every j. Let 
w; be an open set with K; € w; c K,,, and œ c œ. Since K; = K,, 


we can for every j choose functions Fn € AMN), k = 1, ---,k; with absolute 
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value < 1 in K; so that max, | fydz)| > 1, zE Kj.2\0;- By raising fi, 
to high powers we may even arrange that 


kj zÀ 
(5.1.1) Sele 2,10 E 
k=l 
ky 
(5.1.2) È fuel? >j, zE kj y 
i 


In view of condition (;) in Definition 5.1.3, we may also assume pe 
among the functions fix, k = L, +-+, kj, it is possible to find n functions 
forming a system of local coordinates at any point in Kj. Now form 


(z) = dl fala? ey 


The sum converges by (5.1.1), and (z) > j — 1 when ze Cx, by (5.1.2). 
¢ is in fact in C*(Q), for the series 


Y fla flO 
įk 


converges uniformly on compact subsets of Q x Q, so the sum is analytic 
in z and its complex conjugate is analytic in ¢. It is also clear that @ is 
plurisubharmonic, and ¢ is strictly plunisubharmonic since, if for some z 
>, w flz6z, = 0 for all j and k, 
a 
then w = 0 because there exist n functions f forming a local system 
z , i f 
of coordinates at z. This completes the proo ' 
Note that even log(2 + ¢) is strictly plurisubharmonic by G orollary 
1.6.8 and Theorem 1.6.12. 


Remark. In proving Theorem 5.1.6 we only used conditions (x) and 
(y) in Definition 5.1.3. We shall see in section 5.2 that this leads to the 
conclusion that condition (f) is a consequence of the other conditions. 


5.2. L? estimates and existence theorems for the E operator. Let X A 
a complex analytic manifold of complex dimension n. which is oe : 
at infinity. The decomposition of differential forms into ois. . E 
(pq) and the definition of the ¢ operator can immediately @ CX iia 1 
to forms and functions on the manifold Q, for all these Te are 
invariant for analytic changes of coordinates (see section 2.1). 

In order to extend the Hilbert space techniques used in Chapter TV, 
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we must introduce hermitian norms on differential forms in Q. We 
therefore choose a hermitian metric on Q, that is, a Riemannian metric 
which in any analytic coordinate system with coordinates z jet Sy al DEAS 
the form 

n 

I EGE 

JK 
where Ap is a positive definite hermitian matrix with C™ coefficients. 
The existence of such a hermitian structure is trivial locally, and is 
immediately proved in the large by means of a partition of unity. The 
invariant clement of volume defined by the structure we denote by dV. 
(For definitions, see also Weil [1].) 
If f is a form of type (1,0) and f = 2'i f;dz; in a local coordinate 

system, we set 


LID = VR fi, 


where (h/*) is the inverse of (hy). This hermitian form is invariantly 
defined, for 


CLL) = sup |F f, dz?/¥ hy dz; dzy. 


By the Gram-Schmidt orthogonalization process every point in Q has 
a neighborhood U where there are n forms @!,---, co" of type (1,0) with 
C™ coefficients such that at every point in U 


(ao) = ð hk= l, n. 


If we set f = Efo, it follows that <f f> = Xi |A| More generally, 
a differential form f of type (p,g) can be written in a unique way as a 
sum 
f= 0" $ fuo AO, 
Ii=p Wl=q 

where fiy are antisymmetric both in 7 and in J and XY means that 
summation is extended only over increasing multi-indices. We can 
define </> by 


À - ‘ane | ` 
hID = [fl E = E fea? 


for this definition is independent of the choice of orthonormal basis 
w*,---,0". (We leave the verification of this fact as an exercise.) 
As in Lemma 4.1.3, we choose once and for all a sequence n,,7 a of 


functions in C,*(Q) such that 0 < y, < 1 and y, = 1 on any compact 
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subset of Q when v is large. As a substitute for condition (4.1.6) we shall 
modify the hermitian metric so that 


(5.2.1) lén,| <1 on Q, v=1,2,-:-. 


To sce that this is possible we only have to note that given a hermitian 
metric we can choose a positive C” function M on Q such that 


lon. s M_ for all v. 


In fact, this means only a finite number of lower bounds for M on any 
compact subset of Q. If we replace the metric by 


M? Y hi dz; dZ; 


the condition (5.2.1) will be fulfilled when the norm of y, is defined with 
respect to the new metric. From now on we keep the hermitian structure 


and the sequence y, fixed. 

Let p be a function in C 2(Q), and let Lia (o) be the space of all 
(equivalence classes of) forms of type (p,q), such that the coefficients are 
measurable in any local coordinate system, and 


WF lle Ee °dV < æ. 
The operator é defines linear, closed, denscly defined operators 
T: Lpa e) > Ling + (2.9) 
and 
S: Llar P) + Legs 219). 


Lemma 5.2.1. Dp q+ p(Q) is dense in Dy. O Ds Jor the graph norm 


S => NS lo + ITF le + ISS No- 


Proof. We shall essentially repeat the proof of Lemma 4.1.3. Since 
Sinf) —nSf= en, Af JE Dy, 
it follows from (5.2.1) that 


T E OF 


Sa — nS fl? < [f 


Further, we have 


(TAS) — T*S hue = (fN. Awd, if fe Dy. and ue Diya, 
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which gives 
[T*n,f) — ny A < [f/?. 


Hence y, f — f in the graph norm if f € Dys N Dg. It is therefore sufficient 
to approximate clements in Dy, ^ Ds which have compact support, and 
by means of a partition of unity we reduce the proof to the case when the 
support lies in a coordinate patch. In that case we can use the following 
classical lemma of Friedrichs. 


Lemma 5.2.2. Let peCyo*(R") and Jodx = 1, let ve (RY) have 
compact support and let a be a C' function in a neighborhood of the 
support of v. Put 


(J.v)(x) = Í vix — ey)ely) dy. 


Then aD, J. — J(aD,v) > 0 in L? when e > 0. 
Here aD,v is defined in the sense of distribution theory, D, = d/Ax;. 


Proof. The statement is obvious if ve C'. It is therefore enough to 
prove the inequality 


aD, Jv = J (aD) £ Cllellaz, 


for small £, assuming that a has bounded derivatives in the whole of R*. 
A simple computation gives 


W(x) = aD,J wx) — JFaD,v)(x) = | u(x — ey)((alx) — alx — eveo,(ye 
+ (Dax — eyel) dy. 


Here we have written @, = Do. UC is a bound for |grad al, it follows 
that 


[WC] < C | [ox — evidon] + leo) ay. 


so Minkowski’s incquality for integrals gives 
Wile < C fillo + l0) dye. 


End of proof of Lemma 5.2.1. From Lemma 5.2.2 it follows imme- 
diately that if in a coordinate patch where f has compact support we 
apply the operator J, to (each component of) f, then 

|T*LS)-J,07*f]|,7-90, eo, 
hence in view of Lemma 4.1.4 
ITAY — T*f||,, > 0 when £— 0, if fe Dr. 
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Similarly we prove that S(VJ,f)—> Sf if fe Ds. (This is simpler since $ 
has constant coefficients if the coordinates are analytic.) The proof of 
Lemma 5.2.1 is thus completed. 

Let U be a coordinate patch in Q where there is a C® orthonormal 
basis «o!,---,e0" for forms of type (1.0). In terms of this basis we shall 
now give expressions for the operators S and 7* acting on forms 
f€ Dogs) With support in U. This will prove that Lemma 4.2.1 remains 
essentially unchanged for such forms. 

If we C'(U), we can write 


n n 

4 piy ee ea 

du = } lullo + Y ullo 
i i 


as a definition of the first-order linear differential operators ĉ/ĉw' and 
ciem. Then we have ĉu = Li cujemo, and if f= E fo Aa it 
follows that 
GF =F Y fi Aw! AB H 
iJ i 

where the dots indicate terms in which no f,, is differentiated: they 
occur because fœ and @@/ need not be 0. If the sum is denoted by 4f, 
we obviously have |éf — Af| < Cf | where C is independent of f when 
the support of f lies in a fixed compact subset of U. 

Now let ve Dipan have its support in U and form 


ipa) 
(522) [<T*fuz et dV = [< fuy e7 8 dV 
=(P YY [Aii i e dV H in 


S 


where dots again indicate terms involving no differentiations. We shall 
integrate by parts here. First note that. with the notation 


ow = e” (we “eyar, 
Green’s formula gives 
| Coe we | dV = | ed w Cm dee | apwe “dV, r, we ColU) 
where øje C™(U). Integrating by parts in (5.2.2), we obtain 
n 
(5.23) Te = (NAIF E oaoa o +--+ = BE toe, 
LK j-t 


where the dots indicate terms where no f; ;x is differentiated and which 
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do not involve p. Hence |T*f — Bf| < C|f| when f has its support in a 
fixed compact subset of U. With another constant independent of f 
and of p, we thus obtain 


(524) | Af |2 + [BF |2 < AISNE + ITa? 


The arguments which led to (4.2.3) still apply, so we get 


lee 


(5.2.5) Af |2 + IB]? = ie 2 (fy [E0 e7 dV + 


IJ j= 


| D 5 (0; fi. PI ave — Ofi jx / OO Oh unl D) et 


“ EK je 


25 


Before repeating the integration by parts next performed in section 
4.2, we must consider the commutators of the operators ¢/aa/ and Òk 
to obtain a substitute for (4.2.6). Thus, let w be a smooth function in U 
and form 


RN 


r n n 
=e par sewo = Y Pwiialiaka A wk + $ wlw den’. 

= jk=1 i=] 
Since Ge! is a form of type (1,1), we may write 

B n 
R PeT k 
(5.2.6) Ba = ich, Aw, 
jk=1 

which gives 

Gew = ai [CT C" + ite Cik Owsley HD A wk. 

h 

If we replace w by w and take complex conjugates of all terms, we also 
obtain 

lw = Y (w/w Ao" + ZE k WED Jar A aD. 
jk 


o 


The identity ew = —ĉfw therefore implies that 
42 a a a aA a ee ay 
(5.2.7) wy, = Q wâ ew" + > cy Ewei = woll + Y čij ew/ea, 
i i 
where the left-hand side is a definition. Note that with this notation we 
have 
few =} w po A OF. 


Hence w is plurisubharmonic precisely when the form Ew nfidk is 
positive definite. 
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From (5.2.7) it follows that 
(6,6w/dm — 65,w/do) = o/00 bw + ¥ cl, Oww — ¥ Ej ðw, 
i i 
or if we use the definition of ô; and (5.2.7) again, with w replaced by ¢, 
(5.2.8) (d,0w/ém — 06,w/dar) = egw + Yc diw — re Cj OW OE. 
i i 


Using Green’s formula and (5.2.8), we now integrate by parts in (5.2.5). 
This gives, in view of (5.2.4), 


(5.2.9) z] A Sal z [$ S. [êf /6@? e7? av 


jhk=1 j=l 


< ASe + | TE + CUP |e + t + t + ta 


where 
fy = N Pedi Y [SiE vane 
EK ijk=1" 
i=-) y | SrixChihran/e@' e? dV, 
LK igk=1" 
Ran J, Pop By i ene xO ul OD) eT e dV. 
I,K j,k“ 


In ¢, and in those terms in t, which involve the operators 6,, another 
integration by parts leads to terms involving only the differential 
operators ¢/Ca'. If these are estimated by Cauchy-Schwarz’ inequality, 
it follows from (5.2.9) that 


Sa; PAE “dV +3 a [leh a0? e- av 
B = 


f,Jj 
< UTS + ISAs + iFM) 


for all f€ Diyg4+1) with support in a fixed compact subset of U. Here C 
is a constant and A denotes the smallest eigenvalue of the hermitian 
symmetric form 


(5.2.11) S Ob jle- 


(Note that 4 is independent of the choice of basis œ!, - --, œ", for a change 
of basis means only a unitary transformation of the variables ¢,,---, tn) 
The estimate (5.2.10) is of course mainly of interest when ¢ is plurisub- 
harmonic. 
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We can now easily give a global version of (5.2.10). 


Theorem 5.2.3. There exists a continuous function C on Q such that 
(5.2.12) | (à — CSP e "dV < AT | 2 + (SPD. SE Ding +1). 
Here p is an arbitrary function in C?(Q) and A is the lowest eigenvalue 
of the form (5.2.11), which is also a continuous function in Q. 

The constant 4 here could be replaced by any number larger than 1. 

Proof of Theorem 5.2.3. Let U;, j = 1,2,--- be coordinate patches in 
Q where (5.2.10) is applicable, chosen so that they form a locally finite 
covering of Q. (That is, O U; = Q and no compact set in Q meets more 
than a finite number of sets U;.) Choose p;¢Co"(U,) so that 

D y? = l in QO. 


(If y/eCy(U,) and y? = Ly? > 0 everywhere in Q, we can take 
W; = hh) Now apply (5.2.10) to y;f. This gives 


[VAI RE AV < AWT EN + lw) +f eav. 


Adding these estimates, we immediately obtain (5.2.12). 

Theorem 5.2.3 gives a perfect substitute for Lemma 4.2.1. Our dis- 
cussion can therefore proceed along the lines of sections 4.2 and 4.3, so 
we shall make it brief. 


Theorem 5.2.4. Let Q be a complex manifold where there exists a 
strictly plurisubharmonic function @ such that {z;z¢Q, p{z) <c} cc Q 
for every CER. Then the equation ĉu = f has (in the weak sense) a solution 
ue LG, g(Q,loc) for every fe Léa + e) such that of = 0. 


Proof. Let us replace the function ọ in (5.2.12) by y(@) where y is a 
convex increasing function. The lower bound å for the form (5.2.11) can 
then be replaced by y'(~)A (sce the proof of Theorem 4.2.2), so we obtain 
from Theorem 5.2.3 


[Oo — FP eV < AIT Bow + |S Boos SE Diar. 
Ic x is chosen so rapidly increasing, that 

(5.2.13) 7(gA — C > 4, 

it follows that 

(52.14 [or < [Ta + If Pier SeDr 0 Ds 
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if we apply Lemma 5.2.1. (The operator T* is of course the adjoint of 
T with respect to the norms || |x) If x satisfies (5.2.13), Lemma 4.1.1 
(sce also (4.1.5) now shows that the equation du = f has a solution 
ue L2,(Q.4(y)) for every fe Logs 1(Q.x(¢)) satisfying the equation 
of = 0, and u can be chosen so that 


(3.2. l 5) l ul| xo) £ I f ll ator 


This proves the theorem. 

The spaces W{,4,0 < S S 00, introduced after Theorem 4.2.2 are 
obviously invariant under analytic changes of coordinates, so if we have 
a manifold Q, the space W,,,(Q,loc) can be defined as the set of forms 
belonging to Wip in every coordinate patch. The proof of Theorem 
4.2.5 applies with evident modifications since, for forms fe Dp. © Ds 
with support in a coordinate patch, we obtain from (5.2.10) estimates of 
the derivatives ôf; ,/0@/ and therefore of the derivatives êf; s/z, if z; are 
the local coordinates. Thus we leave as an exercise for the reader to 
supply the details of the proof of the following theorem: 


Theorem 5.2.5. Let Q be a complex manifold where there exists a 
strictly plurisubharmonic function ~ e C” (Q) such that {z;z EQ, e(z) < c} 
cc Qfor every c. Then the equation ĉu = f has a solution ue Wiga (Olo) 
for every fe Wiyg+1(Q,loc) such that cf = 0. Every solution of the equa- 
tion Cu = f has this property when q = 0. 

The last statement of course contains nothing new beyond Theorem 
4.2.5. 


Corollary 5.2.6. Under the hypotheses of Theorem 5.2.5, the equation 
ĉu = f has a solution ue CiaO) for every fE Cha+ (Q) such that 
of = 0. 

Since Theorem 2.7.10 can obviously be extended to manifolds, we 
obtain in view of Theorem 5.1.6 


Theorem 5.2.7. I/O is a Stein manifold of dimension n, then H'(Q,C) = 0 
when r >n. 

We also obtain approximation theorems: 

Theorem 5.2.8. Let Q be a complex manifold and ọ a strictly plurisub- 
harmonic function in Q such that K, = {z;z€Q, gz) < c} cc Q for every 
real number c. Every function which is analytic in a neighborhood of Ko 
can then be approximated uniformly on Ko by functions in A(Q). 


Proof. We can apply the proof of Lemma 4.3.1, using the estimate 
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(5.2.14) instead of (4.2.10) (The function g in Theorem 5.2.8 is the. 


function p in Lemma 4.3.1.) The details will not be repeated. 
Combining Theorem 5.2.8 with Theorem 5.1.6, we obtain 


Corollary 5.2.9. If is a Stein manifold and K a compact subset of Q 
with K = K, then every function which is analytic in a neighborhood of K 
can be approximated uniformly on K by functions in A(Q). 

It is now possible for us to prove a converse of Theorem 5.1.6. 


Theorem 5.2.10. A complex manifold Q is a Stein manifold if and only 
if there exists a strictly plurisubharmonic function p e C™(Q) such that 
Q. = {z3z€Q, oz) < c} =€ Q for every real number c. The sets Q, are 
then A(Q) convex. 


Proof. Theorem 5.1.6 states that functions @ with these properties 
exist in every Stein manifold. Conversely, suppose that such a function 
@ exists in the manifold Q. We have to prove the three conditions (a), 
(6), (y) in Definition 5.1.3. First we give a lemma. 


Lemma 5.2.11. For every z° EQ there is a neighborhood w and an 
analytic function ug € A(@>) such that uotz’) = 0 and 


Re u,(z) < p(z) — p(z?) if z° # ze a. 


Proof. Let z,,---,z, be local coordinates at z°, such that the coordi- 
nates of z° are all 0. The Taylor expansion of p can be written 


olz) = pO) + Re uo(z) + 5 0? (062,02, 2 ;2, + Ol|z|*), 
jk=1 
where uo is a polynomial of degree <2 with u,(0) = 0. Since the 
hermitian form is positive definite, it follows that 


p(z) > pO) + Re u,(z), z #0, 


in a neighborhood of the origin. This proves the lemma. 


End of proof of Theorem 5.2.10. First note that the hypotheses in the 
theorem are also satisfied by Q. with @ replaced by 14c — p) We 
therefore have an existence theorem for the å operator (Corollary 5.2.6) 
in Q, for every c. 

Let z° be an aria point in Q. We shall prove that there exist local 
coordinates at z’ consisting of functions in A(Q), that z° does not pg 
to the A(Q)-hull of Q, for any c < e(z°), and that for any other point z? 
with @(z!) < @(z°) there is a on fe AQ) with Te’) # f(z). This 
will of course prove the theorem. 
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Choose uo and w, according to Lemma 5.2.11 so that z' ¢ wo, and a 
is covered by one set of local coordinates. Then take other neighborhoods 
o, and w, of z? so that 

0) CSW. CCS Wo. 
Let y be a function in Cy*(@,) which is equal to | in @,. We shall use y 
as a standard cutoff function. Since the support of cy lies in ŒN o4, 
we can choose a > ¢(z°) and £ > 0 so that 
(5.2.16) Reu,(z) < —« if zesupp dy and fz) < a. 


From the proof of Theorem 5.2.4 for the @ operator in Q, it follows that 
there is a function g, € C*(Q,), bounded from below in Q, such that the 
equation ¢v = f for every fe Lio, 1 {Qn Pu) with @f = 0 has a solution 
ve L4Q,.@,4) with 


(5.2.17) leloa < WF loa: 


By Corollary 5.2.6, v is infinitely differentiable if f is infinitely differenti- 
able. 

Now let u be an analytic function in œo and set with a large positive 
parameter t 


(5.2.18) u, = Yue — v, 

We want to choose v, so that u € A(Q,) and v, is small. To do so we note 
that u is analytic if 

(5.2.19) ev, = ue ay = f, 

where the last equality is a definition. By (5.2.16) we have the estimate 


Fillo. = O(e "), for fixed u, so application of (5.2.17) shows that (5.2.19) 
has a solution v», with 


(5.2.20) Iv, 


lee = Oe"), t+ +0. 


The equation (5.2.19) means in particular that v, is analytic in the 
complement of the support of dy in Q,. By Theorem 2.2.3 we therefore 
obtain u,(z') = vz!) + 0 and u,{z°) = uz°) + vfz°) + u(z°) when t > œ. 
Since u(z°}can be chosen equal to 1, it follows that u,(z!) # u,(z°) if t is 
large. By Theorem 5.2.8 we can approximate u, on OF so closely by a 
function Ue A(Q) that U(z°) # U(z') This proves condition (f). 
Furthermore, (5.2.20) implics that 


[ ar>, tra, 
Oo. 
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for every ¢ < p(z?) Hence Theorem 2.2.3 shows that u, > 0 uniformly 
on compact subsets of Q. If c’ < c, it follows that |u| < } on Q, for 
large ¢ while u(z°) > 1. Approximating u, by functions in A(Q), using 
Theorem 5.2.8, we conclude that z° is not in the A(Q)-hull of Q, for any 
ce’ < plz?) Hence the A(Q)-hull of Q, is equal to Q, for every c'. This 
proves condition (a). 

Finally note that if the function u€ A(w) is chosen so that u(z°) = 0, 
the facts that ĉu, = ĉu — ĉr, at z°, and that @v,-> O at 2° by Theorem 
2.2.3, show that ĉu, converges to ĉu at z° when t >œ. If ul,---,u" 
are a coordinate system at 2°, formed by functions vanishing there, the 
Jacobian of the corresponding functions u,',- ++. u,” € A(Q,) with respect 
to u',-->.u" must therefore converge to I when t — œ. Using Theorem 
5.2.8 we can approximate these functions so closely by functions 
U! ---,U"e A(Q) that the Jacobian of U',---,U" with respect to 
u',---,u" is also Æ 0 at z°. Hence condition (y) in Definition 5.1.3 is 


3 


also fulfilled. 


Corollary 5.2.12. The condition (f) in Definition 5.1.3 is a consequence 
of the other hypotheses. 


Proof. This is an immediate consequence of Theorem 5.2.10 and the 
remark following Theorem 5.1.6. 


5.3. Embedding of Stein manifolds. Let Q be a complex analytic 
manifold of dimension n. Every f = (fp -s Jy)E AQ)" defines an 
analytic map 


(5.3.1) Qəz > (Ai), -faz E C. 


Definition 5.3.1. The map (5.3.1) is called regular if it has rank n at 
every point in Q, that is, if for any point in Q there is a coordinate system 
formed by n of the functions f\,--+,fy. Lf the inverse image of every 
compact subset of C® is a compact subset of Q, the map is called proper. 

The condition of regularity can of course also be stated as follows: 
If (z,,---.z,) are local coordinates, then the Jacobian matrix (éf,/0z,), 
i=1,---,N,j= 1,---,n, has rank n at every point in the coordinate 
patch. 

It is clear that the range of a proper map (5.3.1) is closed, for every 
compact sct is mapped on a compact set. If, in addition, the map is 
regular and one-to-one, the range is an analytic submanifold of C which 
is isomorphic to Q. Our aim is to construct such a map when Q is a 
Stein manifold. 
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Lemma 5.3.2. If K is a compact subset of a complex manifold satisfying 
conditions (f) and (y) in Definition 5.1.3, then one can for some large N find 
fe AQ) so that f is regular and one-to-one on K. 


Proof. By the Borel—Lebesgue lemma and condition (7) in Definition 
5.1.3 we can choose (fi, f) E A(Q)* so that n among these functions 
form a coordinate system at any point in K. Then there is a neighborhood 
V of the diagonal in K x K such that {zz")eV and f(z’) = f(z"), 
j=l, uk, implies z' =z". Using (f) we can now choose a finite 
number of functions frie- fn in A(Q) so that f(z) = f(z") j= 
k+1,---, N, and (2 2")eK x KNV implies z’ =z". Altogether we 
then have a map with the required properties. ; 

Our next purpose is to show that N need not be chosen larger than 
2n + L. This follows by an argument of Whitney. 


Lemma 5.3.3. If K is a compact subset of a complex manifold Q of 
dimension n, and if f = (fi -- fy) AQ)", then f maps K on a compact 
set of Lebesgue measure O in C if N >n. 


Proof. That f maps K on a compact set follows from the continuity 
off. In proving that the range has measure 0, we may assume that K is 
contained in one coordinate patch, with coordinates (z,,---,z,), for K 
can be covered by a finite number of coordinate patches. Since 
fe + O= fe) + Olé), the measure of the set in C on which f maps 
a cube IJ in C" with side e is therefore O(e?") = nm NO(e?) because N > n. 
Now we can cover K by cubes with side ¢ and total measure < mK) + 1, 
so it follows that m(f(K)) < (mK) + 1O(e?). Hence f(K) is a null set. 


Lemma 5.3.4. If fe A(Q)"*', N > 2n, is a regular map on the compact 
subset K of Q, then one can find (a,,-++.ay)€C™ arbitrarily close to the 
origin so that 


(fi — Guha Jn — ants € AQ” 


is a regular map on K. In fact, this is true for all ae C™ outside a set of 
measure 0. 


Proof, We may assume that K is contained in one coordinate patch 
with coordinates (z,,°+-.z,) The vector ae C* has to be chosen so that, 
if 

n 


E (Oz, — E E EE 


at some point in K and for some Ae C™ it follows that 4 = 0. With 
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Gy, = 1 and u = 21 A, fy +.1/0z,, this condition can be rephrased as 
follows: The equations 


$ Afd âz = yo; j=l Nl, 
1 


shall imply that A = 0. Since the matrix (@f/ðz Ziy has rank n, it 
is therefore sufficient to choose a so that (a,1) is not in the range of the 


map 
Nt+1 


(5.3.2) C x K 3(A,z) ae idle) eC), 

1 jei 
If we first restrict 2 to a ball |A| < v, v = 1,2,---, it follows from Lemma 
5.3.3 that the range of the map (5.3.2) is of measure 0, for N + 1 > 2n, 
and since its intersections with the planes ay,, = constant are homo- 
thetic, they must all be of 2N-dimensional measure 0. Hence we have 
proved the lemma. 


Lemma 5.3.5. If fe A(Q)**!, N > 2n+ l, is a regular one-to-one 
map on the compact subset K of Q, then one can find (i, alee 
arbitrarily close to the origin so that 


Cheatin sn an fy +1) € AQ) 


is a regular one-to-one map on K. In fact, this is true for all ae C™ outside 
a set of measure Ô. 


Proof. We know from Lemma 5.3.4 that the map is regular on K when 
a avoids a set of measure 0. We want to choose a so that for z’,z" eK 
the equations 


Ge) Gina M2 V2") = Gina he 7 = ea 


imply z =z". With ay,, = 1 and A= fy, (2) — fys,(2"), we can 
write them in the form 


ZT ARV Aa oh ee 


Hence it is sufficient to show that a,,---,a@y,, can be chosen with 
a@y., = 1 so that these N + 1 equations imply that å = 0, and therefore 
that z‘ = z” since f is one-to-one. But the range of the map 


C x K x K ə (u, Zi z") TS CERED) E F(z"), PAS 
fna 1z’) fna 2’ Ve i ! 


is a null set since N +1 > 1 + 2n. This proves the lemma. 
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Remark. Note that the geometrical meaning of the proof of Lemmas 
5.3.4 and 5.3.5 is that we have projected C%*! on the subspace C™ defined 
by zy., = 0 along a direction which is not a tangent (respectively not 
even a chord) of f (K). 

It is now casy to prove the existence of regular one-to-one maps. 


Theorem 5.3.6. Let Q be a complex manifold which is countable at 
infinity and satisfies conditions (B) and (y) in Definition 5.1.3. Then 


(a) The set of all fe AQ)" which do not give a regular map of Q into 
C" is of the first category if N > 2n. 

(b) The set of all fe A(Q)* which do not give a regular one-to-one map 
of Q into C™ is of the first category if N > 2n + 1. 

We recall that a set in a complete metrizable space is of the first 
category if it is contained in the union of countably many closed sets 
with no interior. A set of the first category has no interior, that is, its 
complement is dense. 


Proof of Theorem 5.3.6. We first prove (a). Since Q is the union of 
countably many compact sets, it is sufficient to prove that for every 
compact subset K of Q, the set M of all f e A(Q)* which are not regular 
on K is of the first category. Now M is obviously closed, for if f; € AQ) 
and f; + f when j > œ, then, if f; is not regular at z;¢ K, it follows that 
f is not regular at any limit point of the sequence z;. It is therefore 
sufficient to prove that M has no interior point. To do so we choose 
according to Lemma 5.3.2 functions g,,---,g,¢ A(Q) so that 
g = (g: g,) is a regular map into C" on K. For every fe A(Q)” we 
can now apply Lemma 5.3.4 repeatedly to the map (fg) into C+" and 
conclude that 


fi =f +Y tbe T= aN 
1 


is a regular map on K for suitable, arbitrarily small coefficients a,,. Thus 
f’ is not in M, so f is not an interior point of M. This completes the 
proof of (a). The proof of (b) is exactly parallel except for the fact that it 
depends on Lemma 5.3.5 instead of Lemma 5.3.4. It may therefore be 
left to the reader. 


It remains to discuss the existence of proper maps, which is much 
harder. First note that if we have a proper map f of Q into C™, then 
{zizen |O] < R j= L,---, N} is relatively compact in Q for every 
R and these analytic polyhedra, all defined by no more than N 
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inequalities, exhaust Q. What we shall do first is therefore to discuss 
analytic polyhedra in a Stein manifold. 

We shall call an open relatively compact set P c Q an analytic poly- 
hedron of order N if for some fe A(Q), j= 1,-:-,N, the set P is a 
union of components of the open set 


{zizEQ, |A < 1, f= iN}. 


Lemma 5.3.7. [f Q is a Stein manifold, K a compact subset of Q with 
K = K, and œ a neighborhood of K, then there exists an analytic poly- 
hedron P with K c P ce w. 


Proof. We may assume that œ is relatively compact in Q. For every 
ze iw, we can find fe A(Q) so that |f| < | in K but | f(z] > 1. By the 
Borel—Lebesgue lemma we can therefore choose f,,---, fy € A(O) so that 

{z:zEQ, |A| < Lj = 1., N} 
contains K but does not meet ĉœw. Hence the intersection of this set with 
œw is an analytic polyhedron P with the required properties. 


The next step is to decrease the order of the polyhedron with a device 
due to Bishop. 


Lemma 5.3.8. Let K be a compact set and P an analytic polyhedron of 
order N + | in Q such that K c P. If N > 2n, there exists an analytic 
polyhedron P' of order N such that K c P' c P. 


Proof. Let P be a union of components of the set 
{2;zEQ, AO < Lj = l, N + I}. 
Choose numbers Co < cy <¢, <¢3 <1 so that |f{2| < co for 
j=1,-.-,N+1 when zeK. We can choose finte, fna with 
Iwai = fna: so that 
(Jitna dy Ave) is of rank n on {z3z€ P, | fy sz] & eah 
and j; is so close to f; that |A) <c in K for j= 1,-->-,N and 
& = {z;zeP, IE) E E NA ce P. 

In fact, this follows immediately from the proof of Theorem 5.3.6 since 
N > 2n; we can choose f;/ fni as fy fni plus a lincar combination 
with small coefficients of suitable functions in A(Q). 

Now consider the open set 


Ay = {z:z€Q, | f(z) — f+ sz)" er FS: Ny 
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where v is a positive integer which will be chosen later. We shall prove 
that the union P; of the components of A, which intersect K has the 
desired properties if v is large enough. 
First note that ze K implies 
AN = fya i(z)"| < 2¢9" <¢," 


if v is sufficiently large. Hence K c A, for large v. If we can prove that 
P; c o when v is large, we will have an analytic polyhedron of order 
N with all the required properties. If P,’ is not contained in «, then some 
point ze P, must be on the boundary of œ, for every component of P, 
intersects K and therefore contains points in w. If | fy s(z)| < ¢2, then 


AE < c + cy" < e" when j < N if v is large, 
which contradicts the assumption that ze @w. Hence z is in the compact 
set 
ihu sne eG), a Oa e 


Let L, be a compact subset of L contained in a coordinate patch with 
coordinates z,,++:,z,- IfzeL, A A, we have, with F = fj/fy+s 


|F {zy — 1| ETEN alk ERN. 
We shall prove that this implies that 
(5.3.3) max | lz +O — fna +O] >" ifzeL, and [é] = 1/2, 
Jalen, 
provided that v is sufficiently large. This will prove that no ze L, can 
belong to a component of A, which intersects K, and so the proof will be 


completed when (5.3.3) is verified. 
To prove (5.3.3), we write 


[fiz + OY = faril + OL = IRE + O= Uwe + OF 


Since [fysi(z + O| = coll + O0? we have [fyi ilz + ol’ = 
c2(1 + O` `) > c°/2 if v is large. Now write 


F(z + 0 — 1 = FG) + O/B) — D+ BY — 1, 


and note that Taylor expansion gives 
F(z + (F(z) = 1 + 40) + Ov), 


where all the linear forms I; do not vanish simultaneously since the 
functions F,, j = 1,---,N, have rank n on L,. Hence max Ol = elé 
<js!} 
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for some c > 0. We have (Fiz + CVF Az)’ = 1 + vi) + O(v- 7), so 
summing up the estimates above we obtain 


Ae os Fz + Cy — fnil HOI > c27 Ae/v + O(v~2)) > e 
le 


if » is large enough. The estimates are uniform in z when ze L,. This 
completes the proof of the lemma. 
We can now prove the main result of this paragraph. 


Theorem 5.3.9. If Q is a Stein manifold of dimension n, there exists 


an element fe A(Q)?"*! which defines a one-to-one regular proper map 
of Q into C277" 


Proof. According to Theorem 5.3.6 there exists a regular one-to-one 
map g into C?"*'. If we can construct fe A(Q)*"*! such that 


(5.3.4) {z;zEQ,|f(2)| < k +l} co O 


for every k, the theorem will follow. (Here we have written |f (z)| for 
max; | f;(z)| and defined |g(z)| similarly.) For application of Lemmas 5.3.4 
and 5.3.5 to the regular one-to-one mapping (fg) then shows that there 
exist matrices a, with constant, arbitrarily small coefficients, such that 


2n+1 


Fila AD ly Cee feed oT tok 
k=1 


defines a one-to-one regular mapping f’ into C?"*". If £, lag] < 1, we 
have 
{z;zEQ, 


S'(2)) < k} e {z;ze9, |f| < k + |p(z))} ce Q, 
so f’ will also be proper. 

To construct f we first note that, from (a) in Definition 5.1.3, it follows 
that there exists a sequence of compact subsets K; of Q such that K; is 
in the interior of K j+; for every j, K, = Kand Us K; = Q By Lemmas 
5.3.7 and 5.3.8 we can choose an analytic polyhedron P; of order 2n such 
that K; c P; < Kj Let 


M; = sup |gl. 
Py 
The condition (5.3.4) is then a consequence of the following: 
(5.3.5) || >k +My,, in Py, P, for every k. 


For (5.3.5) implies that |f| > k + |g| in Pp+1N Pp, hence |f| > k +g] in 
Wk (P;+i NP) = ONP,. 


EMBEDDING OF STEIN MANIFOLDS 129 


We first construct fi,- fo,€ A(Q) such that 
(5.3.6) max |f{z)| >k +My, on OP, for every k. 
isjs2n 


To do so we note that by the definition of an analytic polyhedron of 
order 2n one can find (h,*,---, hé) E AQP" so that max, |h;‘| < I in 
P,- but max,|h}| = 1 on @P,. If we set fk = (a,h,¥™ with a, slightly 
larger than | and m, a large integer, we can successively choose a, and 
m so that for every k 

max |f | <27 in Py_1, 

I<j<2n 


max |A| > Myr, tk +1 + max 
lsjs2n 1<sjs2n 


on êP}. 


kel 
fi 
(has 


These conditions imply that the sums 
wy 
f= le ie j= 1,---,2n, 
k=1 


converge to functions in A({Q), and the construction immediately gives 
(5.3.6). 
Now set 


G, = {23z€ Pya,\P max |ffz)) =k + Myo}, 
1<js2n 
Lee Oe max |A| < k + Mya}. 
L<js2n 


From (5.3.6) it follows that these disjoint sets are compact. The A(Q)-hull 
of G u H, is contained in K,,, and can obviously be written 
G, UH, UH, where Hy c bR (In fact, Hy is empty but this has 
no importance for us.) Using Theorem 5.2.8 to approximate by functions 
in A(Q) a function which is 0 on H,U Hy and equal to some large 
constant on G, we obtain successively functions h, € A(Q) such that 


li] << 27* in Ay, [h| 2 1 + e+ Muay + |X hj in Gua k= 1,2,---. 
j<k 
Since G, © Hyri © Hys2°+:, the analytic function fzn+, defined by 
Sona = Yih, 
1 


satisfies the inequality | f,4,{2)| = k + Mps when ze G, Hence (5.3.5) 
holds, which completes the proof. 
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5.4. Envelopes of holomorphy. In section 2.5 we proved that if Q is a 
connected Reinhardt domain containing 0, or if Q is a connected tube, 
there is a holomorphy domain Q of the same type to which all functions 
which are analytic in Q can be extended. We shall now give a general 
discussion of such results. It is not possible to restrict the Study to open 
subsets of C", so Stein manifolds naturally take the place of domains of 
holomorphy. Throughout this section we require all manifolds to be 
connected and countable at infinity without making this assumption 
explicitly in every statement. 

We shall say that a manifold Q is a holomorphic extension of another 
manifold Q if 


(i) Q is an open subset of Õ. r 
(ii) The analytic structure of Q is induced by that in Q. 
(iii) For every ue A(Q) one can find & e A(O) so that u=i in Q. (The 
function # is then uniquely determined by u, for Q is connected.) 
We are interested in finding a Stein manifold Q which is a holomorphic 


extension of a given manifold Q. It is clear that Q must then satisfy 
conditions (£) and (;) of Definition 5.1.3. 


Lemma 5.4.1. If Q is a holomorphic extension of Q, one can for every 
compact subset K of Q find a compact subset K of Q such that the A(Q)-hull 
of K contains R. 


Proof. A(Q) is a Fréchet space with the topology defined by all semi- 
norms of the form 


u > sup |ul, uE A(Q), 
K 


where K is a compact subset of Q. In fact, the topology is defined by 
countably many seminorms since Q is countable at infinity, and the 
completeness follows from Corollary 2.2.4. Similarly, A(Q) is a Fréchet 
space. Now the fact that Q is a holomorphic extension of Q means that 
the restriction map 

AQ) > AN) 


is onto and, since it is continuous and one-to-one, the inverse is con- 
tinuous by Banach’s theorem. For every compact set K c Q, one can 
therefore find a compact set K < Q and a constant C such that 


sup |i] < C sup làl, te AQ). 
R K 


Replacing @ by a, taking k'™ roots and letting k = æ, we conclude that 
C can be chosen equal to 1. This proves the lemma. 
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Theorem 5.4.2. If © is a Stein manifold, and Ò is a holomorphic 
extension of Q, then Q = Q. 


Proof. If Q 4 Q, there must exist a boundary point z€Q of Q, for 
QX\O would otherwise be open, hence Q would not be connected. Let 
K be a compact neighborhood of z in Q. By Lemma 5.4.1, K ^ Q is then 
in the A(Q}-hull of a compact subset of Q, but this is impossible since Q 
is a Stein manifold. 

Stein manifolds are maximal not only in the sense that they have 
no holomorphic extensions, but also in the sense that, if one can 
find a holomorphic extension which is a Stein manifold, it contains 
all natural holomorphic extensions : 


Theorem 5.4.3. Let Q, and Q, be holomorphic extensions of Q, and 
assume that Q, is a Stein manifold and that functions in A(Q3) give local 
coordinates everywhere in Q, and separate points in Q,. Then there is an 
analytic isomorphism ọ of Q, into Q, which is the identity on Q: if Q, is 
a Stein manifold, it is an isomorphism onto. 

Hence there is apart from isomorphisms at most one holomorphic 
extension of Q which is a Stem manifold. When such an extension 
exists, we call it the envelope of holomorphy of Q. 


Proof of Theorem 5.4.3. If we A(Q), we denote by Eju the analytic 
continuation of u to Q. jf = 1,2. When z,€Q, and z,€Q9,, we set 
lza) = 2, if 
(5.4.1) (E,u)(2,) = (E,4)(z2)_ for every ue A(Q). 


Since analytic functions separate points in both Q, and Q,, this defines 
a one-to-one map of a subset of Q, on a subset of O,. The map o is 
continuous and defined in a closed set. For let @ be defined at z3" 
v= 1,2,:-- and let z," > z, in Q, Then these points form a compact 
set K, <Q, so by Lemma 5.4.1 there is a compact set K <Q with 
A(Q,)-envelope containing Kz. Then ¢(z2")€ Ko, for every v by (5.4.1) 
and, since Q, is a Stein manifold, this is a compact set. Hence the 
sequence ¢(z2") has a limit point 2,, and 


(E,w(z,) = lim (Eloi Y = lim (E,4)(22") = (Ezu)lz2), ue A(Q). 


Cne i] 


Thus z; = ọ(z2), so the limit point is unique and the sequence ¢(2,") 
convergent. 
Next note that for any two points z; €Q, and z, € Q, one can find 
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J'e f” € AQ) so that E;f',---, Ef” form a local system of coordin- 
ates at z; j= 1,2. Indeed, given j= 1 or 2, we can choose heres 
fj’ € A(Q) having this property at z, But if f* =a, fi" + a,f,*, then 
EAS”, k = l,---.ħ, is a coordinate system at z; except when (41,42) 
satisfies an algebraic equation (the vanishing of the Jacobian with respect 
to a coordinate system) and this equation is not identically fulfilled. 
Hence one can choose a, and a, so that one obtains a coordinate 
system at both points. 

Now let M be the set of all z, in the domain of ọ such that for every 
u € A(Q) all derivatives of E jt at Z; (Z1 = (22) with respect to Ey f',-++, 
E,f" are the same for j = 1 and 2 if f',---,f" are chosen as above. 
It is obvious that M is closed. But M is also open. For the equations 
(Ef OC) = (Ef 9C k = ie ae give an analytic isomorphism 
between connected neighborhoods of z} and z, = ọ(z3) if Z€ M, and 
considering power series expansions in the local coordinates En 
k= l,---,n, we find that these equations imply (5.4.1) at ¢, and ¢,. 
Hence M is equal to Q, and ¢ is an analytic isomorphism of Q, into Q}. 
Since ~(Q,) is a Stein manifold if Q, is a Stein manifold, it follows from 
Theorem 5.4.2 that g(Q,) must then be equal to OF 

We shall now give a sufficient condition for the existence of an envelope 
of holomorphy. 


Definition 5.4.4. A complex manifold Q of dimension n is called a 
Riemann domain if analytic functions separate points in Q and there is an 
analytic map 


eg: Q+C" 


which is everywhere regular, that is, locally an isomorphism. 

One can of course imagine a Ricmann domain as lying above C". 
Another way of stating the hypothesis is that there exist n functions 
(n = dimension) which form a local system of coordinates at every point, 

The main result of this section is the following theorem of Oka. 


Theorem 5.4.5. Every Riemann domain Q has an envelope of holomorphy 
Q, and Q is also a Riemann domain. 

We shall first extend Q as far as possible by the classical method of 
forming power series expansions of the functions in A(Q). We shall then 
use the results of section 5.2 to prove that the manifold so obtained is a 
Stein manifold. 

Let z€Q. The restriction of the map ¢ to a suitable neighborhood of 
z is by hypothesis an analytic isomorphism onto a neighborhood of 
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p(z). Let z be the inverse. We can then define the derivatives 07u(z) 
when ue A(Q) by 


Pulz) = ulne) = piz 


It is clear that Fue A(Q). For a fixed ze we now form the power series 
cxpansion 


(5.4.2) YC — plzo) @ulzoya! 


When ¢ = (z) for some z sufficiently close to zp, the sum converges and 
is equal to uz). Let r,, be the supremum of all r such that the power 
series for every u € A(Q) converges in {p(zo)} + rD, where 


DPS feta lg Wags, 
and put D., = {@(zo)} + TP. Then the series (5.4.2) defines an analytic 


20 


function u., in D., for every function u which is analytic in Q, and we 
have for every x 


(5.4.3) (cu) 


We shall now make a Riemann domain ©,, out of the disjoint union 
Qu Day To do so we identify ze Q and Ce D,, if uz) = u,,(£) for every 


that is, ø(z) = ¢. Hence the map ¢ extends to Q,, if we define it as the 
identity on D,,. Further, if zeQ is identificd with {€ D,,, we obtain 
u(w) = u,,(@(w)) for all w close to z, for 


ulw) = } (p(w) — plz) eulz)y/a! 
= J (olw) — 6)" u, (fa! = un lolo), 


where the second cquality follows from (5.4.3) and the definition of the 
equivalence relation. It is now clear that Q,, is a Hausdorff space with 
the strongest topology for which the natural maps of Q and of D,, into 
Q,, are continuous, and the extension of the function o to Q,, makes it 
a Riemann domain. Note that the natural maps Q > Q,, and 1D a> Oe 
are analytic isomorphisms. We identify © with its image, and Q,, is then 
a holomorphic extension of Q. 

Now take a dense countable subset zo, Z4, ++ of Q and form successively 
QQ, (Qa) These manifolds increase to a Riemann domain Q 
which is a holomorphic extension of Q. To ©! we apply the same method 
to obtain a Riemann domain Q” = (Y and so on. Let Q be the limit of 
these Riemann domains. It is again a Riemann domain which extends 


20 
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© holomorphically, but now we have QO’ = Ô. In fact, if for some že Q 
the power series 


(5.4.4) Lo — Gly Pa(Zya!, 


where # is the analytic continuation of ue A(Q), converges in the polydisce 
D, = {@(2)} + rD for every we A(O), then there exists an open neighbor- 
hood D, of Z which is mapped homcomorphically by ø on D, In fact, 
if Ze Q™, we can by construction find Dd, Sou) 

For every €Q we denote by d(z) the boundary distance of Z in Q, 
that is, the supremum of all r such that there is a neighborhood D of 2 
which is mapped homeomorphically on {@(2)} + rD by @ By the 
arguments just given, r is the radius of the largest polydise where (5.4.4) 
converges for every ue A(Q). The proofs of Theorems 2.5.4 and 2.6.5 
can therefore be repeated in order to prove that —logd is plurisub- 
harmonic in © (d is finite and continuous everywhere unless Q = C”) 
Theorem 5.4.5 is thus a consequence of the following 


Theorem 5.4.6. Let © be a Riemann domain such that the boundary 
distance d is finite and —log d is plurisubharmonic in Q. Then Q is a Stein 
manifold. 


Note the close relation to Theorem 5.2.10. However, —logd is not 
necessarily smooth and {z; —log diz) < c} need not be compact. Com- 
bination of Theorem 5.1.6 with the proof of Theorem 2.6.7 also shows 
that —logd must be plurisubharmonic if Q is a Stein manifold. 


Proof of Theorem 5.4.6. Let Q, = {z;z€Q,d(z) > c}. We claim that 
the sets Q, are Stein manifolds when ¢ > 0 and have the Runge property 
with respect to one another. (Cf Theorem 4.3.3 which obviously extends 
to Stein manifolds in view of Corollary 5.2.9.) To do so, we have to show 
that, if0 < b < cand K isa compact subset of Q, then Ka, is a compact 
subset of Q,, and therefore by Theorem 4.3.3 independent of b. 

When 0 < £ < £ the set K lies in onc component of Q, which we 
denote by Q,. Fix a point zae Q; and let p(z) be the distance from Zo to 
z in Q; with respect to the clement of are length ldep(z)|. The set 
{z;z€Q,', plz) < C} is relatively compact for every C. In fact, if it is 
relatively compact for one value of C, it follows by application of the 
Borel-Lebesgue lemma that it is also relatively compact when C is 
replaced by C + ¢/2. Choosing a function XECo*(D) with y > 0 and 
fx dA = 1, we set 


palz) = | platet) = EDK dA, 
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where 7 is the analytic inverse of @ which is defined in f(z)? + d(z)D, 
and maps gz) on z. It is clear that ppe C™Q3) if ô <£ Writing 
pen =f, which is a Lipschitz continuous function with Lipschitz con- 
stant 1, we have for w in a neighborhood of ¢(z) 


plaw) = | f(w — SOO da). 


If D is a first-order derivative, we obtain by dilferentiating under the 
integral sign and changing variables 

Dpr) = NEw — 0/6) daly". 
Since |Df| < L, it follows that |Dp,(xw)| < 1 and that cach derivative of 
Dp; is bounded by a constant depending only on 6. Hence it is possible 
to choose a constant C, so that 


Ps (z) = plz) + Ca D leo| 
1 


is strictly plurisubharmonic in Q5, and since p — p; < 6, it is still true 
that {z; ze Q3, ps (z) < C} is relatively compact in Q for every C. 

Now let p; be the regularization of —log d, defined similarly in Q;. 
From Theorem 2.6.3 it follows that p; is plurisubharmonic. We have 


—logd < p; < —log(d — ô). 


Set i 
O = fz; ze Qy, palz) < —lop(2e)}. 


Then O contains Q,, since 0 < ò < ¢, and O is contained in Q,,. Let 
3e < £o and 3¢ < h, and let O’ be the component of O which contains K. 
Set in O° 

gz) = —(plz) +ò + log c)/(p{z) + log(2e)). 


If 6 is small enough, we have p,(z) < —6 — loge in K since K c Q. 
Thus q s 0 in K; but az) > oo if z approaches a boundary point of ©’. 
Since g is a convex increasing function of p,, it is plurisubharmonie. 
Now consider the function 
Wiz) = pa (2) + Aq(2), 

where A is a positive parameter. If C is the maximum of p,'(z) in K, then 
Wz) <C in K, and {z;ze 0, yz) < y! cc O' for every y Indeed, 
Ps <7 +1 in this set, so it is relatively compact in Q, and since g < y/A 
the closure contains no boundary point of O’. Hence it follows from 
Theorem 5.2.10 that O' is a Stein manifold and that p(z) < C in Ko. 
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Since this is true for every 4 > 0, it follows that q < 0 in Ro, hence 
pz) < —loge in Ro. This implies that — log diz) < — log ¢ in Ro., so 
that Ko. is a compact subset of Q,, and since Oʻ contains the components 
of Q, which intersect K, it follows that Ky, is a compact subset of Q, 
Hence all Q, are Stcin manifolds and they have the relative Runge 
property. 

Now let K,, Ka- be an increasing sequence of compact subsets of Q 
such that every compact subset of Q is contained in one of them, let 
K; c Q,, and assume that K; is A(Q, convex, where hb; is a sequence 
of positive numbers > 0. Any function which is analytic in a ncighbor- 
hood of K; can then be uniformly approximated on K; by a function 
which is analytic in Q,,,,. This function can in turn be approximated 
arbitrarily closely on K;+, by functions which are analytic in O, and 
so on. Hence all functions which are analytic in a neighborhood of K; 
can be uniformly approximated on K; by functions which are analytic 
in ©. It follows that the A(Q)-hull of each K; is equal to K,;; hence Q is 
a Stein manifold. 


5.5. The Cousin problems on a Stein manifold. The results of section 
5.2 make it easy to extend the Mittag-Leffler and Weierstrass theorems 
to Stein manifolds. We prefer to give the results in a form parallel to 
Theorem 1.4.5. 


Theorem 5.5.1. Let Q be a Stein manifold and Q; open subsets of Q 
such that Q = UPQ,. If ga E AQ; OQ), j,k = 1,2,--- and 


(5.5.1) Sq = Euy + Sa + Be =O INQ, AQ; AQ, for all i, j, k, 
then one can find functions g;€ A{Q,) such that 

(5.5.2) Eik = Be — E; in Qjo Q for all j and k; 

in other words, the first Cousin problem has a solution. 


Proof. We just have to repeat the proof of Theorem 1.4.5. Thus 
we choose a partition of unity and define functions h, as there. Then 
h, € C”(Q,) and 

hy, — hy = gik in 0,0 R. 


This implies that dh, = öh; in Q; ^ Q, so there is a form y €C, nQ) 
such that y = 0h, in Q, for every k. By Corollary 5.2.6, the equation 
ğu = —w has a solution ue C%(Q), and the functions g, = hy, + u then 
have all the required properties. 
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Next we consider the second Cousin problem, the analogue of the 
Weierstrass theorem. In doing so, we denote by A*(Q) the set of functions 
in A(Q) which are everywhere different from 0, so that their reciprocals 
are also in A(Q). 


Theorem 5.5.2. Let Q be a Stein manifold and Q, open subsets of Q 
such that Q = OY Qj. Uf gi E AQ) OQ), jk = 1,2, ---, and if 


(5.5.3) Bale = 1s Eygu = 1 in QQ) Q for all i j, k, 


then one can find g;¢ A*(Q;) so that 
(5.5.4) Sin = gg; in Qjo Q, for all j and k, 


provided that there exist nonvanishing functions g€ C(Q,) satisfying 
(5.5.4). 


Proof. Let c; be nonvanishing functions in C(Q,) such that 
are aan eee ja 
First assume that all the sets Q; are simply connected. Then we can 
write c; =e, where bjeC(Q;. If we set hy = b, — bj, we obtain 
Zi = exph;,, so that hy is a unique continuous definition of the 
logarithm of g, and therefore analytic in Q; ^ Q,. We have 


(5.5.5) hy = —hys hij thy + hy =O in QaRa Q. 


ji? 
By Theorem 5.5.1! there exist functions hy € A(Q,) such that 
hy =h,-—h; in QoQ 


Writing g, = exp h,e A*(Q,), we have then solved the second Cousin 
problem (5.5.4). 

We now drop the assumption that the sets Q, are simply connected. 
Let {Q,'}*., be another covering of Q with open simply connected sets 
Q, such that for every v there is a positive integer i, for which Q, c Q,.. 
(That is, the covering {Q,'} is a refinement of the covering {Q;}.) Set 


fin = Biip N QO Or 


Then gi, satisfies (5.5.3). If (5.5.4) holds for some continuous non- 
vanishing c;, we obtain g,, = cpe, ' with c =c. Hence the first 
part of the proof shows that one can find g,’ € A*(Q,’) so that for all v, y 


’ —_ s 1m i 3 r r 
Esu = Eu Ev in 270 Q,/. 
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In particular, this implies that in SAOR OO, SQAQ, AQ; we 
have : t 


Likes "Bi iBia, = i 


Here we have used (5.5.3) But this means that En Bini = Br Bii in 
P t a é, % de 4 iii 

Q, AQ; 0 Q;, so there is a uniquely defined element ge A*(Q,) such 

that g; = g,’g,; in Qo Q, for every v Now we obtain 


BaB = Br Bile Bid | = Sia = Ej 


in Q; AQ, 0 Q, for all v, j,k. This proves (5.5.4). 
Theorem 5.5.2 is a case of the Oka principle: on a Stein manifold 
it is “usually” possible to do analytically what one can do continuously. 
In section 7.4 we shall make the topological restriction in Theorem 5.6.2 
explicit by interpreting it as the vanishing of a certain cohomology 
class. In particular, this condition is always fulfilled if H7(Q,Z) = 0 (and 
only then). An example of a Cousin problem which cannot be solved 
is therefore obtained by choosing a Stein manifold for which this group 
is not zero. Such an example was given after Theorem 4.2.7. For a 
direct discussion of an unsolvable Cousin problem, see Oka [3]. 

It is natural to ask if the topological difficulties which we encountered 
in Theorem 5.5.2 would disappear if the second Cousin problem is 
stated as follows (cf. Theorem 1.4.3’): 


Given an open corering {Q,} of Q and functions fie A(Q,) such that 
Fil fe © A*A Q) for all j and k: find f€ A(Q) so that JIRE A*(Q,) for 
every j. 

If we set gy, = f/f in Q; 0 Q, and g; = f/f, this reduces to the Cousin 
problem as studied in Theorem 5.5.2. (See also the proof of Theorem 
1.4.3’ by means of Theorem 1.4.5.) However, it is not obvious a priori 
that for arbitrary g; satisfying (5.5.3) one can find A, € A(Q;) so that 
Six = filh Thus the Cousin problem stated above might be more 
special than that considered in Theorem 5.5.2. The two statements are 
equivalent though, for we have the following theorem: 


Theorem 5.5.3. Let Q;, j= 1,2,---, be an open covering of a Stein 
manifold Q, let gE A*(Q; A Q,) satisfy (5.5.3). Then one can find func- 
tions f;¢ A(Q;) not identically 0 so that 


(5.5.6) Sp = Bah, in QoQ, for all j and k. 


Note that we do not assert that f, e A*(Q,), so the theorem does not 
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solve the second Cousin problem but merely asserts the equivalence 
of two different ways of posing it. 

The proof of Theorem 5.5.3 will be given in the next section in a 
somewhat more general context. 


5.6. Existence and approximation theorems for sections of an analytic 
vector bundle. Let Q be a complex manifold. Then an analytic vector 
bundle B over Q with N-dimensional fiber is an analytic manifold B 
together with 

(i) an analytic map p: B > Q called the projection; 

(ii) a vector space structure in cach fiber B, = rey 
such that B is locally isomorphic to the product of an open subset of 
Q and C. This means that for each z€Q there exists an open neigh- 
borhood w and an analytic mapping g of p '(c») onto w x C* such that 
go ' is analytic, and for every ze, @ maps B, onto {z} x C™ and the 
composed map 


is linear, hence a linear isomorphism. 

Let {Q;$;., be an open covering of Q such that for each i there is an 
analytic map p; of p '(Q) onto Q; x C with the properties listed 
above. Then 

Aik oe 
can be regarded as an analytic map of Q; © Q; into the group GL(N,C) 
of invertible N x N matrices with complex coefficients, and we have 


ggg; = identity in Q; 0 Q,;, 
(5.6.1) 


li 


Liisa = identity in Q, AQ; 0 Q,. 


A system of such N x N matrices g;; with coefficients analytic in Q; o Q; 
is called a system of transition matrices. We recall that the data in the 
second Cousin problem are precisely a system of transition functions. 
The bundle B can be recovered from the system of transition matrices 
just defined. In fact, let B‘ be the set of all (i z,w)ef x Q x CY such 
that z€Q,. We say that two elements (i, z, w) and (i, z’, w) in B’ are 
equivalent if z = z‘ and w’ = g,4z)w. That this is an equivalence relation 
follows from (5.6.1). It is easy to verify that the space of equivalence 
classes, with the projection induced by the map B’ 5 (i,z,w)— Z, is an 
analytic vector bundle for an arbitrary system of transition matrices. 
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If {g,;} is defined by means of a given analytic vector bundle, the con- 
struction gives back an isomorphic bundle. 

If @ is an open subset of Q, a C™ (or analytic) section of B over œ is 
by definition a C” (or analytic) map 


wəz —> u(z)e B, such that p(u(z)) = z. 


If we have a covering {Q,} as above, this means that p; ou = u is a C” 
(or analytic) map of w ^ Q; into C such that 


(5.6.2) u = gjuj inon Q NAQ; 


Conversely, any system of C* (or analytic) maps u; of w n^ Q; into C^ 
with these properties corresponds to precisely one C” (or analytic) 
section of B over œ. To prove Theorem 5.5.3 therefore means to construct 
a nontrivial analytic section of any analytic line bundle over a Stein 
manifold. 

We can also define the space of locally square integrable sections of 
B over œ to be a system of N-tuples u; of locally square integrable 
functions in œ © Q; satisfying (5.6.2). Similarly we can define distribution 
sections. We shall write A(w,B), C”(,B), L?(w,B,loc), W*(@,B,loc), --- 
for the spaces of sections thus defined. Note that these definitions are 
independent of the choice of covering. 

In order to carry over the L? methods we also have to define corre- 
sponding spaces of forms, for example C@,q)(@,B). This we do by means 
of a covering {©,} as above. To define an element ue Ch.q(,B) thus 
means to give for every i an N-tuple u; of forms in Chal N Q;) such 
that Í 

u: = gjuj in oN Q AQ. 


(A different covering gives an isomorphic space.) Since 8, 1s analytic, 
it follows that 


Ne 
Cu = giët, 


hence the N-tuples ĉu, of forms of type (p,q + 1) define an element in 
Cipa+ DB). Similarly, the d operator is defined on Boy g(O,B). 

Next we have to define hermitian norms on B-valued forms of type 
(p,q). To do so we first choose, as in section 5.2, a C® hermitian metric 
in © so that (5.2.1) is valid. Then we choose a C” hermitian metric in 
B, that is, a C” function in B which restricted to each fiber B, is a positive 
definite hermitian symmetric form. This can be done by means of a 
partition of unity. In a neighborhood U of any point in Q we can by 
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the Gram-Schmidt orthogonalization procedure construct C” sections 
b,,°++, by of B such that b,(z),---, b,x(z) form an orthonormal basis for 
B, for every ze U. Every B-valued form u of type (p,q) in U can then 
be written in one and only one way as a sum 


N 
g— Wi, 
1 
where x” is a scalar form of type (p,q) in U. We set 
N 
hl? = YP 


This definition is of course independent of the choice of the basis b,. 
The spaces Lé,.(®, B, @) are now defined as in section 5.2, and so are 
the operators T and S from Li, _(®, B, p) to Lipar vO B, ¢) and from 
L294 1(Q, B. p) to Lig +2(Q, B, p), respectively. Since 


\6(yu) — nôu? = lên, A ul? < |én,|? lul? 


by the definitions above, the proof of Lemma 5.2.1 is applicable with 
only formal changes to prove that Dog+ £ B, p) 1s dense in Dy A Drs 
with respect to the graph norm. Furthermore, 


Soi 


N 
aa eo, a 
I 


where dots indicate terms involving no differentiation of u. If 
SEC g+1(U, By) and we write T*f = EIT h, it follows that 
(T*f) apart from terms involving no derivatives is given by (5.2.3) with 
f replaced by f". Applying (5.2.10) to f” and adding for v F Lee N, 
we conclude that (5.2.10) is valid for fe Dip + UB). Repetition of the 
proof of Theorem 5.2.3 then again gives (5.2.12), and existence and 
approximation theorems follow as before: 


Theorem 5.6.1. Let Q be a Stein manifold and B an analytic pactar 
5 . s+ 
bundle over Q. Then the equation Cu = f has a solution uE WV ip.qhS2B) 
( i ' Āf = very solutior ' equation 
for every fe Wip a+ (OB) such that éf = 0, Every solution of the equat 
Gu = f has this property when 4 = 9. 


Theorem 5.6.2. Let Q be a Stein manifold and ọ a strictly plurisub- 
harmonic function in Q such that K,= {z; zEQ, (z) < c} is compact for 
every real number c. Let B be an analytic vector bundle over Q. Every 
analytic section of B over a neighborhood of Ko can then be uniformly 


— 
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approximated (in the sense of the hermitian metric on B) by sections 
belonging to A(Q,B). 

The proofs need not be repeated. 

Since every point in a Stein manifold forms a holomorph-convex 
set, it follows from Theorems 5.1.6 and 5.6.2 that for every 29 €Q and 
by € B., one can find sections ue A(Q,B) with u(Zp) arbitrarily close to 
by. Hence one can find N analytic sections u',---,u" of B over Q such 
that w'(zo), +++, w\(zo) are linearly independent, which implies 


Corollary 5.6.3. Let B be a vector bundle over a Stein manifold Q. 
For every 29 ¢Q. and every hy € B,,, one can find an analytic section u of 
B over Q such that u(zy) = bo. 

In particular, this shows that the bundle defined by the transition 
functions of a second Cousin problem has a nontrivial section, that is, 
we have proved Theorem 5.5.3. 


5.7. Almost complex manifolds, Let O be a C* manifold of dimension 
2n. We shall say that Q has an almost complex structure if we are 
given two mappings Pp, and P, o of the space CHQ) of complex valued 
first-order differential forms into itself such that 

(i) Po,, and P, » are linear over C“(Q). 
(ii) Po, and Pio are complementary projections in the sense that 


Eoi + Eio = identity, Poi Pro = 0. 
(iii) Po, and P, 9 are complex conjugate in the sense that 


eee S Bais fe (Q). 


Condition (i) implies that P, and P,.9 induce linear mappings on 
the complexified cotangent space at every point. Thus these operators 
can be defined for differential forms over open subsets of Q only. From 
conditions (ii) it follows that P, = Pp, that Pi ies oat 
PioPo = 0. In view of (iii), the operators Po, and P, o project the 
complexified cotangent space at cach point on two complex conjugate 
n-dimensional subspaces. 

Any complex structure in Q defines in a natural way an almost com- 
plex structure where P, yf and Py, f are the parts of f spanned by 
differentials of analytic functions and their complex conjugates, re- 
spectively. -The Cauchy-Riemann equations can then be written 
Po,, du = 0, so the space of (local) analytic functions is determined by 
Pox. Hence there is at most one complex structure defining a given 
almost complex structure. 
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For any almost complex structure we shall write cu a Por du if u 
is a differentiable function. The almost complex structure is then defined 
by an analytic structure if and only if for every point Ce eh exist 
C= functions u',---,u" in a neighborhood of x such that éw = 0 for 
every j and du',---,du" are linearly independent at x. The problem to 
decide when an almost complex structure is defined by an analytic 
structure is thus purely local, so we may assume that Q c R“. Moreover, 
we may assume that there are n forms ay 0 of degree ] ub 
Po 10 = 0 (we say that w is of type (1,0) as in the analytic case) whic 
are linearly independent at cach point in Q. Indeed, we can choose 
forms f1,- +, f" such that Py of't Prot” are Pe! inde penen at 
any given point in Q, and then the forms ar = P, of? have the aie 
property in some neighborhood. As in section 5.2, we can therefore 


write 
(5.7.1) du = } Guféaor' +}, Cufee'o! 


as a definition of the linear first-order differential operators Ef6en! and 

jee. The equation ĉu = 0 means that é€ujcm' = 0 for all j. From 

(5.7.1) it follows that all first-order differential operators are linear 

combinations of the operators ĉ/ĉœ' and ¢/éa@’. Using this fact we can 
H pe hee e RA Yeu 

extend Lemma 4.2.4. We write D* = (ĉ/êx, V- >> (E/ex,)P". 

Lemma 5.7.1. Let Q be an open set in R?", let we L7(Q) have compact 
support in Q, and assume that Cufoa@! e LQ), j =1,-++,n. Then it 
follows that ue W 1Q). If K is a compact subset of ÈQ, then 

n 

I Ia Ami . $ 

(57.2) $ Dul] < Cilu + È eu/de’|,2) if suppu = K 
]2| £1 1 

Proof. We first prove (5.7.2) when ue Co™(K). Denote the adjoint of 
a/a@! by å; Then we have 
| [eu/2eni? dx = | ður? dx + \((8;2/20 — 8;ê/lo u dx. 
Since 6; + a/c! is of order O, the differential operator in the last integral 
is of order 1, so we obtain 


$ | Dull < CY ĉuj l2 + lulla Z louli), 
1 


41 
Wz lz] 


if we recall that all first-order operators are linear combinations of the 
operators 2/éa and e/é@). The last term in this estimate can be replaced 
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by 
(n + DC? luli2 + || Deullz2/2. 
lal <1 


This gives (5.7.2) when u € Co”(K). Now if u only satisfies the hypotheses 
in the lemma, it follows from Lemma 5.2.2 with the notation used there 
that 

C5 ,ufi@ — J uj + 0 in L? when e = 0. 
Hence an application of (5.7.2) to Ju — Jau shows that Du is L? 
convergent when £ > 0, which proves that D*ue L? when |a < 1. 


Lemma 5.7.2. Let Q be an open set in R” and let ue L*(Qloc). If 
ujo fet *(Q,loc), j = 1,--+,n. for some positive integer s, it follows that 
ue W= *(Q.loc). If K is a compact set in Q and Q! c Qisu neighborhood 
of K, then 
(57.3) Z | Duf? dx < c( 


lal<sta* K 


DY |. uam ds +f Jup dx), 
lal<s far" 82 “OQ? 
where C does not depend on u. i 
The proof follows from Lemma 5.7.1 by the arguments used in part 
(a) of the proof of Theorem 4.2.5, so we leave it as an exercise. F or 
later reference we note that the Sobolev lemma shows (see the proof 
of Corollary 4.2.6) that u has continuous derivatives of order s + 1 — 2h. 
Taking s = 2n in (5.7.3), we obtain the estimate 


n 


(674 J sup|D*u? < q Z D |, Dwoma f up dx). 
A 


leļ]< 1 jolS2n j=1"2 


We shall now determine when an almost complex structure is defined 
by an analytic structure. Recall that forms f of degree 1 with Pa, f = 0 
(resp. P, of = 0) are said to be of type (1,0) (resp. (0,1)). Since any form 
of degree 1 can be written in a unique way as a sum of a form of type 
{ 1,0) and a form of type (0,1), it follows that a form of degree p can be 
written in one and only one way as a sum of forms of type (a,b), a > 0, 
b> 0, a + b = p, where by a form of type (a,b) we mean a lincar com- 
bination of exterior products of a forms of type (1,0) and b forms of 
type (0,1). In general, the differential df of a form f of type (p,q) can have 
components of type (a,b) for all a and b with a + b = p+q+1. How- 
ever, if the almost complex structure is defined by an analytic structure, 
we know that df is the sum of a form of type (p + 1,4) and another of 
type (pq + 1). The condition in the followmg definition is therefore 
necessary for an almost complex structure to be defined by an analytic 
structure. 
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Definition 5.7.3. An almost complex structure is called integrable if 
df has no component of type (2,0) when f is of type (0,1). 

If f is of type (1,0), it follows that df has no component of type (2,0), 
that is, df has no component of type (0,2). Hence it follows that if f is 
of type (p.q), then df is a sum of a form éf of type (p + 1,g) and another 
of of type (pag + 1). In fact, it suffices to verify this for a form 


f=8, NAB NAA AM, 


where gi, gp are of type (1,0) and h,,---,h, are of type (0,1), and 
then the statement follows from Definition 5.7.3 and the remark follow- 
ing it. Having now defined the operators ĉ and ¢ in general, we conclude 
that (2.1.4) is valid, that is, 


For an integrable almost complex structure, we thus have the same 
formalism as for an analytic structure, and indeed we shall prove 


Theorem 5.7.4. Every integrable almost complex structure is defined by 
a unique analytic structure. 


Proof. The uniqueness is obvious, as was pointed out above. What 
we have to prove is therefore that for any x € Q there exist n C” functions 
w,-+-,2" in a neighborhood of x such that u = 0 and the differentials 
du',---, du" are linearly independent at x. We may assume in the proof 
that Q c R2", that x = 0, and that there are forms cw", ---, œ" as discussed 
above which are of type (1,0) and linearly independent at each point in 
Q. Now the reader will recall that in section 5.2 we worked with such 
forms corresponding to an analytic structure. However, the fact that 
the forms œw’ were obtained from an analytic structure was used only in 
proving (5.2.7) which was a consequence of the identity dcw + c@w = 0. 
Since this is true in the integrable almost complex case too, the proofs 
of Theorems 5.2.3 and 5.2.4 remain valid then. To take advantage of 
this fact we have to find a function ¢ which is “plurisubharmonic with 
respect to the almost complex structure.” To do so, we note that if 
u(x) = |x|?, we have at 0 


2n 


an 
Y atip = Yt) ef Yt, dew Yx,? = 2 ty ex, eT) 
Jk j i i a k i 
¥ 


This is >0 when ¢ # 0. since the operators @/@* are linearly independent. 
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For a suitable 6 > 0, the ball Q’ = {x;|x] < 4} is thus in Q and Lat f, 
is uniformly positive definite there, so that 1/(5? — y) satisfies the hypoth- 
eses of Theorem 5.2.4 in Q. Hence we can choose o equal to a convex 
increasing function of 1/(6? — y) so that, for every f of type (0,1) in Q 
with 6f = 0 and |||), < 00, there is a function u such that ĉu = f 
and 


(5.7.5) -lele < IF lly 


To use this we shall choose v so that f = ér is nearly 0, then choose 
u so that ĉu = f and u is as small as f. Then Aw — v) = 0, and u — v 
should not be 0 if f is much smaller than »v. Now we can only obtain 
good approximate solutions of the é equation very close to the origin, 
so we proceed as follows. 

Let u', -> -, 4" be linear forms with du’ = wœ’ at 0. Denote the mapping 
x > €x, £ > 0, by x, and consider the almost complex structure defined 
by the forms 7,*c",---,7,*w" in O. All that we have proved above is 
true uniformly in € when 0 < € < l; and, since dw — 2,*co4/e is O(e) 
together with ail its derivatives when ¢ > 0, we conclude that 


D” ĝui= Ole) for all «. 


if 6, is the @ operator with respect to the almost complex structure 
defined by the forms 2,*w*. Hence it fol'ows from (5.7.5) that we can 
find vf so that r; = ĝt in Q' and Jedle = Ole). In view of (5.7.4) it 
follows that the derivatives of v/ at O are O(c). Hence the differentials 
of the functions U/ = y’ — v, are linearly independent at O if £ is suffi- 
ciently small, and since 6,U3 = 0 it follows that the functions U/(x/e) 
are solutions of the original Â equation. 


Notes. The class of manifolds which are now called Stein manifolds was first 
introduced by Stein [1]. In the seminars of Cartan [1], the theory of coherent 
analytic sheaves on Stein manifolds was developed (see Chapter VID. It contains 
the results of sections 5,2, 5.5, and 5.6 apart from the solution of the Levi problem 
(Theorem 5.2.10) which is due to Grauert [1], For the origin of the methods we 
have used, sce the notes to Chapter IV. They are not restricted to Stein manifolds: 
in fact, in Hérmander [1] they were used to prove more general results due to 
Andreotti and Grauert [1] The embedding theorem in section 5.3 is due to Bishop 
[1] and Narasimhan [1] We have mainly followed the proof of Bishop. who even 
proved that there is a proper map into C"*'. The results of section 5.4 arc duc to 
Oka [5] The construction of the envelope of holomorphy can be done somewhat 
more elegantly by means of the notion of sheaf which we shall introduce in Chapter 
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VIL (See Cartan [1] and Malgrange [1].) However, the classical construction we 
give is basically the same apart from the fact that it may be too explicit. We 
refer to Bishop [2] for another proof that the envelope of holomorphy is a Stein 
manifold which docs not rely on a solution of the Levi problem. The results on 
integrable almost complex structures proved in section 5.7 are due to Newlander 
and Nirenberg {1] but our proof is essentially that of Kohn [1} For the applications 
to the study of perturbations of analytic structures we refer to & recent survey 
article by Nirenberg [1]. 


Chapter VI 


LOCAL PROPERTIES OF ANALYTIC FUNCTIONS 


Summary. After proving the Weierstrass preparation theorem we study divis- 
ibility properties in the ring of analytic functions at a point and results which 
are related to the fact that this ring is Noetherian. All the results are a preparation 
for the theory of coherent analytic sheaves in Chapter VII. 


6.1. The Weierstrass preparation theorem. In this chapter we shall 
make a local study of analytic functions in C”, proceeding by induction 
with respect to m. The main point in the argument is the following 
extension of Corollary 1.2.10. 


Theorem 6.1.1 (The Weierstrass preparation theorem} Let f be 
analytic in a neighborhood w of O in C" and assume that {(0,z,)/2Z," is 
analytic and #0 at 0. Then one can find a polydise A © œ such that 
every g which is analytic and bounded in A can be written in the form 


(6.1.1) g=yftr, 


where q and r are analytic in A, r is a polynomial in z, of degree < p (with 
coefficients depending on z’ = (2,.++*,Z,—1)) and 


(6.1.2) sup |a| < C sup |g|, 
A A 
where C is independent of g. The representation (6.1.1) is unique. The 


coefficients of the power series expansions of q and r are finite linear 
combinations of those in the expansion of g. 


Proof.. The hypothesis concerning f means that we can write 
ip = fi E Zl 


where fı and f, are analytic in a neighborhood of 0, f,(0) 4 0, and f, 
148 
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is a polynomial in z, of degree < p which vanishes when z‘ = 0. ie 
I/f2 is analytic in a neighborhood of 0, we can introduce h = = fier’ 
and s = faq. Then we have h(0,z,) = 0 identically and our task is to 
find s so that 


(6.1.3) g = (z,? + h) +r. 
Set 
A = {z:|z| < Ry, f= ian) 


with R; chosen so small that fy, f and f,~' are analytic and bounded 
in A, AeA sup, |k]. Note that since h(0,z,) = 0, we can for fixed 
R, choose R,,-++, Rp,- s0 small that c is as small as we please. 
Now we solve (6.1.3) by successive approximations. Thus we set 
So = 0 and define sp, rg for k = 1 by the recursion formula 


(6.1.4) g = z,?5, + hsp + Py, 


where r, shall be a polynomial in z, of degree < p. Note that if @ is 
analytic in A and we write 


P = ZnO, + Pz 
where ọ, is a polynomial in z, of degree < p and ¢, is analytic, we must 
have 
ote) =", Oe 
If |e| < M in A, it follows from Cauchy’s inequalities that 
lo.(2z)|< pM, zeA, 


for each term in the sum is bounded by M in absolute value. Hence 
lp ,(z)z,?| < (p + 1)M, so the Schwarz lemma gives 


lo.) < (p + DM/R,. 


The recursion formula (6.1.4) thus determines uniquely the two sequences 
s, and r,, and from the fact that 


Zn (Spei — Se) + Feti ~ Ye = AS, — Sr- 1), 
we obtain since |h| < c 


sup |sk+1 — Sal < clp +1)R,? sup [Sk — Sk- 1l- 
A 
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If A is chosen so that c(p + 1) < R,?/2, we conclude that 
sup [s, 41 — si| < 2~* sup [s,f. 


Hence 
So 


s= lims; = Y (5, — Sia) 
1 
exists with uniform convergence in A, and 
RES 2sup jsa] < 2(p + DR,” sup |g]. 
2 A 
Since the convergence of the sequence r, now follows from (6.1.4), and 
since (6.1.4) converges to (6.1.3) when k + oc, we have obtained a solution 


of (6.1.3). This solution is unigue, for if we have a solution of the 
homogencous equation 


(zF + hs +r=0 


such that s and r are bounded in A and r is a polynomial in z, of 
degree < p, it follows that 


sup |s| < ep + 1)R, ” sup|s| < 4 sup |sl, 
A A A 
which implies that s = 0. 


The last statement follows from the fact that s,,, — s, and fa. 
vanish to order k at 0. 


lg 


Corollary 6.1.2. Iff satisfies the hypothesis of Theorem 6.1.1, then one 
can write f in one and only one way in the form f = hW, where h and W 
are analytic in a neighborhood of 0, h(O) + 0, and W is a Weierstrass 
polynomial, that is, 


pol 


W(z) = 2, + $ a(z, 
a 


where aj are analytic functions in a neighborhood of O vanishing when 
A 


Proof. This is the special case of Theorem 6.1.1 when g(z) = z,?. 
Note that, conversely, every f which can be represented as in the corollary 
must satisfy the hypotheses of Theorem 6.1.1. 

For later reference we give two lemmas connecting divisibility of 
Weierstrass polynomials in the algebraic and in the analytic sense. 
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Lemma 6.1.3. Let F, G, W be analytic in a neighborhood of O. If 
F = GW, if F is a polynomial in z, and W is a Weierstrass polynomial 
in z,, then G is a polynomial in z,,. 


Proof. Since the leading coefficient of W, as a polynomial in z,, is 
cqual to |, we can apply the algebraic division algorithm and obtain 


F=G,W+H, 


where FI is a polynomial with respect to z, of degree lower than that 
of W. But the uniqueness stated by the Weierstrass preparation theorem 
then implies that G, = G and F = 0, and since G, is a polynomial, 
the lemma follows. 

Note that the lemma may be false if W is an arbitrary polynomial 
with respect to z,,; for example, if W is a polynomial which does not 
vanish at 0, we may have F = 1 and G = 1/W. 


Lemma 6.1.4. Let F, G, W be analytic in a neighborhood of 0, W a 
Weierstrass polynomial, and F, G polynomials in z,. If W = FG, it follows 
that F and G are also Weierstrass polynomials apart from a factor h(z’') 
with h(0) # 0. 


Proof. Let p be the degree of W; r and s the degrees of F and of G. 
Then p =r + s and we have 


Zn? = W(0,z,) = F(0,2_)G(0,2y). 


Hence F(0,z,)/z," and G(0,z,)/z,° are constants # 0, which means that the 
leading coefficients of F and of G do not vanish when z’ = 0, but that 
all the others do. 


Definition 6.1.5. If f is analytic in a neighborhood of 0, we shall say 
that f is normalized in the z,-direction if {(0,z,) does not vanish identically. 

With this terminology, the hypothesis of Theorem 6.1.1 means that f 
is normalized in the z,-direction; the integer p is of course uniquely 
determined. lt is obvious that by a linear change of variables we can 
always make any f which is not identically 0 normalized in the z,- 
direction; we only have to choose the z„ axis so that it is not a zero 
of every homogeneous part of the Taylor expansion of f at 0. 


6.2. Factorization in the ring 4, of germs of analytic functions. Already 
in section 1.4 we stated the following definition in the case of one complex 
variable : 
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Definition 6.2.1. If zeC" (or more generally z is in a complex mani- 
fold), we let A{C") or A, for short denote the set of equivalence classes 
of functions f which are analytic in some neighborhood of z, under the 
equivalence relation f ~ g if f =g in some neighborhood of z. If f is 
analytic in a neighborhood of z, we write f, or y Af) for the residue class 
of fin A,, which is cailed the germ of f at z. 

When studying A, it is of course no restriction to assume that z = 0. 
It is clear that Ay is a ring with unit and without divisors of zero. Its 
elements can be identified with the set of all power series 


ee 


which converge in some neighborhood of 0, that is, with the set of all 
arrays {a,} such that X |a,|r'*! < æ for some r > 0. If fe Ap, the value 
J (0) at 0 is defined; it is equal to the constant term in the power series 
expansion. It is clear that f has an inverse in Ag if and only if f(0) # 0. 
This means that the noninvertible elements in A, form an ideal (which 
thus contains all proper ideals). 

The set of units in Ao, that is, the set of invertible elements, is the set 
of germs of functions which do not vanish at 0. If fe Ay and in every 
decomposition f = gh with f, g€ Ap, one of the factors must be a unit, 
then f is called irreducible. 


Theorem 6.2.2. Ao is a unique factorization domain, that is, every non- 
zero element in Ag can be written as a product of irreducible factors in 
one and only one way—-apart from units and the order of the factors. 


Proof. We recall from algebra that it suffices to prove the following 
two facts (sce Zariski and Samuel [1], p. 21): 

(a) If f is irreducible and f is a divisor of gh, then f divides cither 

gorh. 

(b) If in a sequence of clements fi, fatt in Ap, cach element is a 

divisor of the preceding one, then f,,, differs from f only by a 
unit factor for large k. 
In fact, (b) implies that fcan be decomposed into a product of irreducible 
factors, and (a) implies that the decomposition is unique. 

To prove the theorem we assume that it has already been proved 
for n — l variables and write Ay’ = A,(C"'). In proving (a) we may 
also assume in view of Corollary 6.1.2 that fis the germ of a Weierstrass 
polynomial W (if necessary we have to change coordinates before 
applying Corollary 6.1.2). According to Theorem 6.1.1 we can also 
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reduce g and h modulo f to polynomials g’ and k in Ao [z,], and f divides 
gh in Ao [z,] by Lemma 6.1.3. Now fis irreducible as a polynomial in 
Ao [z] by Lemma 6.1.4. Since the inductive hypothesis implies that 
Ao {z,] is a unique factorization domain (sce, c.g., Zariski and Samuel [1], 
p. 32), this completes the proof of (a). 

In proving (b) we may assume that f} is the germ of a Weierstrass 
polynomial. Each f, must then be normalized in the z,-direction and 
is therefore equivalent to a Weierstrass polynomial of degree ng, which 
decreases with k. Hence the degree is constant for large k. But if a 
Weierstrass polynomial W divides another W’ of the same degree, then 
W = W”, for if 


w = fW, 


it follows that f(0) = 1 if we put z = 0, and the uniqueness part of 
Corollary 6.1.2 then shows that W = W". The proof is complete. 


Theorem 6.2.3. Let f and g be analytic in a neighborhood of 0 and 
assume that yal f) and yofg) are relatively prime. Then 
(i) yf) and 7{g) are relatively prime in A, for all z in a neighborhood 
of 0. 
(ii) Ef f(0) = g(0) = 0, one can for every complex number a find z in 
any neighborhood of 0 so that g(z) # 0 and f(z)/e(z) = a. 
Thus it is not natural to assign any value, finite or infinite, to the 
quotient f/g at 0. 


Proof. In the proof of (i) we may assume that both f and g are 
Weierstrass polynomials. If Ay’ = A,(C"~'), then f and g are relatively 
prime in A,» [z,] (Lemma 6.1.4) and therefore in K,[z,] if Ky’ is the 
quotient ficld of A,’ (Gauss lemma; see Zariski and Samuel [1], p. 32). 
Hence we can find functions f,, gı, h which are analytic in a neighbor- 
hood of 0 so that f; and g, are polynomials in z,, h is independent of 
z, and not identically 0, and 


h(z') = fil2) f(z) + gi (zgi) 


in a neighborhood of 0. Since the functions f and g are normalized 
with respect to z, in the neighborhood of 0 where they are defined, a 
common factor of y,(f) and yg) in A, must be normalized with respect 
to z, and therefore can be assumed to be the germ of a Weierstrass 
polynomial at č. But since it must divide ,(h), it must be of degree 0 
(see Lemma 6.1.3), which proves (i). In proving (ii) we may assume 
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a = 0, since we can otherwise replace f by f — ag, and we can then 
suppose that f and g are Weierstrass polynomials as above. Assume 
that the assertion is false, so that there is some neighborhood of 0 where 
f(z) = 0 implies g(z) = 0. Since the equation f{z’,z,) = 0 for fixed small 
z’ has some small zero z,, it follows that A(z’) = 0 for all z’ in a neigh- 
borhood of 0, which is a contradiction. 


6.3. Finitely generated A,-modules. We shall begin by strengthening 
part (b) of the proof of Theorem 6.2.2. 


Definition 6.3.1. A commutative ring A with unit is called Noetherian 
if every ideal Lc A is finitely generated, that is, if there exist elements 
fist. El so that every fel can be written 


ae 
J = afi 
1 
for some a;€ A. 


Lemma 6.3.2. If A is Noetherian. then every submodule of A? is 
finitely generated. 
By A? we mean here the module of p-tuples of elements in A. 


Proof. When p = 1 the assertion is identical to the definition of a 
Noetherian ring. Let M be any submodule of A? and denote by z the 
projection of A” on the first component, that is, 


nd Ap) = ay. 


Since zM is an ideal in A, it is finitely generated. Hence we can choose 
m,,--+,m,€M so that mm,,---, 2m, gencrate nM. Every element me M 
can therefore be written 


m= 4M +--+ ajm + Mmo, 
where a,,---,a;€ A and mo E M, nmo = 0. But 
Mo = {m;me M, nm = 0} 


can be regarded as a submodule of A’~', so by induction with respect 
to’ p we may assume that Mo is finitely gencrated. This completes the 
proof of the lemma. 


Theorem 6.3.3. 4, is a Noetherian ring. 


Proof. The theorem is trivial when n = | since every ideal in Ag is 
then generated by a power of z,. Assume that the theorem has already 
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been proved for the ring Ap’ = A(C”!). If I is an ideal in Ap which 
contains some non-zero element, we can by a change of coordinates 
achieve that Z contains the germ f of a function which is normalized 
with respect to the z,-direction. Every g e I is then modulo f congruent 
to a polynomial in z„ of degree < p. Let M be the set of all ge 1 which 
are polynomials in z, of degree < p. We can regard M as a submodule 
of Ay” so M is finitely generated as an Ay-module. The generators of 
M together with f then give a system of generators for the ideal 4. The 
proof is complete. 

We now introduce in A, the topology of simple convergence, defined 
by the countably many seminorms 


f=} az" > Jall 
Thus f; > f means that the coefficient of z* in f; converges to the co- 
efficient of z” in f for every a Obviously Ag is not a complete space; 
the completion is the space of all formal power series %a,z’. This is 
also a ring, which we denote by Fy. Having defined a topology in Ap 
we have of course also a topology in A,?. 


Theorem 6.3.4. Let M be a submodule of Ao? and let U,,---,U,; be 
generators of M. If Ve M and V, > 0 when v > œ, one can find f; € Ao 
so that 


i 
V= D JSU) 
1 


and ff + O when v > œ, for every i. 


Proof. We shall make an induction with respect to n and p, corre- 
sponding to the proofs of Lemma 6.3.2 and Theorem 6.3.3 combined. 

(a) Assume that p > 1 and that the theorem has already been proved 
for submodules of Ag when k < p. With z defined as in the proof of 
Lemma 6.3.2, we apply the inductive hypothesis to the sequence n V, e nM. 
It follows that we can find fi e€ Ag such that f ~ 0 when v — =~ and 


i 
V? =V, — 9} J UieMa for every v. 
i 


Let u,,-:-,u, be generators for My. Then we can find g,'€ Ay so that 


gs > 0 when v > x and 


F 
V? = } g'u. 
1 
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Since we can express each u; as a linear combination with coefficients 
in Ap of U,,---, U;, the statement of the theorem follows. 

(b) Now assume that p = 1 and that the theorem has already been 
proved for n — 1 variables and arbitrary p. We may assume that the 
ideal M contains a non-zero element f which is normalized in the z,- 
direction. By the Weierstrass preparation theorem we can now write 


W=aftn, 


where q, and r, > 0 and r, is in the set of polynomials in z, of degrec 
< p with coeflicients in Ay’ = Ay(C"~') that belong to M. Let u,,°°-, Uu, 
be a system of generators for this set considered as an A,-module. By 
the inductive hypothesis we then have 


where A,'3¢,'— 0 when r>. Since every u; lies in the module 
generated by U,,---, U;, the proof is now complete. 


In exactly the same way we can prove 
Theorem 6.3.5. Every submodule of Ag? is closed in Ag”. 


Proof. (a) Assume that p > 1 and that the theorem has already been 
proved for submodules of Ay* when k < p. Let V,e M and V, > Ve Ao’. 
By the inductive hypothesis, applied to the sequence zV, (notations of 
the proof of Lemma 6.3.2), it follows that 7VenM. Let UeM and 
nU =aV. If Une, U; generate M, it follows from Theorem 6.3.4, 
since aV, — nU — 0, that we can choose f; e€ A, so that f,' > 0 and 

ee 
V=- U- fil;eMy. 
1 
Since V? > V—U, it follows from the inductive hypothesis that 
V — Ue Mao, hence that Ve M. 

(b) Now suppose that p = | and that the theorem has already been 
proved for n — 1 variables. We may assume that the ideal M contains 
a non-zero element f which is normalized in the z,-direction. By the 
Weierstrass preparation theorem we can write 


V = ga Fry V= af ars 


and 4q, —> q, r, >r when vo. Thus it follows from the inductive 
hypothesis that r belongs to the submodule of A,’ formed by 
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polynomials in z, of degree < p with coefficients in Aj’ which belong 
to M. Hence Ve M, which completes the proof. 


Corollary 6.3.6. Let my,--+,m;€ Ao” and assume that 
j 
(6.3.1) Mo y fim; 
1 


for some formal power series f'. Then the same equality holds for some 
i 
FE Ap. 


Proof. Let f} be the germ of the sum of the terms of degree < v in 
the formal power series f Then mọ — E} f,'m; > 0 when v—> 2; so 
it follows from Theorem 6.3.5 that mo belongs to the A,-module 
generated by my, ---, Mj. 

The interest of this result is that, at least in principle, it is elementary 
to decide if (6.3.1) holds for some f'e Fy. Indeed, this means to examine 


if an infinite system of linear equations has a solution, and we have 


Lemma 6.3.7. Let Li, L3, +- be linear forms with complex coefficients 
in the complex variables č, Ča, +++, each form depending only on a finite 
number of the variables €;. Then a system of equations 


L{é) = b,, J= ee i 


with complex b, has a solution € if every finite set of these equations is 
compatible. 


Proof. The hypothesis means that if a finite sum È ¢,L, is identically 0, 

then Ze;b; = 0. We now consider two cases: 

(a) If some finite sum cL; is equal to €,, then we can form a new 
system which is equivalent to the original one, where the first 
equation is €; = b, and the others do not involve é}. 

(b) If no finite lincar combination Zc,L, is equal to čą, then 
Z eL (č) = 0 for all č if this sum vanishes when č; = 0. Hence 
we may take č; = 0 and obtain a new compatible system for 
Ereda, 

In both cases we can thus choose some value for č; so that the system 
is reduced to a system of equations in &,,--- which satisfies the same 
hypotheses. Hence we can successively choose č}. &, so that the infinite 
system of equations is satisfied, for any one of the given equations will 
be satisfied when we have chosen all the variables occurring in it. 
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6.4. The Oka theorem. As yet we have only considered A, modules 
for a fixed z. However, in the next chapter we need the following result 
which goes beyond the Noetherian property of A, by letting z be variable. 


Theorem 6.4.1. Let Q be an open set in C" and let F,, -+ -, Fy E AQ)’, 
q 
RAF), ca es: F,) = {G = (gt, TAIS give Ves 23 gE) = 0}, zeo. 
1 


This is a submodule of Af, culled the module of relations between 
F,,:++, Fat z. For any point in Q one can then find an open neighbor- 
hood w c Q and finitely many elements Gu- , G, E A(@¥ so that R. for 
every z € © is equal to the A,-module which is generated by y{G,),---,7AG,)- 

Since A, is Noetherian, we know of course already that R, is finitely 
generated for every z, but the important point in the thcorem is that 
one can use “the same” generators for all z in a neighborhood of any 
given point. 


Proof of Theorem 6.4.1. We shall proceed by induction in essentially 
the same way as in section 6.3. It is of course sufficient to assume that 
0eQ and construct a neighborhood œw of O with the required properties. 

(a) Assume that p > 1 and that the theorem has already been proved 
for smaller values of p. Write F; = (F; e, FP) It is obvious that 


RAEE ATE RAF," ae Bite 


By the inductive hypothesis we can find a neighborhood Q' < Q of 0 
and finitely many elements H,,---,H,¢ AQY so that y.(H,),° °°, YAH) 
generate the A, module R(F,',---,F,') for every ze% If zeQ’, we 
therefore have 


RF hehe f5 cy (HH); cle 4.) 
i 


Now the condition £} c/y,(H))€ RAF, +, F,) means explicitly that 


r q 
(6.4.1) YY ey (HAR) =0, i=l, p. 
Pel k=l 


However, .the choice of the elements H; guarantees that the equation 
(6.4.1) is satislicd when i= 1. In reality we therefore only have p — 1 
equations (6.4.1). By the inductive hypothesis it follows that there is a 
neighborhood œ < Œ of 0 and elements C,,-+-,C,¢ A(@y¥ so that the 
module of all (c',---,c)eA," satisfying (6.4.1) is generated by 
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WAC) VAC) if zew. The s elements 


therefore have all required properties. 

(b) Now assume that p = 1 and that the theorem has already been 
proved for every p in the (n — 1}-dimensional case. (The theorem is 
trivial when n = 0.) By a lincar transformation we can achieve that the 
analytic functions F, +++, F} are normalized with respect to the z,- 
direction, and then there is no restriction in assuming that they arc all 
Weierstrass polynomials, with coefficients e A(Q’), where Q is a neigh- 
borhood of 0 in C"~!. If 2’ eQ, we write Ay for A (C"-'). To proceed 
we need a lemma. 


Lemma 6.4.2 If € =(0.{,) and CEQ’, the Av-module RAF \,++>, F a 
is generated by those of its elements whose components are germs of 
functions in A’-[z,] with a degree with respect to Z, which does not exceed 
u, the maximum of the degrees of Fi, `>, Fg- 

Proof. Let F, be of degree p with respect to z,, 

fa a ld 
where the coefficients are in 4(Q’). If € = (C6) and ¢’€Q’, we can by 
the preparation theorem write 

YF) ae aka 
where F' and Fe A, F is the germ of a Weierstrass polynomial in 
z — Cand F(C) # 0. From Lemma 6.1.3 it follows that F ” isa polynomial 
in z, with leading coefficient equal to 1. Let x and u” denote the degrees 
of F’ and of F” with respect to z,. If (c't, Ye RAF, +++, F,), we can 
by the preparation theorem write 


d= yF tr i= ongl, 


where ti, r € A; and r' is the germ of a polynomial in z, of degree < jr 
with cocflicients in Ap. With rt = œ + xi! yF t, we now write 

(cl 26,0) = yd Orie, Di Ee 
(6.4.2) 4; A 
+ +--+ nO O, Fp —Fa-)t? + (r++, 7%). 


We must have (r',---, Ee RAF, -- +, Fa), since all other terms in (6.4.2) 
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are in that module. Thus 


q-l 
È roda + (EnF = 0. 
1 
Since the sum is a polynomial in z, of degree < p + p, it follows from 
Lemma 6.1.3 that r7F" is a polynomial in z, of degree < u. Now we have 


(rie) = (E's! Fr) 


a Bad te A ; 3 g z g 
where Fr’ is of degree < p for every j In combination with (6.4.2) this 
proves the lemma. 


End of proof of Theorem 6.4.1. If ¢ = (c!, ---, f) is one of the 
elements in RAF, F,) described in Lemma 6.4.2. we can write 


K 
E E E aE, 
k=0 

The condition for (c',---,c%) to belong to RAF,,-++, E) therefore con- 
sists of 2u + 1 linear homogeneous conditions in the A c* with 
coefficients in A(Q'). By the inductive hypothesis one can therefore find 
a neighborhood œw c Q' of 0 in C"! and elements C}, ---.C,¢ A(z, ]* 
of degree < u with respect to z, which for every {’ €w gencrate the A 
module of solutions of these equations. From the lemma it now follows 
that the germs of C,,---, C, for every € = (Cén) with { € œ are generators 
for the A-module R,(F,---, F,). This completes the proof. 


Notes. The Oka theorem proved in section 6.4 first appeared in Oka [4]. The 
theory of coherent analytic sheaves could not be presented without it. Mowever 
in view of the emphasis of this book on analysis we have proved a minimum of 
results in this chapter. For example, no discussion of analytic sets is given here, so 
we refer to Hervé [1] or a forthcoming book by Gunning and Rossi for a much 
more extensive study of the local theory. 


Chapter VII 


COHERENT ANALYTIC SHEAVES ON STEIN 
MANIFOLDS 


Summary. In this chapter the study of the Cousin problems is extended to 
coherent analytic sheaves on Stein manifolds. Definitions of sheaves, analytic 
sheaves, and coherent analytic sheaves are given in section 7.1. Loosely stated, 
they mean that sections of a coherent analytic sheaf can be described locally 
for some integer p as p-tuples of analytic functions modulo a finitely generated 
submodule of such p-tuples. Locally it is therefore easy to extend a number of 
results about analytic functions to theorems concerning sections of coherent 
analytic sheaves. The main new problem is thus to find global results. The key 
result is the existence of global sections of coherent analytic sheaves on Stein 
manifolds proved in section 7.2 (Theorem A of Cartan). Next we discuss the first 
Cousin problem with analytic functions replaced by sections of a coherent analytic 
sheaf. This extension requires a generalization of the Cousin problems involving 
the notion of cohomology group with values in a sheaf. which we introduce in 
section 7.3. (fhe reader is referred to Serre [1] for a more detailed discussion of 
the basic properties of sheaves and cohomology groups.) That the first Cousin 
problem can be solved means in this terminology precisely that the first cohomology 
group vanishes. In section 7.4 we first prove the vanishing of all the cohomology 
groups of positive order of the sheaf of germs of analytic functions. The fact that 
we consider cohomology groups of all orders makes it casy to extend this result 
to coherent analytic sheaves, using the existence of global sections. This gives 
Theorem B of Cartan. In section 7.5 we give the classical theorem of de Rham 
concerning the connection between the cohomology groups with complex co- 
efficients and the existence of closed differential forms. Finally, in section 7.6 we 
return to the discussion of coherent analytic sheaves. Restricting ourselves to 
sheaves over © with polynomial generators, we establish a quantitative version 
of Theorem B. More specifically. we study systems of equations of the form 
Pu = f, where P is a rectangular matrix with polynomial entries. and u,f arc 
s-tuples and t-tuples of analytic functions. Theorem B implies that there exists an 
analytic solution u for given analytic f if a solution exists locally. The results of 
section 7.6 give in addition a solution u which, roughly speaking, has the same 


lol 
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growth as f. The proof is parallel to the proof of Theorem B but requires careful 
estimates at every step, so we have to rely on the results of section 4.4 and a re- 
examination of the local theory of Chapter VI. As an application we sketch bricft 
a proof of existence theorems for overdetermined systems of partial differential 
equations with constant coefficients. 


s 74. frien of sheaves. Lei O bea complex manifold. As explained 
in section 6.2, we then have for every zeQ a ring A, of germs at z of 
functions analytic in a neighborhood of z. Let i 
ANUA, 
ZER 
where the rings A, are considered as disjoint sets. For every open subset 
w of Q and every fe A(w), we obtain a map 


(7.1.1) waz > (fer 


which of course determines f uniquely, since f(z) = (y.({f)\(z). If x is the 
map A Fi Q which maps A, on z, the composition of the map (7.1.1) with 
7 is the identity on œ. We wish to introduce a topology in .o/ so that all 
maps of the form (7.1.1) with fe A(w) are continuous: and conversely 
every continuous map ¢ of an open set w c Q into. with zo = identity 
on @ is defined according to (7.1.1) by a function fe A(w). 

Assume that we have a topology in .of so that the map (7.1.1) is con- 
tinuous for every analytic f Let U be an open set in «y and let Fe U 
The definition of .? means that there exists a point ze Q and a function 
f which is analytic in a neighborhood « of z such that y(f) = F. If the 


map (7.1.1) is continuous, we must therefore be able to find a neighbor- 
hood o c œ of z so that 


{fo} = Mt ew}e U. 


Hence every open set in ./ is a union of sets of the form {f} with 
JE Aw) and œ open; conversely, all maps (7.1.1) are continuous if the 
topology in 7 has this property. 

If f'e A(w') and f” € Alw"), where w and w” are open, it follows that 


oh a tpn} = {fo} = {fa}, 
where 
m = {z;zEew nw yf’) = yA ry 


1s an open set. Hence the sets { fo} where f € Alw) and w is an open set 
in Q can be used as a basis for open sets to define a topology in æ ; the 
open sets in Z are then by definition all unions of sets of the form {fo}. 
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This is the strongest topology for which all the maps (7.1.1) are con- 
tinuous. It fulfills the Hausdorff separation axiom. In fact, ff, # gw 
we have cither z # w, which obviously implies that f, and g,, have disjoint 
neighborhoods, or else z = w. Tf œ is a connected neighborhood of z 
where f and g are analytic, it follows that the neighborhoods į fo} and 
{ew} of yf) and 7(g) are disjoint. For fand g would otherwise define 
the same germ at some point in w, which implies that f = g in o by the 
principle of analytic continuation; in particular, f: = ga which is a 
contradiction. Finally note that, if œ is open and f € A(o), the restriction 
of z to ! fa} is a homeomorphism onto w, which is the inverse of (7.1.1). 

Now let « be an open set in Q and ga map œ > «/ with np = identity 
which is continuous in the topology just defined. Let f(z) be the valuc of 
the germ (z)e A, at z. Then fe A(w) and p(z) = 7,(/) for every zew. 
In fact, the definition of the topology in .c/ means that to every point in 
w there is a neighborhood œ and an analytic function g so that 
g(z)e {gw}, that is, o(z) = 7g), for every zew. But this implies that 
g=fing’. 

With the topology we have introduced, the analytic functions can thus 
be identified with sections of .«/ if we copy the definition of sections of 
bundles used in section 5.6. The space s is an example of a sheaf; we 
take its characteristic features as a definition : 


Definition 7.1.1. Let X and F be two topological spaces (not necessarily 
Hausdorff spaces) and let x be a mapping # —> X such that 


(i) z maps F onto X. 
(il) z is a local homeomorphism, that is, every point in F has an open 
neighborhood which is mapped homeomorphically by n on an open 
set in X. 
Then F is called a sheaf on X and n is called the projection on X. If U 
is a subset of X, a section of F over U is a continuous map p: U > F 
such that mp = identity on U. The set of all sections of Z over U is 
denoted by T(U,:F). If xeX, then F, = n {x} is called the stalk of Z 
at x. 

Note that it follows from (ii) that g(U) is open in F if U is open in 
X and o e T(U, F), and that the open sets in - are unions of sets of this 
type. Further note that if o and fe T(U,F) and if p(z) = p(z) for some 
zeU, then o(0) = yt) for all če U in a neighborhood of z. Every 
element in % can therefore be regarded as a germ of sections of # If 
@ is a section we often write p, instead of @(z). 
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Examples. (1) The sheaf of of germs of analytic functions on a 
complex manifold Q is a sheaf on Q. 

(2) On a C® manifold we can in the same way define the sheaf of 
germs of C™ functions, usually denoted by 4 so that the sections of & 
are the C™ functions. In this case the Hausdorff axiom is not fulfilled, 
for if feC* in a neighborhood of x and if x is a boundary point of the 
complement of the support of f then every neighborhood of f, intersects 
every neighborhood of 0,. 

(3) If F is a topological space with the discrete topology, then 
F = X Xx F isa sheaf (called a constant sheaf). 

The sheaves in which we are interested carry additional algebraic 
structure. We shall say that 7 is a sheaf of abelian groups if. 4% = x x) 
is an abelian group for every x and for any two sections gp of .F over 
an open sct U the map U3x > (x) — yix) into ¥ is a section. Simi- 
larly, we define the notion of sheaf of rings by requiring that all algebraic 
operations of the ring when applied to sections shall give sections. [1 is 
obvious that the sheaf ./ of germs of analytic functions on a complex 
manifold is a sheaf of rings. If @ is a sheaf of rings on X, we define a 
sheaf of ©-modules ¥ to be a sheaf of abelian groups such that ¥, is an 
&-module for every xe X and the product of a section of & and a section 
of F is a section of % When X is a complex manifold and € is the sheaf 
sf of germs of analytic functions, we say that .# is an analytic sheaf. 


Example. If B is an analytic vector bundle over a complex manifold 
QÈ. then the sheaf of germs of analytic sections of B is an analytic sheaf. 

fF and % are sheaves of abelian groups on X, then a map p: F — & 
is called a sheaf homomorphism if 

(1) @ is continuous. 

(ii) The restriction of pọ to Æ, is a homomorphism of the group -¥, 

into &. 

The condition (i) means precisely that the composition of a section of 
F with — is a section of %. 

The kernel ker p and the image imo of ~ are subsheaves of F and 
%, respectively; that is, these are open subsets of F and G This follows 
immediately from the definitions. 

If ¥ and & are sheaves of abelian groups on X and ¥ is a subshcaf 
of 4, then #, = G/F. is an abelian group and WY = UW, is a sheaf 
with the quotient topology; the sections of are then locally (but not 
globally!) the images of sections of & If ¥ and @ are both analytic 
sheaves, then Y/¥ is an analytic sheaf. 
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Example 1. Let Q be a complex manifold, let .4 be the quotient ficld 
of «g. Then.“ = u- is a sheaf with the topology generated by the sets 
{f /g.;ze w}, where w c Q is an open set, f, ge A(w) and 8- 7 0 when 
zeo. This sheaf is called the sheaf of germs of meromorphic functions ; 
its sections are called meromorphic functions. (This definition is identical 
with Definition 1.4.1, although less explicit.) Note that in view of 
Theorem 6.2.3, part (ii), it is not possible to assign values in the extended 
complex plane to every germ of meromorphic function so that any 
meromorphic function in œ gives rise to a continuous function 
w>Cux. i ; 

To give the data of the first Cousin problem means precisely to give a 
section of the quotient sheaf .⁄/.x/, and the Cousin problem thus consists 
in examining if a given section of -4 j.s, is the image of a section of A. 


Example 2. If we remove from .# the 0-section, we obtain a sheaf 
4@* of abelian groups (with multiplication as group operation). It 
contains as a sub-sheaf the sheaf .«* of invertible elements in .#, that is, 
the units in <4 The sheaf Z = .4#*/./* is called the sheaf of divisors on 
Q. The stalk Y is an ordered abelian group if one defines the image of 
gf, — {0} in & to be the set of positive elements. From Theorem 6.2.2 
it follows that & is the free abelian group generated by the classes in Z, 
of irreducible elements in A,, and @, has the natural order relation 
so 2, is a lattice. (Note that when n = 1 the sections of are simply 
the integer valued functions on Q which vanish except at a discrete 
set of points.) If @ and y are sections of Z, then sup(.W/) and inf(g,y) 
are also sections of Y in the common domain of definition of g and of y. 
It is sufficient to prove the statement about inf(p.a/) in a neighborhood 
of a point zọ where inf(y,,.#/.,) = 0. For every z in a neighborhood w 
of Zo the germ g(z) is the image in 2, of the germ f of a function 
fe Alm), and yz) is the image of the germ 8z of a function ge A(w). 
The germs f,, and g., are relatively prime, so it follows from Theorem 
6.2.3, part (i), that f, and g, are relatively prime for all z in a neighborhood 
w of zy. Hence inf(g.) = 0 in o, whieh proves the contention. 

The second Cousin problem can be stated as follows: Given a section 
of the quotient sheaf % = ./#/*/.o7*, find a section of ./* which is mapped 
on the given section by the canonical map of .@* onto .#*/o/*. 

Finally we define the direct sum 4% +9 of two sheaves of abelian 
groups F and @G; this is the sheaf whose stalk is the direct sum of F, 
and @,, and the topology is induced by that of 4 x % if we consider 
F +% as a subset of this topological product. This means that the 
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sections of F + are the direct sums of the sections of F and those 
of & The sum of p copies of the sheaf F will be denoted by F”. 

Arbitrary analytic sheaves are too general for our purposes, so we 
have to introduce a restrictive condition. 


Definition 7.1.2. An analytic sheaf F on the complex manifold Q is 
said to be locally finitely generated if for every z€ Q there exists a neighbor- 
hood w c Q and a finite number of sections f,,--- fae TF) so that F, 
is generated by (fi): -+s (Ja) as an A, module for every ze w. 

Example. The sheaf of germs of analytic sections of an analytic 
vector bundie is locally finitely generated. 

Lemma 7.1.3. If F is an analytic sheaf which is locally finitely generated 
and if f\,--+,f, are sections of F in a neighborhood of z such that (f,)..-->, 


(FAS generate Fa then (Sija s (fok generate F, for every € in a neighbor- 
hood of z. 


Proof. Let (gus, -+-,(g,), generate ¥ for every ¢ in a neighborhood of 
z. By hypothesis there exist analytic functions c; in a neighborhood 
of z such that 


q 
(g), = Vileptf es f= M---in 
1 


Then we have 
q 
(2k = 2 lead fe 


for all ¢ in a neighborhood of z, which proves the lemma. 


Iff IRE T(@,F), where w is an open subset of Q, then the kernel 
of the sheaf homomorphism 


q 
HID Afa(g' 29>) el fheF oF 
1 


is a subsheaf (fy, ---, f,) of 7%, over a, called the sheaf of relations 
between f,,--- lhe 
Definition 7.1.4. An analytic sheaf F on Q is called coherent if 
0) F is locally finitely generated; i 
(ii) if œ is an open subset of Q and f,,-++ tq€ TOF), then the sheaf of 
relations B(f,,-+-, fa) is locally finitely generated. 
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Theorem 7.1.5. Every locally finitely generated subsheaf of s4” is 
coherent. 


Proof. This is just another way of stating the Oka theorem (Theorem 
6.4.1). 

In particular, s” is a coherent analytic sheaf, and so is the sheaf of 
germs of analytic sections of an analytic vector bundle. 


Theorem 7.1.6. If F is a coherent analytic sheaf on Q and fits fy 
ure sections of F over the open subset œ of Q, then the sheaf Afis: >s fa) 
is also coherent. 


Proof. This follows from Theorem 7.1.5 and part (ii) of Definition 
7.1.4. 


Example. There are subsheaves of . which are not coherent. For 
let w be a subset of Q with Ø # w # Q, set F, = of if zew and Z = 0 
if zeQ\o. This is a subsheaf of sZ if and only if œ is open. But a 
section of this sheaf over a connected open set which intersects ON @ 
must be 0, by the uniqueness of analytic continuation, so # is not 
finitely generated in any neighborhood of a boundary point of cw. 


Theorem 7.1.7. Let Z be a subsheaf of the analytic sheaf F. 1f two of 
the sheaves ¥,G and F/G are coherent, then all three are coherent. 

We leave the simple but rather lengthy proof as an cxercise for the 
reader. (See also Serre [1] for a much more careful discussion of all 
topics touched upon in this section.) 


7.2. Existence of global sections of a coherent analytic sheaf. In this 
paragraph we shall extend Corollary 5.6.3 to a theorem on existence of 
sections of an arbitrary coherent analytic sheaf. We first give a semi- 
global version. To abbreviate the statements, we shall say that sections 
fott h Of an analytic sheaf .F over an open set m gencrate F there 
if the germs (f;).,-°+, (fj). generate the A,-module F, for every z E€ m. 


Theorem 7.2.1. Let Q be a Stein manifold, K an A(Q)-convex compact 
subset of Q, and ¥ a coherent analytic sheaf on a neighborhood of K. Then 
(i) There exist finitely many sections fi,- -, J, of F over a neighborhood 

of K which generate F there. 

(ii) If fufa are sections of F over a neighborhood of K which 
generate F there and iff is an arbitrary section of F over a neighbor- 
hood of K, then one can find c1,- , c; analytic in a neighborhood of 
K so that f = ©} c; f; there. 


Ă——— a eg — a 
— 
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In the proof we shall say that a compact A(Q)-convex set K has the 
property (E) if the statement of the theorem is true for every coherent 
analytic sheaf on a neighborhood of K. By the definition of a coherent 
analytic sheaf, every K consisting of one point only has the property (E). 
To prove the theorem we shall use an inductive procedure due to Cartan. 


Lemma 7.2.2. Let K be a compact A(Q)-convex subset of the Stein 
manifold Q. Let fe AQ) and assume that K, = {z; ze K, Rce f(z) = a} 
has the property (E) for every real number a. Then K has the property (E). 


Proof. Let # be a coherent analytic sheaf on a neighborhood of K. 
Set 


Kas = {z;ze K, a < Re f(z) < b}. 


This is an A(Q)-convex set, since the condition a < Re f(z) < b can be 
written |e/™| < ¢ and |e 4? < e~t. 

(i) To prove that there exists a finite number of sections of # over a 
neighborhood of K which generate .F there, we introduce the supremum 
a of the set of all a such that K_a has this property. That set is not 
empty, for K_ aa =Ø if a is negative and |a| is sufficiently large. We 
have to show that x = +o. Thus assume that x < +o. By the hypoth- 
esis in the theorem we can choose a neighborhood œ; of K aa = K, where 
F is generated by a finite number of its sections Jin aS Choose 
a < g < bso that m, > Kap By the definition of x we can then choose 
a neighborhood œ, of K _,,. where ¥ is generated by a finite number of 
its sections g1,---,84. By hypothesis we can then find a neighborhood 
(4 of Kaa where there cxists a matrix y, with q lines and p columns and 
analytic coeficients such that 


yif=g2 ino; 


here fis the column vector with components fj,- J, and g is defined 
similarly. In fact, the existence of œ, follows from the validity of (ii) for 
Kaw In the same way we can find an analytic matrix 7, in a neighborhood 
m, of Kaa with p lines and q columns, so that 


yoke =f mM oy 
Shrinking the neighborhoods if necessary we can achieve that 
WO, OW, = a), = y 


Since the set K_p is A(Q}convex and is contained in @, U wz it has a 
neighborhood « contained in @, U w, which is an analytic polyhedron 
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and therefore a Stein manifold (Lemma 5.3.7). If we replace the neighbor- 
hoods œ; by their intersections with o, then o, Uo, = @ is a Stein 


manifold. À 

To obtain sections of F over œw we now wish to find analytic functions 
uih., hag in œ j = L2, so that the sections Deul h and }{ Hp vik 
of F over w, and w3, respectively, coincide in w O wz Writing | {0} 
and {0,¢} for the (p + q)-tuples (column vectors) (fi, ye igs 0. af 0) and 
(0,:--,0,21,.-°+. 8,4) of sections of F, we can write this condition in the 


form 
(7.2.1) CAOR ut) = {Og}, u?) in a, oz 
Now we have 
i, Oo Ip 32 
fg} -( i Jio; = ( {0g}, 
Tie ia 0 I, 


i < it matrices, respectively. It 
where I, and J, are the p x p and q x q unit matri p y. 


follows that 
I OV P2 
{0} = ( \( $ Jos 
—y, T/\O I 


y 4 


and (7.2.1) is therefore fulfilled if ¢,,u" = u? in ©, O z, where 


L a on I uk SiN > 
“Fe A aaa pee ING, (OR 


q q 


yj denoting the transpose of the matrix y; Now consider the fiber 
bundle B over œ defined by the covering @,, «2 and the transition 
matrices c,, and cz According to Corollary 5.6.3 it has analytic 
sections over w, and according to the construction of B every analytic 
section of B gives rise to a section of F. Moreover, Corollary 5.6.3 implies 
that for every zew the A -module gencrated by germs of analytic 
sections of B over œ is the module of all germs of local sections of B 
at z. Hence the A-module generated by the germs at z of sections of 
F over o is equal to F, for every zew. In view of Lemma 7.1.3 and 
the Borel Lebesgue lemma, one can therefore find a finite number of 
sections of # over w which A,-generate F, for every ZE K_,,,. This 
is a contradiction with the definition of æ which proves (i). 
(ii) Let f\,---,f, be sections of # over a neighborhood of K which 
generate ¥ there, and let f be an arbitrary section of ¥ over a neighbor- 
hood of K. Introduce the supremum « of all a such that one can find 


—— 
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€y,---,¢€, analytic in a neighborhood of K _,,., so that f = £4 c; f, there. 
We wish to show that x = +o. Therefore, we assume that 7 < +% 
and aim at a contradiction as in part (i) of the proof. As there we can 
choose numbers a, b with a < a < b, a neighborhood w, of K » and 
a neighborhood 2 Of K- oa. $0 that w = wm, U a, is a Stein canine 
and there exist analytic functions ¢,*,---.¢," in w,, k = 1,2, for which 


4 
EDI in oy, EROA 
i 


This implies that 


q 

Nie? =e f= in a, noo 

1 

Ka! 2 $ K 

Hence (ci a OTER CAs F Cy) Is a section over w, © @, of the sheaf of 
relations Alfio- Ja} which is a coherent analytic sheaf in œ. By part 
(i) of l the proof—which is valid for every coherent analytic sheaf—we 
can find a neighborhood «’ of K where this sheaf is generated by a 
finite number of its sections r',---,r™. In view of part (ii) of the hypoth- 
esis, it follows that 


a 

ies EAN, k ; 

a 6? = D wy Niger AB 
k=1 


ina neighborhood of Kaas where yy are analytic functions. Shrinking œ, 
and w3 if necessary we may assume that this is true in @, 0 ©, and that 
O1 UM, =@ cm’. Since the first Cousin problem in w can be solved 
(Theorem 5.5.1), there exist functions P E Alw) k= 1,--:, Ny = 1,2, 
such that 

Pye poner 4 lE 

Tk = Yk > Pki in i any 2. 
Thus 


N N 
Ti Toa ee i ae 
Cj tÈ ré =e t yr ino ow, 
i 


SO the We sides of this equality define together a function C,e Aw). 
Since r“ is a section of A f,,---, f,), it follows that 


4 
LG =f nö V= K ap 


This contradicts the definition of «, so it follows that « = +œ. The 
lemma is proved. 
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Proof of Theorem 7.2.1. We can choose a finite number of functions 
F}, Fy € AQ) which form coordinate systems at every point in K. 
Then the set 

{z; ze K, Re F(z) = a;, Rei F(z) = by jf = bens N} 
has the property (E) for arbitrary a, and h,, since it is a discrete set of 
points. In view of Lemma 7.2.2, it follows that the set obtained by 
dropping one of the conditions Re F(z) = a; and Rei F(z) = h, still 
has the property (E). Repeating this argument 2N times, we conclude 
that K has the property (E). 

Let Q be a Stein manifold and -7 a coherent analytic sheaf on Q. 
We shall now construct global sections of .%. First we introduce semi- 
norms on sections of F over a neighborhood of a compact A(Q)-convex 
set K. To do so, we choose, using Theorem 7.2.1, a finite number of 
sections fy- fy of F over a neighborhood of K. Every section f 
of -¥ over a neighborhood of K can then be written 


(7.2.2) f= defi. 


where the functions cj are analytic in a neighborhood of K. We set 


q 
fix = inf sup Eled} 
c zeK 4 a 
the infimum being taken over all c such that (7.2.2) is valid in an un- 
specified neighborhood of K. It is clear that || f||x may depend on the 
choice of the generators f,.---.f,, but another choice must give an 
equivalent seminorm since passage from one system of generators to 
another is done by multiplication with a matrix whose entries are 
analytic in a neighborhood of K. 


Lemma 7.2.3. Iff is a section of F over a neighborhood of K and if 
fx = 0, then f, = 0 for every 2 in the interior of K. 


Proof. Let f have the representation (7.2.2). If || f||x = 0. we can for 
every £ > 0 lind c analytic ina neighhorhood of K so that 


q 
(7.2.27 J=} h 
1 


in a neighborhood of K and k Az) <e in K when j= l,e.. q. By 
(7.2.2) and (7.2.27, we have 


T E E fies) 


é 
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If z is in the interior of K, it follows from Theorem 2.2.3 that all deriva- 
lives of c; at z converge to 0 when «> 0, so Theorem 6.3.5 gives 
PlC1,°°+ CE RAS a fy), which means that f, = 0. 


Lemma 7.2.4. Let K and K' be A(Q)-convex compact sets with K con- 
tained in the interior of K'. If g,,@2,-++ is a sequence of sections of F 
over a neighborhood of K’ such that 


os 
2 lede < <, 
1 
there exists a section g of F over a neighborhood of K such that 
J 
lg — $ gdl > 0 when j > œ. 
1 


Note that, by Lemma 7.2.3, g, is uniquely determined by this condi- 
tion when z is in the interior of K. 
Proof. Let f;,---, f, be sections of Z over a neighborhood of K’ which 
generate F, for every ze K’. Then we can write 
q 
Ek = Y Crifio 
1 
where c; are analytic functions in a neighborhood of K’ and 
a a 
>, aalsa +27" ze K. 
ivi 
This implies that the series 
> fu = Gy 
kel 


converges uniformly in K’, so C; is analytic in the interior of K’. Since 
C; — Èi- yj; > 0 uniformly in K when v > æ, the lemma. follows if 
we set g = X1 C; fi. (We may assume that the norm || |, is defined by 
means of the same sections fut, fae) 

Now let Ky, K2,-++ be a sequence of compact A(Q}-convex subsets 
of Q with UT K, = Q, cach contained in the interior of the following 
one. From Lemma 7.2.4 we then obtain 


Theorem 7.2.5. Let g, be a section of the coherent analytic sheaf F 
in Q over a neighborhood of K, and assume that for every fixed p 


l8: = gilr, +O when i and j > œ. 
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Then there is a section g e T(Q,F) such that ||g — gilr, > 0.J > ©, for 
every p. 


Proof. Choose N, so that |g; — gile, < 2°” when i and j are > N, 
and p < v. Then the series with terms gy,,, — 8y, Satisfies the hypotheses 
: - A 

of Lemma 7.2.4 with K replaced by K,,,. Hence there is a section h’ 
of # over a neighborhood of K, such that ke — gnol >O when 
v= œ. We have h” = h?*! in the interior of K,, so there is a section 
ger(Q,F) such that g = h” in the interior of K, for every p. Hence 
lg — gyylle,-, ~ 0 for every p when v => 2%. By the triangle inequality 

vy fie a i : ae N Sen 3 
it follows that ||e — g;llk,-ı = 0 when j > %, which completes the pt oof. 


Corollary 7.2.6. T(Q,7) is a Fréchet space with the topology defined 
by the seminorms 
QF )af- lZk» 


We can now extend the approximation theorems which we have 
proved for analytic functions or sections of analytic vector bundles. 


Pee 


Theorem 7.2.7. Let K be a compact A(Q)-convex subset of the Stein 
manifold Q, and let f be a section over a neighborhood of K of the coherent 
analytic sheaf F on Q. Then there exists a sequence f,€ (QF) such that 
If — fille > 0 when j > x. 


Proof. We can choose a scquence of compact sets as above with 
K, =K. Put f =g,. We shall for given ¢ > 0 and every p find a 
section g, of # over a neighborhood of K, such that 


[Zp+1 — Spllx, < 8/2", a 2s v Se 


By Theorem 7.2.5 this implies that there exists a section g e T(QO,F) such 
that |g — gilr, > 0 when j > æ for every p. In particular, we obtain 
le — flx = lim |g; — gil, <& IfA is chosen as this limit g when 
¢ = lv, the theorem follows. 

To show that sections g, with the required properties exist, we assume 
that gy,-+:,g, have already been chosen. Let hist hy be sections of 
F over a neighborhood of K,,,, which generate F there. We can write 


N 
g= Ley. 
I 


where c; is analytic in a neighborhood of K,. By Corollary 5.2.9 we can 
approximate the functions c; arbitrarily closely on K, by functions 
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cj € A(Q). Then 
N 
Sp+1 = $ ejfh; 
1 


is a section dim over a neighborhood of K,„+ı which has the required 
properties if EÙ |c; — c, is small enough on K p- The proof is complete. 


Theorem 7.2.8. Let Q be a Stein manifold and F a coherent analytic 
sheaf on Q. For every 2€Q the A,-module F, is then generated by the 
germs at z of the sections € 1(Q,F). 

This is known as Theorem A of Cartan. 


Proof. Let f, re „Jn be sections of F over a neighborhood of z such 
that (fi) (Jn) generate F.. Since {z} is A(Q)-convex, we can, by 
ee 7.2.7 for every £ > 0, choose sections g),---,gyET(QF) so 
that ' 


N 
gi h= D Cade j=l N, 
1 


where cą are analytic in a neighborhood of z and leg{z)| < e for all 
j and k. If £ is sufficiently small, the matrix J + (c), where I is the 


N x N unit matrix, has an inverse (b,,) which is analytic in a neighbor- 
hood of z. Since 


N 
Si =} biagi 
1 


in a neighborhood of z, it follows that the germs of g,,--+,g) at z are 
generators for &,. . 


We can also easily give a global form of part (ii) of Theorem 7.2.1: 


Theorem 7.2.9. Let Q be a Stein manifold and F a coherent analytic 
sheaf on Q. If f fis +, fa E (Q, F) and f, is in the A-module generated 
by (Jij s (fg), for every ze Q, one can find functions cy,- , €, E€ A(Q) 
such that T 

4 


f= Lei. 
l1 


Proof. Choose a sequence of compact A(Q)-convex sets K, as in 
Theorem 7.2.5. The analytic subsheaf ¥' of F generated by the germs 
a the sections fi, ++, J is coherent, so by (ii) in Theorem 7.2.1 we can 

E, T A i 
or every p choose c,”,---,¢,? analytic in a neighborhood of K, so that 


f= 2 thi 


J 
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there. Then 


(c Pt! — cP) f; = 0 in a neighborhood of K,, 


‘ee 


-_ 


f= 
that is, (c,?*! — €:2,-++, cq?" | — c”) is a section of the sheaf of relations 
A(S fq) Over a neighborhood of K,. By Theorem 7.2.7 it can be 
approximated arbitrarily closely on K, by sections of A(fi.--- « fq) Over 
Q, which means that the functions ej"! can be changed by subtraction 
of such a section so that 


q 
sup X |e?*! — epl < 27%. 
Kp jel 
But this implies that c; = lim,.,. €j? exists for every j. We have c;€ A(), 
and from Lemma 7.2.3 it follows that f = LY cf; 
We shall now give applications of the last two theorems. 


Theorem 7.2.10. Let K be an A(Q)-convex compact subset of the Stein 
manifold Q, and let B be the uniform closure on K of the restrictions to 
K of functions in A(Q), Then the maximal ideal space of K can be identified 
with K, that is, every multiplicative linear functional on B is of the form 
Baf > f (Zo) for some Zo € K. 


Proof. Let I be an ideal in B. We have to show that if J Æ B, there is 
a point zo € K such that f(z) = 0 for every fe 1. Suppose that no such 
zo exists. For every z € K we can then find fe A(Q) with f(z) # 0. Hence 
we can choose a finite number of functions f,,--:./g€ A(Q) with no 
common zero in K. Let w be a Stein manifold with K c @ € Q such that 
EY [f{z)| # 0 when ze w. Then the analytic subsheaf of (w) generated 
by the sections f,,--+, fy must be equal to (w), for (fideo Unde 
generate A, for every 7€o. By Theorem 7.2.9 we can therefore find 
geo gE Alw) so that 24 gf; = line. But g,- ++, g, can be uniformly 
approximated on K by functions in A(Q), so their restrictions to K 
belong to B. Hence the identity belongs to I. This means that I = B, 
which completes the proof. 


Remark. It is clear that it would have been sufficient to use T heorem 
7.2.1 in the proof. 

Note that Theorem 7.2.10 gives a simple proof of Theorem 5.4.3. In 
fact, Theorem 7.2.10 shows that every continuous multiplicative linear 
functional L on A(Q) is of the form L(f) = f (Zo) for some Zo € Q, if Q is 
a Stein manifold. From the assumptions of Theorem 5.4.3 we therefore 
immediately obtain a map Q, > Q,. 
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Theorem 7.2.11. Let Q be a Stein manifold and V a submanifold (thus 
a closed set!). For every z¢V one can find f € AQ) such that f(z) £ 0, 
but f = 0 on V. 


Proof. Let 1, be the set of germs at z of analytic functions in a neighbor- 
hood of z which vanish on V. The sheaf 7 = Ww, is coherent. In fact, 
since I, = A, if z ¢ V, it is sufficient to show that Z is finitely gencrated 
in a neighborhood of any point in K We may assume that V is defined 
there by the equations z; - --- = z, = 0, where z,,---,z, are local 
coordinates. By considering power series expansions of functions vanish- 
ing on Vit is immediately seen that the germs of z,,---, 2, at č generate L. 
Hence the theorem follows from Theorem 7.2.8. 


7.3. Cohomology groups with values in a sheaf. The first Cousin 
problem, as stated in Theorem 5.5.1, leads naturally to the definition of 
cohomology groups with values in a sheaf. Let X bea topological space, 
F a sheaf of abelian groups on X, and #% = {Uher an Open covering 
of X. If p is a non-negative integer, we denote by s = (So, +++, 8,) any 
element in I”+1, and we set U, = Ua OAU, A p-cochain ¢ of 
the covering # with values in # is then a map which assigns to cvery 
sel®*'! a section c,E0(U,.F) so that c, is an alternating function of s 
{that is, c, changes sign if two indices in s are permuted). Here we 
define [(@),F) = 0, the abelian group with one element. The set C'(%,F) 
of all p-cochains of & with values in ¥ is of course an abelian group. 

Imitating (5.5.1) and (5.5.2), we define a coboundary operator 6? (which 
we often denote by 6 only) from CAH F ) to CPU) as follows: 
If e e C47), then 

pti 


(d"c), = oe (E Legy Sy Spoat 
j= 


where the notation 8; means that the index s; shall be removed. With this 
definition, the data of the first Cousin problem consist of a I-cochain e 
with values in .o7, such that dc = 0, and the problem is to show that 
¢ = dc’ for some 0-cochain c’. 

From the definition of 4 it follows immediately that 8e = 0. If we 
introduce 


L“UP) = fo, cE C(U,F), bc = OF, 
the group of p-cocycles with valucs in F, and (with C~! = 0) 


BYU, F) = {õc;ce C (UF), 
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i P 
the group of p-coboundaries, then B® is a subgroup of Z”. We can 
therefore introduce the quotient group 
HAU F) = ZAU F YB UF) 
which is called the p" cohomology group of % with sas Ý Fi . If p 
a O-cocyele, then ¢,, — €s = 0 in U,, O Us, for all So tama Si oe ae i 
that there is a section feT(X, ZF) with the restriction c, to U, for every s. 
Hence 
HUG) = V(X). 
3 ; : ri 23 
Let us also note that Theorem 5.5.1 can be phrased in ae 
H'\(U,0/) = 0 if X is a Stein manifold and . is the sheaf of germs i 
I functions on X. Our purpose is to cxtend this result 3 a 
coherent analytic sheaves and cohomology groups of higher oi i A 
! V = fV} _, be another covering of X. and assume tha 
O RE i is z :J > I such that 
is a refinement of ~, that is, that there exists a map p: sucheiiy 
V. U.,,, for every jeJ. If ce C(4#,F). we can then define a cochain 
RES P i F d f 
ee Cr F) by setting (pc), equal to the restriction OE Te to 
Y This “ht obviously commutes with the coboundary raters in 
C PON F) and C(t ,F), so it induces a map pt: HALF) > AF) 
Proposition 7.3.1. The map p* is independent of the choice of p. 


Proof. Let p’ be another map with the same propertics as p. ie eel 
assume that p> 1, since the statement is obvious when p = 0. 


i e se e d Ç Pele Se 
giving J a total ordering, we sct, when So < 31 < as 
Eh ; 
(ke); = D iz IVE peukepis potire G 
j7o 
FNG app p gÀ RTE ation 
which defines a map of CP* HUF) into CPU ,F). A direct computatic 
which we omit gives 
(kd + dk)e = p'e — pe. 
t hri T AEE I ` ary. ance 
If ¢ is a cocycle, it follows that p'e — pe = òke is a Çolpan He 
the maps p* and p™ are identical, which proves the PRPA Po 
We have thus obtained a unique homomorphism HIU,” ) jit $ ssi 
which we denote by o(%.%). As a function of 7 and of # , it has the 


obvious transitivity properties. 
; T Sme. Le Ae T 
Proposition 7.3.2. The homomorphism o(U,* } is injective n hen p 


3 - fs Qiya Ee 
Proof. Let ce ZYF) and assume that pe = ôy for some ye C( LF). 
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This means explicitly that Cois = Ae ~ Ys in KoA V, for all s, t eJ. Since 
c is a cocycle, it follows that 


Yi aF Caini = 1s Tg in U, ia K A V,. 


p(s)i 


Hence there is a section c; e I(U;.F) such that c; = y, + Cus In U,V 
for every s. In U; ^ U; ^ V, we obtain 


Ch = Pe E Coj — Vs ~ Cue = Caa + Cips = Cija 


which proves that ¢ is a coboundary. (Note that the proof is essentially 
a repetition of the second part of the proof of Theorem 5.5.2.) 

If the coverings X and 4” are equivalent, that is, if % and ¥ are refine- 
ments of each other, it is clear in view of Proposition 7.3.1 that the map 
o(U Y) is an isomorphism. The equivalence classes of open coverings 
form a set, since they can be identified with elements in the power set of 
the power set of X, and we have a natural partial ordering such that.for 
any two (classes of) coverings there is a larger one (that is, finer one). We 
can therefore introduce the direct limit H°(X.¥) of the groups HP(UY F) 
with the maps o(%,¥). Explicitly, this means that the elements in H(X, F) 
are the equivalence classes in the disjoint union of the groups H"(%F), 
with an element in H?(%,¥) and another in H°(¥,F) identified if their 
images in H?(#°#) coincide for some refinement ¥ of # and #. In 
particular, if there cxist arbitrarily fine coverings X with HYF) = 0, 
then H(X,#) = 0. When p = 1, it follows from Proposition 7.3.2 that 
we have a converse result: if H'(X.¥) = 0, then HUF ) = 0 for every 
covering %. 


Proposition 7.3.3. Let Q be a C° manifold which is countable at 
infinity, and & the sheaf of germs of C™ functions on Q. If F is a sheaf 
of &-modules on Q, then HUF) = 0 for every p > 0 and every covering 
U. In particular, H(Q.F) = 0 for every p > 0. 


Proof. Let ce Z"(%,F), and let o, be a partition of unity subordinate 
to the covering %, that is, 
(i) g € Cy*(U,,) for a certain index i. 
(ii) All but a finite number of functions p, vanish identically on any 
compact subset of Q. 


(ii) Sy =a: 


Then we can set, when se 1”, 


Gi = D Pris: 


COHOMOLOGY GROUPS WITH VALUES IN A SHEAF 179 


It is clear that c'e C?" '"(@F) and that 


pti 


(6c’), ae X 2 pA- ERETI 7 X Pls = Cy. SE iP t 2 


v f=0 
Here we have of course used the fact that dc = 0. This completes the 
proof; we remark that it is essentially only a repetition of the first part 
of the proof of Theorem 1.4.5. 
Let Z, GY. # be three sheaves of abelian groups on X and let œ. y be 
sheaf homomorphisms such that the sequence 


093 F SE4% HF 0 


is exact. that is, ọ is injective, y is surjective, and the range of ¢ is equal 
to the kernel of w. It is clear that this gives rise to exact sequences 
0 > CUF) > CUG) > PUAN 

but the last map need not be surjective. We denote its image by C(x) 
and call it the group of liftable cochains. By definition we then have an 
exact sequence 

03 CUF) > CUUG) > CAH) > 0. 
Since 6 maps CPUV) into C,?* (U), we can form the cohomology 
groups FPZ) of this complex; explicitly. HPX) = 2 1B Qe where 
Z,{(B,0) is the group of all liftable p-cocycles (coboundaries of liftable 
(p — 1}eochains) with values in .#, belonging to the covering, Now 
consider the commutative diagram with exact columns: 


0 0 0 

‘Lael Men ER te 
CONF) S COMFY) > CUF) 

le le ; le 
CHWL) È CUE) > CPT (UG) 

Oa Ju 
CP URA) S CRUS CP UA) 

l | l 

0 0 0 


If hez (Y) then h= We for some ge C'S) and og = ope 
= 6h = 0, that is, ög e oC? (UF). Since ọ is injective and ddg = 0, 
it follows that dg e pZ” * Y, F). Now if he BPU). we have h= oh 
for some h’ e C,?~ '(%,9#), and we can find g'e C?~ UY) with ye! =M 
Then ôg’ — gegC(U%F), which proves that ôgepB”' (WF). The 
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cohomology class in H’*?(w,F) of œ~ ‘ég is therefore uniquely defined 
by the cohomology class of h in HPW), so we obtain a homomorphism 


OF: HPUH) > HUF). 


Theorem 7.3.4. The sequence 
O = (UF) S HUA) S HUA) HUF) S 
> Hyg) S H UAS HF) >. 
is exact. 
Here the maps ~* and Ņ* are obtained from ọ and y in the obvious 


way, using the fact that the maps of cochains defined by ọ and y commute 
with the coboundary operators. 


Proof of Theorem 7.3.4. The exactness at H?(% .Y) is obvious. Next 
we prove the exactness at H P(A) Let he Z Piw) From the 
diagram above we then see that h is the image of a cocycle g e Z"(UY). 
if and only if the cohomology class of A is in the kernel of 6*. To prove 
exactness at H?(#,.7 ), we note that the range of 6* in H’(%”#) consists 
of the cohomology classes of all cocycles in ZY) A p7 'B(-#.4), that 
is, precisely the cohomology classes which are mapped to 0 by o*. 


If ¥ = {Vi} 18 a refinement of Y and p: J — I is a map such that 
V; © Uy, for every jeJ, we can as above define a map 
pt HU) > AEP, 
and the proof of Proposition 7.3.1 applies without change to show that 


p* is independent of the choice of p; we denote this homomorphism 
also by o(%¥). Again we have the obvious transitivity properties. 


Proposition 7.3.5. If X is paracompact (that is, if X satisfies the 
Hausdorff separation axiom and every covering of X has a locally finite 
refinement), then the natural map of the direct limit of HPY.) into 
H(X) is an isomorphism onto. 


Proof. The statement is an immediate consequence of the following 
lemma: 


Lemma 7.3.6. 1f he CHH), one can find a refinement F = § Jb ies 
and a map p: J > L, such that phe CPJ). 


Proof. Since X is paracompact we may assume that % is locally 
finite, and since X is normal we can choose an open covering {W} 


thick 
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such that W, c U, For every xe X we now choose an open neighbor- 
hood V, of x such that 

(i) If xe U(se/’*!), then V, = U, and there is a section of & over 

V: V, which is mapped on n by y. l 
(ii) If xe W,, it follows that V, = W, and if V, oœ W, # Ø, it follows 
that K c U;. 

Such a neighborhood V, exists since, by the definition of sheaf homo- 
morphism, it is possible to lift cvery section of to a section of g 
locally. and there are only a finite number of additional conditions on 
V, to uly Define p:X >T so that xe Wp hence Yeo Wyn. I 
Enid j Ø, it follows that V,, meets Wor y for every k, hence 
Veen peat: N Upxp in view of (ii). The section hye... p29 OF H 
can therefore over Vo N: AO Ve be lifted to a section of Y, which 
means that ph is a liftable A in the covering {V.} xcx- 

From Proposition 7.3.5 and Theorem 7.3.4 we obtain by an obvious 
argument, which we leave as an exercise, 


Theorem 7.3.7. If X is paracompact and 0 > F > Y— H +O is an 
exact sequence of sheaves of abelian groups on X, then the sequence 


HX F) > HX, A) > H(X, 4) > HX F) 
E+ HX 2) e HX, H) ER H7(X.F) REE 5 


is exact. 


7.4. The cohomology groups of a Stein manifold with coefficients in a 
coherent analytic sheaf. Using the existence theorems for the é operator, 
we have already proved in Theorem 5.5.1 that H'(Q.c/) = 0 if Q is a 
Stein manifold and .«/ the sheaf of germs of analytic functions. We shall 
now prove that existence theorems for the ¢ operator are completely 
equivalent to statements involving H?(Q,.</)(the Dolbcault isomorphism): 


Theorem 7.4.1. Let Q be a complex manifold which is countable at 
infinity and let Y = {U tier be a covering where each U; is a Stein manifold. 
Then H°(,c7) is for p > 0 isomorphic to the quotient space 


(SS E CO. (OD Of = ORs g E Cp- O 
and H°(Q,o) is isomorphic to HPU). 
Proof. Denote by £, the sheaf of germs.of C™ forms of type (0.q) and 
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consider the exact sequence of sheaf homomorphisms 
igen 
0 Ki Zh Éa Be be, = 0, 


where 2, is the sheaf of germs of é@ closed forms of type (0,g) The 
exactness follows from Theorem 2.3.3. From Corollary 5.2:6 we even 
obtain that the sequence 


0 CAU, Z) > CUE) > CUZ a1) + 0 

is exact, for the intersection of any number of the sets U; is also a Stein 
manifold, since it is obviously holomorph-convex. In other words. we 
have C,"(U2% 441) = C(UL,, 1), s0 Theorem 7.3.4 gives the exactness 
of the sequence 

05 10,2) > QE) S TF 4) > WALZ) 

> HUE) + HUD g) > HUE) > IVE) >. 
Using Proposition 7.3.3, we conclude that 
HP (UF 54 ) ~» Ne 3) Pp 2 1, 


KOA ET (Q€,) x HUF). 
Hence we obtain, when p > 0, 
HAUA = HAU = HP NUS) = +e AUD, 4) 
~ TOF, VIO Ep- 1), 


which proves the theorem if we note that there exist arbitrarily fine 
“Stein coverings.” 


Corollary 7.4.2. If Q is a Stein manifold, then H”(Q.) = 0 for every 
p>0. More precisely: H?(%,0/) = 0 for every covering U = {UjMier, 
where each U; is a Stein manifold. (When p = 1, this condition can be 
dropped by Proposition 7.3.2.) 

We shall now extend the result just proved to general cohcrent 
analytic sheaves. This is known as the Cartan theorem B. 


Theorem 7.4.3. If.F is a coherent analytic sheaf on the Stein manifold 
Q, then HOF) = 0 for every p > 0. 


Proof. Let Y = {U;},,; be a covering where each U; is a Stein manifold 
which is relatively compact in 9. Let the Stein manifold Q be rela- 
tively compact in Q and set U’ = U; AQ. We shall first prove that 
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HP, F) = 0 when p > 0 for every coherent analytic sheaf F on Q. 
To do so, we choose f,,-->, J E F(Q) which gencrate # in O’. This is 
possible by Theorem 7.2.8, Lemma 7.1.3, and the Borel--Lebesgue lemma. 
We then obtain an exact sequence of sheaf homomorphisms 


0 MoS) dt > F 0, 


where all the sheaves occurring are to be considered as sheaves on Q. 
By Theorem 7.2.9 and the fact that cach intersection of the sets U; is a 
Stein manifold, we even have an exact sequence 


O > CU WU fas S) > CMe) > CUM F) > 0, 


that is, all cochains of CF) are liftable. Hence we obtain an exact 
sequence 


HAH A?) > HUF) — HU BR) > HPH (af. 


Since the groups to the right and to the left are 0 by Corollary 7.4.2, we 
obtain H A) x HY A) If it has already been proved that 
IT®**(%',Y) = O for every coherent analytic sheaf Y on Q, it follows that 
H"H, F) = 0 for every coherent analytic sheaf on Q. But if the covering 
is chosen so that more than N sets U, always have an empty intersection, 
which is possible if N > 2n, it is obvious that H?(#',7) = 0 when 
p> N for every sheaf F, which completes the proof of the fact that 
H*(2',F) = 0 when p > 0. 

To pass from % to % we have to distinguish two cases. (Cf the proof 
of Theorem 2.7.8.) 

{a) p > 1. Choose an increasing sequence of Stein manifolds Q', 7, -- - 
which are relatively compact in © and whose union is equal to Q. Let 
c be a cocycle in C(W,F) and let cf be its restriction to a cocycle 
in CUF) where Wi = {Q'o Uii We have then found that 
there is a cochain bie CP- HW, F) such that db’ = c!. The difference 
between hb! and the restriction of b/*' to Q! is thus a cocycle, hence 
equal to da for some ae C? UULA) Let u'e CP 7(&.F) be defined so 
that a; = a, when U, c O and a, = 0 otherwise. By subtracting from 
bi’! the restriction to Qf*!' of the coboundary of a’, we attain that 
(b'*'), = (b’), if U, = Q! for every k. Since each U; is relatively compact 
in Q by assumption. this means that (b^), is for every s independent of 
j when j is large, so b! converges in an obvious sense when j — œ to a 
cochain be C? '(%F) with db = c. 

(b) Now assume that p = 1. If we choose the cochains b’ as above, 
then the restriction of b/*! to Œ differs from b’ by a 0-cocycle, that is, a 


— 
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section of F over Q. Let Kİ be a compact A(Q)-convex subset of Q, 
chosen so that K! is in the interior of K/*' for every j and U K! = Q. 
By Theorem 7.2.7 we can then find a section a e F(Q,F7) such that 


(H — P- al 


We subtract from b/*t! the cocycle in CI+! A) defined by a, and thus 
attain successively that for every j 


M — Bille < 274, vsj, 


oe aa vsj. 


where of course b/*! — bi denotes the section e T(Q/,.F) corresponding 
to the difference between the restriction of b+! to Q/ and b’. But then 
it follows from Lemma 7.2.4 that b* — b’ converges to a section s/ of 
F over the interior of Kİ when k — œ for fixed j. It is clear that 
bi + si = bi-} + si! in the interior of K/~', so there is a well defined 
0-cochain be C°(%,F) such that the restriction of b to the interior of 
Ki is bi +s! for every j. Since db/ = c in QÏ for every j, we obtain 
ôb = c, which completes the proof of the fact that H'(%,#) = 0, for 
every p > 0. From the fact that there exist arbitrarily fine coverings @ 
with the properties we have required, it now follows that IT?°(Q,#) = 0. 
The proof is complete. 
In the applications we shall repeatedly use the fact that if 


0- F »>Gr# +0 


is an exact sequence of sheaf homomorphisms on X and if H'(X,#) = 0, 
then the map ['(X,Y) > F(X.) is onto. (Cf. Theorems 7.3.4 and 7.3.7.) 
This gives immediately a new proof of Theorem 7.2.9 if we consider the 
sheaf homomorphism 


0> HSn fj 81 > F 0. 


If with the notations of Example | in section 7.1 we consider the exact 
seguence 


0> A > M > Mji 0, 


it follows that the map F(Q, 4#) > T(Q,.4//) is onto if Q is a Stein 
manifold, so we have again found that the first Cousin problem can be 
solved then. To study the second Cousin problem we consider the 
exact sequence 


0> f* > MH* ~- G0 


with the notations of Example 2 of section 7.1. (The sheaves ./* and 
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4* are multiplicative groups.) Then we obtain the exact sequence 
1Q.A*) > OA) > H'(Q,07*) 


and conclude that the second Cousin problem is solvable for a section 
of & if and only if its image in H1'(Q,</*) is 0. To study this group we 
consider the exact sequence 


exp (2zi. ) ay 


0> Z> sf™® > O, 


where Z is the constant sheaf of the additive group of integers and the 
second map is the map f -> exp (2zif). The exact cohomology sequence 
gives the exact sequence 


HQ) > H'UQ./*) > HQZ) > HQ), 
where the groups to the left and right are both 0. Hence 
H'(Q.9*) = H?(Q,Z). 
The map 1(Q,2) > H'(Q,«#*) can therefore be regarded as a map 
(7.4.1) (QF) > H7(Q.Z), 


and the second Cousin problem is solvable precisely for the divisors 
belonging to the kernel of this map. The map (7.4.1) is onto. Indeed, 
Theorem 5.5.3 means that every I-cocycle of .«/* is the image of a positive 
divisor, that is, a section of &, which is at every point the divisor of an 
analytic function. Hence even the positive divisors are mapped onto 
H'(Q,0/*), so we obtain 


Theorem 7.4.4. The second Cousin problem on a Stein manifold can be 
solved for an arbitrary divisor if and only if H7(Q.Z) = 0. 

Note that the discussion we have just made is only a less explicit form 
of that given in section 5.5. 


Theorem 7.4.5. If F is a meromorphic function on a Stein manifold Q 
with H?(Q,Z) = 0, then one can find analytic f and g so that F = fig and 
the germs fag. are relatively prime at every point. this representation is 
unique apart from an analytic nonvanishing factor. 


Proof. F defines a section div F of 2, and we proved in section 7.1 
that sup(O.div F) = d' and sup(0,—div F) = d` are sections of % and that 
div F =d' — d`. By Theorem 7.4.4 we can therefore find meromorphic 
functions f* and f with these divisors. But f* and f ~ arc then analytic, 


| 
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and f * /f~ defines the same divisor as F. Hence f '/f ~ = F/h for some 
analytic nonvanishing h and, if we set f = hf *,g = f „the theorem is 
proved since the uniqueness is obvious. 


Without making any hypothesis concerning H7(Q,7), we obtain a 
weaker result. 


Theorem 7.4.6. Every meromorphic function F in the Stein manifold Q 
can be written in the form fig where f and g e A(Q). 


Proof. Let F. be the ideal of germs of analytic functions g, at z such 
that gF, is the germ of an analytic function. Since every point m Q has 
a neighborhood where Theorem 7.4.5 is applicable, we can there obtain 
an analytic function g such that 4, is equal to ¢.A, for every z in the 
neighborhood. Hence ¥ is a coherent analytic subsheaf of Z. Let g be a 
nontrivial section of this sheaf, which exists by Theorem 7.2.8. Then 
gF = f is analytic, which proves the theorem. Note that by Theorem 
7.2.8 we can choose g as a generator of F at any given point, that is, so 
that f, and g, are relatively prime at a given point, but we cannot achieve 
that this is true everywhere in Q. 


7.5. The de Rham theorem. Let Q be a C” manifold which is countable 
at infinity and denote by 6, the shcaf of germs of C% g-forms on Q. 
Let 2, be the sheaf of germs of such forms which are annihilated by 
the exterior differential operator d. Then we have an exact sequence of 
sheaf homomorphisms 

0> %,76,%7,,,70. 


In fact. if fis a (g + 1)-form with df = O in an interval in R”, defined by 
a; <x, <b), j= 1,---,a, one can find a g-form u with du = f. This fact, 
the Poincaré lemma, follows by the argument used to prove Theorem 
2.3.3 if the existence of solutions of the Cauchy—Ricmann equation in one 
complex variable is replaced by the existence of a primitive function for 
every C” function of one real variable. The proof of Theorem 7.4.1 can 
now be applied and gives, since Zo is the constant sheaf C: 


Theorem 7.5.1. The cohomology group H%Q,C) is for every p> 0 
isomorphic to the quotient space 
{fs feTQEé,) df = O}/idgige (Q6 piht- 


This completes the proof of Theorem 2.7.10. To complete the proof of 
Theorem 2.7.11 we need to use special coverings. It is therefore conven- 
ient now to consider only open subsets © of R", although the arguments 
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can be applied in general in view of a theorem of Weil [2]. Thus, choose a 
covering % = {U,},-, of Q where each U; is an open interval contained 
in Q and Z is countable. Then the sequence 


O > CAU, Z ) > COUE) 4 CAU Eg) 7 0 


is also exact, and we obtain by the arguments used in proving Theorem 
7.4.1 


HUC) = TF Mab p1: 


If we fix for each p an operator giving an inverse of the operator d in the 
above sequence, il is casily seen that the proof assigns to cach fe I(%,) 
a cocycle c €H (%,C) such that c, depends continuously on f (in the C% 
topology) for every se I” ' ', and fedé’,_, ifand only if c is a coboundary. 
Since the equation 6b = ¢ is a linear system of equations of the kind 
discussed in Lemma 6.3.7, it follows that dé, , is closed in I(%,). This 
completes the proof of Theorem 2.7.11. 

Finally, we shall prove Theorem 2.7.12. It is enough to consider finite 
coverings of K of the form (U; © K},.. where U; is an open set in C”, 
and by shrinking U; if necessary we can attain that either U, 0 K #4 Ø 
or U, AK = Ø for every se f?*! and any integer p. Let Q' be a Runge 
domain contained in o U; such that O nm U, # Ø implies K ^ U, £ Ø. 
The existence of 9’ follows from the fact that K has a fundamental family 
of neighborhoods which are Runge domains and the condition on the 
covering made initially. Now Iet c be a cocycle e CHU; ^ Kj, C). We may 
assume that ¢, has a constant valuc in U, A K for every se 1"*', for this 
could be achieved by passage to a finer covering since the value is locally 
constant. Then there is a unique cochain c'e C({ U; © Q'}, C} which for 
every s has a constant value in U, ^ Œ, equal to the value of ¢ in U, A K. 
It is clear that c’ is a cocycle, so if r > n it follows from Theorem 2.7.11 
that for some refinement of the covering |U; AQ") of OF the cocycle c 
is mapped to a coboundary. If we restrict this covering to K, we conclude 
that ¢ is mapped to a coboundary in this covering, hence H'(K,C) = 0 
ifr > n. The proof is complete. 


7.6. Cohomology with bounds and constant coefficient differential 
equations. We proved Theorem B (Theorem 7.4.3) by combining the 
existence theory for the @ operator with the local results obtained in 
Chapter VI. Now we have given precise bounds for the solutions of the é 
equation in C” (section 4.4), We shall prove in this section that combined 


with a more precise discussion of the local situation they lead to a 
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“Theorem B with bounds.” This result contains existence theorems for 
overdetermined systems of constant coefficient differential operators. 

The first step is to give a quantitative version of Theorem 7.4.1 In 
doing so we shall use some standard coverings of C", which will also be 
useful in the rest of the section. If v is a non-negative integer, we denote 
by %™ the covering of C” which consists of the cubes U,™ with side 
equal to 2 37” and center at g 37°, where g runs through the set J of 
points in C" with integral coordinates. (The edges are required to be 
parallel to the coordinate axes.) For every v and g we can then find 
precisely one g’ such that U,- contains the cube with the same center 
as U,"" but twice the side; we set p,,4,; g =g. More generally, if 
v < u, we define 


PrE = Prvy41Pvtityt2° °° Ppa 


The maps of f into itself thus defined have the obvious transitivity prop- 
erties, and the cube Uy if enlarged 2" times with the center un- 
changed will belong to Ug: if g’ = p,,g. We shall consistently use the 
maps p,,, in this section when we consider the coverings #” as refine- 
ments of each other. The corresponding maps p, „ of cochains are then 
defined as in section 7.3. 

Let « be a cochain in C?(2/",), and let @ be a continuous function. 
We shall then write 


Ale: Se y lel? -e dh 
lle 9 uh he 4 le; eo? di 


where dà denotes the Lebesgue measure in C”. 


Proposition 7.6.1. For every plurisubharmonic @ in C" and every 
cochain ce CPU sZ) (p > 0) with dc = 0 and llc, < cc, one can find 
a cochain cle CP "(UE FP" cA) so that Òe = pyy+p— Te and 


(7.6.1) ley < Klele 
Here K is a constant independent of q and c, and wW is defined by 
Wiz) = e(z) + 2log(t + |z|^. 


The main tool in the proof is Theorem 4.4.2, but in addition we need 
the following local existence theorem for the ¢ operator. 


Lemma 7.6.2. Let Q be a domain of holomorphy and let Œ be a 
relatively compact subset. For every plurisubharmonic ~ in C" and every 
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Se Lhar (OQ with Of = 0, one can find ue L% g(Q.loc) with ĉu = f and 
[ \ue-eda<K| [fe eda, 
t hi “Q 

where K is independent of u and of ọ. 


Proof. Choose functions y and x(p) as in the proof of Theorem 4.2.2 
so that y(p) — is bounded from below. Since (4.2.10) is valid with œ 
replaced by y + 7(p), it follows from Lemma 4.1.1 (sce (4.1.3)) that the 
equation ĉu = f has a solution with 


lulo xm-2v = NF oot st = we 
if ọ e C°. The right-hand side can be estimated by a constant times || f|\,. 


which proves the lemma when w¢C?. The extension to general ọ 
follows as in the proof of Theorem 4.4.2. 


Remark. [t is proved in Hérmander [1] that the lemma is valid with 
Q = Q if Q is bounded, but the proof is more complicated in that case. 
This result would climinate the need to pass to a refinement in Pro- 
position 7.6.1 (see section 2.4 in H6rmander [1]). However, we have to 
refine the covering later on anyway to obtain bounds for the lifting of 
cochains, so very little would be gained by proving a stronger form of 
the lemma. 


Proof of Proposition 7.6.1. In order to copy the proof of Theorem 
7.4.1, we introduce the space C'(”™.%,, @) of all alternating cochains 
c= fe} se1?*", where c€ Lio alU "o, 6c, = 0 and 

E «|| 2 Le 4 

lel; F ts A. Je]? e7? dA < œ. 
We wish to prove that if ôc =0 (p> 0), then one can find 
c'e Ch 'ye*P-), Y, Y) so that dc’ = P, w+p- 4c and (7.6.1) holds. For 
q = 0, this assertion is precisely Proposition 7.6.1. We shall prove it 
assuming, if p > 1, that it has already been proved for smaller values 
of p and all g. As in the proof of Theorem 7.4.1, the success of this 
induction depends on the fact that we have an arbitrary q. 

It is of course no restriction to assume that v = 0. First we have to 
reconsider Proposition 7.3.3. Thus choose a non-negative function 
xe Co (Ue) such that L,7(z — g) = 1. Such a function can be con- 
structed by taking a function 7) € Co” (U) so that yo > O with strict 
inequality in the concentric cube with half the side. Then 7(z) 
= 7¥o(z)/Z7ol(z — g) has the required properties. Now set 


b, = Piss =e kega ser. 
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Since the functions y(z — g) form a partition of unity subordinate to the 
covering %, the proof of Proposition 7.3.3 gives that ôb = c. From 
Cauchy’s inequality, we obtain 


|b| S Èz ki glep 
and if again we use the fact that Ey(z — g) = 1, 
[blo < lels 
Let @b be the cochain e C?~ (Ww, X,+ p) defined by 
(Gb), = 6b, = ¥ A(z — g) A Cys 


Since no point is in the support of more than 2" of the functions y(z — g), 
we obtain with a constant K 


lable < Kile 


I. 


Now é6cb = @db = éc = 0. If p > 1, we can therefore by the inductive 
hypothesis find a cochain b eC? °R- 3, Z +14) such that db’ 
= POOE and for some constant K, 


b'|y < Kilêbll, < KK, |cl],. 
Since ¢b,’ = 0 for every se PT! and w is plurisubharmonic, we can by 
Lemma 7.6.2 for every seI?~' choose 6," € Lio (Us? Yy) so that 


ob,” = by’ in UPT" if s' = pp-2.p- 15 and with a constant K,, 


> 


[b,"|2e7 da < R [ 


| ute) Upit 


[be e™ d2. 


Indeed, modulo translations there are only a finite number of sets UP 1, 
and if U~” is enlarged in the ratio 2 to 1 by a homothetic transforma- 
tion from its center, then it belongs to Uy” >. Now set 


c = Po,p-th — ôb". 
Then 6c’ = fo,p..t6b = Po,p-1¢, and 
OC = pop-30b — ee = py p- 10D Op, _2 tb 


= xe * za 
T Po.p- 10b E Pp 2p- 1Po.p- zeb =N 


Summing up the estimates for b, b', and b” given above, we obtain (7.6.1). 
It remains to consider the case p = 1. The fact that ôb = 0 then 
means that ch defines uniquely a form f of type (0.g + D in C” with 
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of = 0 and 
[IP e72 dà < fbf < K?lel3. 


By Theorem 4.4.2 we can find a form ue L „(C"y) so that ĉu = f 
and 


[uP edl <s Mr e`? dà. 


Setting c; =b, —u, we thus obtain a cochain with the required 
properties. 

Let Pa (j = 1,---,p; k = 1,---,gq) be polynomials in z, and consider 
the sheaf homomorphism 


(7.6.2) P: cf > of? 


defined by mapping (fis: Ja) E€ 2° to {LPyf}7-1. We wish to give 
bounds for the cohomology with values in the kernel or the range. both of 
which are of course coherent analytic sheaves. This will be done by 
essentially repeating the proof of Theorem 7.4.3, but first we miust re- 
consider all of tts local ingredicnts. The first is the Oka theorem in this 
special case. 


Lemma 7.6.3. The kernel Zp of the homomorphism (7.6.2) is gener- 
ated by the germs of all q-tuples Q = (Q,,---,Q,) with polynomial com- 
ponents such that 


4 
(7.6.3) YEA SOA D. 
1 


in fact, by a finite number of such Q. 


Proof. Since the polynomial ring is Noetherian (see Zariski and 
Samuel [1]. p. 201), the module of all Q with polynomial components 
satisfying (7.6.3) is finitely generated over the polynomial ring so that, 
if all polynomial solutions of (7.6.3) are gencrators for Zp, then one can 
find a finite number of generators. The proof of the Iemma can be 
obtained casily from general facts concerning local rings—for cxample, 
the Artin—Rees lemma. However, it is cnough for us to note that the 
proof of the Oka theorem (Theorem 6.4.1) can be applicd without 
change. The detailed verification of this may be supplied by the reader. 

Let (Qi: Qu) f= 1,---,7, be generators with polynomial com- 
ponents for the sheaf 2p. From Theorem 7.2.9 we then obtain 
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Lemma 7.6.4. If Q is a domain of holomorphy and if f€ A(Q), 
k = 1,+++,q, satisfy the equations X4 Piafi = 0, j= 1,--+,q, then one 
can find ge A(Q), | = 1,-++,r, so that 


(7.6.4) Sie = 3 Qri£i» k= 1, >q. 
I 


Conversely, (7.6.4) of course implies that 2 Pf = 0. We have thus 
found Q so that the range of Q is identical to the kernel of P. We can 
therefore concentrate now on studying the range of a homomorphism 
of the form (7.6.2). Our next purpose is to give a quantitative version 
of Theorem 6.3.5 in this case. 


Proposition 7.6.5. Let (PA = lp k= 1.--+,q) be a matrix 
with polynomial entries and let Q be a neighborhood of 0. Then there 
exists a neighborhood Q of © such that for every ue A(Q + 2¥ one can 
find ve A(X + z}! with Pv = Pu, so that with constants C and N which 
are independent of u and of-z e C" 


(7.6.5) sup |e] < C + |z)" sup |Pul. 
O' +z Q+z 


Here Q + z denotes {¢ + z2;¢ € Q} and |v|? = £! loj. 


Proof. The first part of the proof of Theorem 6.3.5 can be repeated 
without any change. In fact, assume that p > 1 and that the proposition 
were already proved for systems involving a smaller number p of equa- 
tions. In particular, we can then consider the equation 


4 q 
Pues = DY Pitty 
1 1 


and conclude that it has a solution v! in ©’ + z such that 
sup [vt] < CO + |z)" sup |Pul. 
N+2z +z 


Now set v =v! +w. We have to find w so that Pw = P(u — e') and w 
can be estimated. Now we can apply Lemma 7.6.4 to the system of 
equations E Piw = 0. If (Qu, Qa, = l-er, are generators 
with polynomial coefficients of these relations and if Q' is a domain of 
holomorphy, we can write 


u—v'= Qf, 


where f = (fie, fe ACY. Now we want to find w of the form 
w = Og. The cquation Pw = P(u — v') then becomes PQg = PỌ f, and 
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of these p equations the first is satisfied automatically in view of the 
definition of Q. Hence we have only p — 1 equations, so by the inductive 
hypothesis we can for a suitable neighborhood Q” of 0 find g so that 
with some constants C’ and N’ 


sup |e] < CU + |z)" sup |POs|= C'A + leh" sup |Pu — Pv'|. 
OY +2 +z +z 


If m is an upper bound for the degrees of the polynomials Py, and Qp 
we obtain with v = v' + Qg 

sup |x| < C'U + jah tN +2 sup | Pad, 

a” +z Qtz 


and since Pv = Pv! + PQg = Pu! + POf= Pv' + Plu — vt) = Pu, this 
proves the assertion. 

It remains, however, to show that the proposition is true when p = 1 
provided that it is true for a smaller number of variables and an arbitrary 
p. To do that requires a more detailed study of the properties of poly- 
nomials and also another look at the Weierstrass preparation theorem. 
The end of the proof of Proposition 7.6.5 must be postponed until we 
have made these preparations. 

Shrinking Q and making a linear change of variables we may of 
course always assume that Q is the unit ball. 


Lemma 7.6.6. Given an integer m > 0, one can find a finite subset © 
of the unit ball Q = 19; 9eC",|9| < 1}, so that for alt polynomials p of 
degree < m we have 


(7.6.6) sup |p(z)] < Csup inf |w, 
lel<4 wO |wl=1 


where C only depends on n and m. 

This is precisely Lemma 3.1.6 in Hérmander [2] and we refer the 
reader to the proof given there. We also recall that if p(z) = 24.) sm 422" 
then 


(7.6.7) C, > lal < sup Ia] < Cz $ la 
a| 


for some positive constants depending only on m and m. Indeed, all 
norms in a finite dimensional vector space are equivalent. 

We shall now consider the Weierstrass preparation theorem when the 
maximum in the right-hand side of (7.6.6) is attained for the vector 
3 = (0.---,0,r). We use the notation 


Bz) = sup |z 4 Ol. 
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Kt is important to note that f(z) is bounded from below in C" if p is not 
identically 0. Indeed, if a,z* is a non-zero term of highest degree in p, 
it follows from (7.6.7) that p(z) > C,|a,|. 


Lemma 7.6.7. Let p be a polynomial of degree < m, let 0<r< I 
and assume that 


(7.6.8) pO) < p inf TOEA 

Zn| =r 
where C is the constant in (7.6.6). Then one can find a number r with 
O<Fr < 1, depending only on r, n, and m, so that the polydisc 


ATSR 


zl<r, j<n,|z| <r} 

is contained in the unit ball, and every bounded fe A(A) can be written 
Ee a, 

where g, he A{A), h is a polynomial in z, of degree less than the number 


m* of zeros of p(0,z,) with |z,| < r, and 


(7.6.9) sup [hl < C’sup|f|, sup |g| < C sup |f/A0), 
where C’ is a constant depending only on n and m. 


Proof. It is no restriction to assume that p(0)= I. By (7.6.7) this 
implies that we have uniform bounds for the coefficients of p. Set 


p(z) = polZ,) + pilz) 
where polza) = p(0,z,) and therefore p,(z’.0) = 0. Then we have 
(7.6.10) b| < Kr’ inAifAcQ, 


where K is a constant. (In the whole proof we require all constants to 
depend only on n and m.) Furthermore, since [Poln] > 1/C when 
|z,| =r and we have bounds for the coefficients of po, we can find a 
constant £ > 0 so that 


[Polza] = 1/2C when ||z,| — r| < £- 
In particular, pọ has no zeros in this annulus. Now write 
Po = Po Po = 


where the zeros of pọ* lie in the circle |z,| < r and-those of po 
the circle, and the leading coefficient of py’ is one. Then 


outside 
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jpo zd] = (len| — r + ev” when |z} > 7 — e 


Furthermore, we have uniform bounds for the coefficients of po’. 
Now we can write every bounded fe AIA) in the form 


f = por +h, 


where h is a polynomial in z, of degree < m” and with a constant K’ 


(7.6.11) sup |g) < K’ sup] f|, sup |A| < K’ sup |f]: 
A A A A 
In fact, we only have to set when ze A 
(z I 2't) Po (t)— Po (Zn 
i. = A a ie ae ala 2) po" Po (En) py, 
i 2ning Epoa (elt sen) 2ni | pa (©) t—Z, 


where the integration is taken over a circle |t| = p with |z,| < p and 
r—-e<p<r. The notation z stands for (z;.---.2Z,—). Since 
(Po (T) — po (Z NÄT — z,) is a polynomial in z,,z, it is clear that hisa 
polynomial in z, and that we have the desired bound for h. Hence we 


obtain a bound for |pog| and therefore 
lel < K’ sup |f| 


in A when r — € < |z,| < r. By the maximum principle this gives (7.6.1 1). 

Now we can prove the lemma by the same iterative method that we 
used in the proof of Theorem 6.1.1. Thus we set gọ = 0 and define 
gr: h, € A(A) for k > 0 by the recursion formula 

f = pok + Pibk-1 + My 
and the condition that h, be a polynomial in z, of degree < m, for every 
k. Then g, and h, are bounded analytic functions in A for every k. and 
since 
= pals — 8x-1) = PolBavt — Sx) + Arai — Aas 

it follows from (7.6.10) and (7.6.11) that 


Sup [ener = Sal S KK'r sup Ix — £r=il: 


If r <1/2KK‘, this implies the existence of g = lingo, 2 = 
En (es 4 — Se) and that 
sup |g| < 2 sup|g,| < 2K’ sup |f]. 
A A A 


The existence of k = lim h, follows from the recursion formula which 
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also shows that f = pg + h. The asserted bound for h now follows 
immediately. 
From Lemma 7.6.7 we obtain an analogue of Corollary 6.1.2 by taking 


F(z) FÌ me : 


Lemma 7.6.8. The polydisc A in Lemma 7.6.7 can be chosen so that 
every p of degree < m satisfying (7.6.8) can be factored as p = p* p7, 
where 

(i) p* and p` are polynomials in z, which are analytic and bounded 
in A, 

(ii) p' has leading coefficient 1 and all its zeros in A when |z ar, 

j<n, 

(iti) POC < infa |p~| < supa |p" | < CAO) where C' and C" are 

constantis depending only on n and m. 


Proof. Since all coefficients of p are O(p(0)), we can choose r’ so small 
that for some £ > 0 we have 


pz) #0 if lz) <r’ when j < n, and ||z„| — r| <e- 


Then we conclude that p(z'.z,) has precisely m* zeros with |z,| < r — e 
if |z,| <r, j <n Now Lemma 7.6.7 implies that we can find g,h € A(A) 
so that z," = pg — h and h is a polynomial in z, of degree < m*. The 
polynomial p` = z," + h must therefore have all its zeros in the disc 
lz. r= e so [pře =e" when |z| =r and dz] <r’, j<n This 
proves that |g| > «"'/p(0) when ze A. If we set p = 1/g the lemma 
follows in view of (7.6.9), 
Repetition of the proof of Lemma 6.1.3 now gives 


Lemma 7.6.9. Let p and A be as in Lemma 7.6.8. If f © A(A) and pf 
is a polynomial in z,, then p` f is a polynomial in z,. 


Proof. By the algebraic division algorithm we have pf = p*g + A, 
where g and h are polynomials in z, and A is of degree < m*. Since h 
must vanish at all the m" zeros of p* for a fixed z’, it follows that h = 0. 
Hence pf = g is a polynomial in z,. 


End of proof of Proposition 7.6.5. [i remains to prove that if Q is 
the unit ball and p = t, then the proposition is true if it is true in general 
when the number of variables is smaller. We may assume that P, # 0 
and that the degree m of P, is at least as large as the degree of P, for 
j = 2,---,q. This implies that P,(z) is bounded from below. Now apply 
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Lemma 7.6.6 to P,. For every 9e © let Ey be the set of all z e C” such 
that 


Piz) <C inf |Py(z + w9). 
{wl=1 


It is sufficient to prove that for every fixed $e © the proposition is valid 
when ze Eş. By a lincar change of variables we may reduce the proof 
to the case 9 = (0.---,0,r). Put 


Piui +e + P= Sf 


and choose A so that Lemmas 7.6.7 and 7.6.8 can be applied. For every 
ze Ey we can then write 


f= Pig + h, 


where g,he A(z + A), h is a polynomial in ¢, of degree < m*, the 
number of zeros in z + A of the equation P,(z’.C,) = 0, and for some 
constant K 


oe) een 


When j > 1 we also write u; = P U; + w,, where w; is a polynomial in 
ča of degree < m*. With U, =u, + P,U,+---+ P,U, we then 
obtain 


PiU, + Pawa +- + Paw, = Pig +h. 
Set U, = g + w,. Then we obtain 
Piwi +--+ + Pyw, = fh. 


Since all terms except possibly the first are polynomials in ¢, of degree 
< m+ m’, we conclude that Pw; is a polynomial in č, of degree 
< m+ m*. However, this does not imply that w, is a polynomial in ¢,,. 
In order to be able to apply Lemma 7.6.9, we therefore decompose P, 
by applying Lemma 7.6.8 to the polynomial P,(z + ¢). It follows that 
we can write P, = pp, where p* and p` are analytic in z + A, both 
are polynomials in &,, the ratio between p~ and P,(z) is bounded from 
above and below in z + A by constants, and the zeros of p* and p~ are 
located as described in the lemma. Then we obtain that the functions 
w =p w;,j = 1,-+:,q, and k = ph are analytic in z + A and poly- 
nomials in č, of degree < 2m. We have 


Piwi tee + Pw, =h inz+A 
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and by (7.6.12) we have the estimate 
(7.6.13) sup |h'| < K’P,(z) sup | /|. 
z+A z+Q 


Now we can write 


2m~ 1 2me~1 


wi (e) = x wll a, UG) = y Ale a 
9 


where the coefficients are analytic and bounded in z' + A’, and 
A = {U eC"! |i] < rj <m}. From the one-dimensional case of 
(7.6.7) and from (7.6.13), it follows that 


(7.6.14) $, sup |h] < KO + |z)? sup O] 
k 2 +A’ zł 
< KP ADU + |z)?" sup |r] 
Now the equation 
Piwi +- t Py SK 


is equivalent to a system of 3m equations in the w where the right-hand 
sides are the functions h, and zeros. By the inductive hypothesis we can 
therefore find a neighborhood A” of 0 in C" ' so that there are analytic 
functions W, in z’ + A” such that the polynomials 


Wyo = Y WaN 
satisfy the equation : 
PiWi +e + PLWH 
and 
(7.6.15) 2, sup, [Wal SKC + |p 3 sup \hy. 
Setting 
vu =g+ Wip. o= Wip whenj> lL, 
we obtain 
Pity +e + P= Pig + hip =Pg+h=f 


in the subset of z + A where {'ez’ + A”; and from (7.6.12), (7.6.14), 
(7.6.15), and the fact that p` can be bounded from below by a constant 
times P,(z), we obtain (7.6.5). The proof is finally complete. 
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Note that a part of the proof follows that of Lemma 6.4.2. Every 
component was in fact used already in Chapter VI, and it is only keeping 
track of estimates that makes the proof heavy. 

We now have all the prerequisites for proving a Theorem B with 
bounds. Let Py, j = 1,---,p3k = 1,---,g, be polynomials and set as 
above 


q 
Rp = fir LEIS Y Pah = 0, j= eh 
1 


If p is a continuous function, we define COU”, Bp, o) as the set of alter- 
nating cochains ¢ = {c,}, se/’*', where c e F(U,"", Zp) and 
BES Y | lef e? dd < œ. 
CETET UL 


Here we have set 
some open set 2. 


re = Al? geet: Lyle iff = (fi Ja) E AQ) for 


Theorem 7.6.10. Let P and an integer v be given. Then there exist 
integers pand N such that, if ¢ is plurisubharmonic and for some constant C 


(7.6.16) lo) — p| < C, lz-—z| <1, 


then one can for every ce CUO Rmo) with dc =0, o > 0, find 
ce e C (XM, Ry, Ox) so that dc’ = p ic and-for some constant K 


(7.6.17) leles < Klele 
Here @y(z) = plz) + N log + |2|7). 


Proof. First note that Proposition 7.6.5 is also valid if we replace 
(7.6.5) by 
(7.6.5) l |p]? e PL + |z|?) dilz) < c] |Pu|? e7 ° da(z). 

Yz 2+0 
In fact, by (7.6.16) the factor e~® is immaterial, and in view of Theorem 
2.2.3 the new formulation follows when œ = 0 if we apply Proposition 
7.6.5 with Q replaced by a neighborhood œ cc Q of Y. 

We shall prove Theorem 7.6.10 by induction for decreasing o, noting 
that it is valid when o > 22", since there are no non-zero c e CU"! Bp, o) 
then. Thus assume that the theorem has been proved for all P when ø is 
replaced by « + 1. If Q is chosen as in Lemma 7.6.4, we can write 
c, = Od,, where de C°(Y"™,<f"). To obtain control of d, we must pass to 
a refinement of the covering so that Proposition 7.6.5 can be used. Note 
that for u > v the set U, enlarged in the ratio 2*~” with the center kept 
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fixed belongs to U,™ if s’ = p,,,s. By the comments on Proposition 
7.6.5 made at the beginning of the proof, we can therefore if p is large 
choose d; € A(U,"Y so that Qd; = Qdp = cy in U, and 


LA lda + lz?) 0 %) dilz) < Chas leyl? e72 (2). 


Summing up, we have 

ld ley S Cle» 
and Prac = Od. (By C we denote different constants in different 
estimates.) Since ôc =0, it follows that 6Qd' = Qdd'=0. Thus 
ôd = d'e CUM Ro. py). and since dd” =0 and gy is plurisub- 
harmonic, it follows by the inductive hypothesis that for suitable N’ and 
K > p we can find d” € C'U"? Ro, @y-) so that dd” = p, Xd” and 
lf" ley < Celo 


Setting y = pppd — d” e C(Y" s"), we have ôy = Aud — ôd” an 
and 


| 


Hence Proposition 7.6.1 shows that for some u” > yp’ one can find 
ye CHUY g") so that pp y = òy and for some N” 


(7.6.18) | < C'|cl,. 


Thess = Cele- 


loy 


yf 
If we set ¢ = Qy’, it follows that 
ĉc = Qôy = QP w? F OP p Puet we pod 


Py” Ss Ciy 


= Od = ET žo 
Pu Qd ay Pag’ Pvp = Py yee 


Since (7.6.18) implies (7.6.17) for a suitable choice of N, the theorem is 
proved. 

In the main applications which we shall now give, the cochains will 
finally disappear. 


_ Theorem 7.6.11. Given the system P there is a constant N such that, 
if ọ is a plurisubharmonic function satisfying (7.6.16), then for all we A(C"# 
one can find ve A(C"Y with Pv = Pu and 
(7.6.19) fio e" + |z?) * dalz) < C f [Pul? e~? data), 


where C does not depend on u. 
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Proof. There is nothing to prove unless 


( |Pul? e7” da(z) < ©, 


so we assume that this condition is fulfilled. By application of Proposition 


7.6.5, as in the proof of Theorem 7.6.10, we conclude that yv can be 
chosen so that for every ge l there exists an element u,e A(U,'”)" such 
that Pu, = Pu in u,” and for some constants Ç and N independent of u 


and g 
(7.6.20) f Jug? e79 +z" daz) < C | [Pu]? e7® datz) 
dl Uy‘? cl Ug 


where 2" = fo.2: 
There is no reason why the u, should agree in the overlaps of the cubes 
U,'”, so we have to consider the differences 


giga T Hg, T Hgy 


t 
This defines a cocycle ce C'(W™, 2p, ), and by (7.6.20) we obtain 
(7.6.21) lel, < Cf |Pul? e7” ditz). 


(€ denotes different constants in different estimates.) Now Theorem 
7.6.10 asserts that for some u > v and N’ > N there exists a cochain 
ce CU, Bp, Qx) such that dc’ = p,*e and 
(7.6.22) , < Clie] 
This means that if we set 

o= a chide Amiulelils 


s 


C 


lew £ Clcley 


we define uniquely an element ve A(C"). Since Peg = 0, it follows that 
Py = Pu, and from the estimates (7.6.20), (7.6.21) and (7.6.22) we obtain 
(7.6.19) with N replaced by N‘. The proof is complete. 


Combination of Lemma 7.6.4 with Theorem 7.6.11 also gives 


Corollary 7.6.12. Given P there is an integer N such that if œ is 
plurisubharmonic and satisfies (7.6.16) and if fe ACY satisfies the 
equations Pf = 0, then f = Qg with 

f lgl? e*l + |z" dalzy < C È |f|? e7? daz) 
for some C independent of f. Here Q has the same meaning as in Lemma 
7.6.4. 


Note that Theorem 4.4.4 shows that Theorem 7.6.11 and Corollary 
7.6.12 are not vacuous for any 9. 
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We shall now prove existence theorems for systems of partial differ- 
ential equations with constant coefficients by using Theorem 7.6.11 and 
Corollary 7.6.12 in combination with Fourier transforms and duality. 

Let Py, j= l,e, Jk = 1,---, K be polynomials in n variables with 
complex coefficients and consider the system of differential equations 

K 
(7.6.23) WHR). eal, ee, 
1 


where D = —i/ĝx, in an open set Q c R". Consider the scet of all 
J-tuples Q = (Q,,---,Q,) of polynomials such that 


J 
‘el een k=1,---.K. 
1 


This is a finitely generated module over the polynomial ring. Let 
(Qir Qin (Qro Qr) be a set of generators. If we write 
(7.6.23) in the form P(D)u = f and interpret Q(D) similarly, we have 
Q(D)P(D) = 0, so a necessary condition for the existence of a solution of 
(7.6.23) is that Q(D)f = 0. Conversely, we shall prove 


Theorem 7.6.13. Let © be an open convex set in R”. Then there is an 
integer N such that the system of equations P(D)ju = f has a solution 
ue C(O) for all fe C* QP such that O(D)f = 0. 

We shall also prove an approximation theorem analogous to the 
Runge theorem. By an exponential solution of the equation P(D)u = 0 
we then mean a solution of the form u(x) = e°u,(x), where the com- 
ponents of vp are polynomials. 


Theorem 7.6.14. Let Q be an open convex set in R". Then the closure 
in C(Q)* of the linear combinations of exponential solutions of the system 
P(D)u = 0 consists of all solutions in C(QO)* of this system. 

We shall start by proving Theorem 7.6.14 since it is needed in the 
proof of Theorem 7.6.13 just as the Runge theorem was required in 
proving for example Theorem 1.4.4. 


Proof of Theorem 7.6.14. Let L be a continuous linear form on C'™(Q)* 
which is orthogonal to all exponential solutions. The restriction of L to 
C™(Q) is then a K-tuple f = (f,,---.f,) of distributions in &’(Q). Let 
M be a compact convex subset of Q containing the support of f, and 
let H be the supporting function of M, 

H(¢) = sup<x,¢>. 


xeM 
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By the Paley—Wicner theorem (see, e.g., HGrmander [2], section 1.7), we 
have for some integer N 
(7.6.24) [ [PE e 2841 + T a < 00. 


Denote by 'P(D) the transpose of the matrix P(—D). If we can prove 
that 


(7.6.25) f= 'P(D)g 
for some g € "QY, it will follow that 
Lu) = <u. fy = (P(Dyu, g) 


for all we C”(Q)5. Hence L(u) = 0 if P(Dju = 0 in a neighborhood of 
supp g. Since L is continuous on CQ). it follows by applying this 
result to w*y,, with y, defined as in the proof of Lemma 4.1.4. that 
L(u) = 0 for every ue CQ) with compact support in Q such that 
Pu = 0 in a neighborhood of suppg. Hence L(u) = 0 for all u e CQ) 
satisfying the equation P(D)u = 0, and the theorem follows from the 
Hahn-Banach theorem. Thus it only remains to prove the existence 
of g. (For the argument given so far. sce also H6rmander Peles dial 

The equation f ='P(D)g is equivalent to (H = 'P(O)eC), where f 
and @ denote the Fourier—Laplace transforms. The construction of ê 
is made in three steps: 

1. For every ¢ there is a formal power series G; at ¢ such that at ¢ 

GG? 

In fact, this is an infinite system of linear equations for the coeflicients 


of G; of the form discussed in Lemma 6.3.7, so it has a solution if it is 
compatible. Now the equations can be written 


DAO = D(F Pal DG42) -=t 
4 


where x is any multi-order and k = 1,---,K. The compatibility means 
that, if q, are arbitrary polynomials, then 


(7.6.26) F D(F Pad 2G fe) 2g =O for all G; > Ya (DIFC) = 0. 
k i 


Set Te 
ux) = q>) e A 


Then 


E PylD ud PE TP Dee? L E gBP eT, 
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so if the left-hand side of (7.6.26) is true we obtain that Pu = 0 by taking 
Gz) = e”'*=) and all other G; = 0. We have by assumption 
O= luf) =P <al—xe Of = F alD) AMO. 


Hence (7.6.26) holds true and the equation f = ‘PG, has a solution in 
formal power series at ¢. 

2. By Corollary 6.3.6 we can now find analytic solutions of the 
equation f = ‘PG in a neighborhood of any point in C”, so by Theorem 
7.2.9 it follows that there exist entire solutions of this equation. 

3. We can now apply Theorem 7.6.11, using (7.6.24) and the fact that 
H(Im ¢) is convex and therefore plurisubharmonic. It follows that there 
is a J-tuple G of analytic functions such that f = ‘PG and for a suitable 
integer N' 


PGP eH + [EPP dA) < ©. 


In view of Theorem 2.2.3 and the fact that H is Lipschitz continuous, 
this implies that 


IGO] < cma + [pr 
for some constant C. By the Paley-Wiener theorem we therefore have 
G = 8, where ge &(M)’. The proof is complete. 


We remark that the proof also applies to approximation of C” 
solutions on a compact convex set. 


Proof of Theorem 7.6.13. Let œw be a convex relatively compact subset 
of ©. We shall first construct a solution of the equation Pu = f in œ. 
This equation means that if v e Co*(w)’, then 


Cfiv> = Puw) = <u'Po). 
To construct v we thus have to extend the linear form 
"Pe > Cf), ve Coa)’. 
A priori it is not even clear that it is uniquely defined. 
Let H be the supporting function of and set 
lol? = [AP eoa + e da, 


If se Colo and ‘P(Dw = w, we know from Theorem 7.6.11 that there 
is a J-tuple V of entire functions such that ‘P(Q)}U(Q) = ÑC) and 


(7.6.27) [vor en HOME 4  NAAO < Clwl2, 
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where C and N are constants. By the Paley-Wiener theorem we have 
V = 8, for some v, e &(@)’ of order at most v + N. Note that *P(D)e, = 
'P(Dyp =w. Since 'P(CY(V(C) — HO) = 0 and the columns of ‘Q are 
generators for #,,, we have by Corollary 7.6.12. 


V(t) — AE = ‘O(C)@(C), 
where for a certain integer N’ depending only on P and on Q 
MOP? e7 20mg] fe (are gs dat) < 0. 


From the Paley--Wiener theorem it follows that $ = @ where the support 
of ọ belongs to ©. If Fe C?(Q)’, we conclude that 


(Fv) — Fw) = F'O) = <O(D)F.9>. 


and from this it follows as in the beginning of the proof of Theorem 
7.6.14 that 


<fe> = (Srv 


if fe C+ OY and Q(D)f = 0. Choose fo € Cy” NOY so that f = fo ina 
neighborhood of æ. Then we obtain 


K for? = Khor)? = Kowd <| [A O08) 4ep 
= Í Ora + PRSS dé { Ihara + y+” dé, 


where the last integral converges since f,(¢)*e L? when |a| < v + N. 
From (7.6.27) we thus obtain 


KK fv>| < ClfPrl,. 
The linear form 
‘Pp <f), vECo™(o)’, 


can therefore be extended by the Hahn—Banach theorem to a linear 
form on the L? space in C” with respect to the measure 


o BHO E+ |C?) AA), 
Hence there is a K-tuple U of measurable functions such that 
(7.6.28) f [UOP ten + [EP aH < 00 
and 


(fv) = Kuo, ‘PONCY dO), VEC loy. 
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Transposing the matrix P and introducing the definition of & we obtain 
(7.6.29) fix) = t P(—QU(De ED AO, xeo, 


provided that v — n — | exceeds the degree of P so that the integrals 
are absolutely convergent. If we set 


u(x) = Í Ue i dA xeo 


it follows from (7.6.28) that ue C=" '(w) and by (7.6.29) we have 
P(Dju = f in œ. If v is replaced by v + + 1, we have thus proved 
that for every fe C’***""2(Q) with Q(D)f = 0 the equation P(D)u = f 
has a solution u e C*(w), provided that v exceeds the degree of P. 

To complete the proof we just have to take an increasing sequence of 
convex open sets œ; cc Q with union Q and determine in each w; a 
solution u;e Clo) of the equation P(D)ju; = f£ Using Theorem 7. 6 14 
we can spars the sequence u; converge to a solution ue C(O). of 
P(D)yu = f. The details of this arent are left to the reader since it has 
already been repeated several times from section 1.4 on. 

It is a simple matter to extend Theorem 7.6.13 to an existence theorem 
when f is a distribution of finite order in Q. The theorem remains true 
even if f is of infinite order, but the proof requires additional considera- 
tions then. 


Notes. The results of sections 7.1 through 7.4 can all be found in the seminars 
of Cartan [1], to which we refer for further applications. For example, we have 
not proved here that the sheaf of an analytic set is coherent. Thus we have not 
included the result for which the theory was originally intended, namely that 
analytic sets are defined by global equations. The proofs we give may look rather 
different superficially from thosc in Cartan [1], for we have available from the 
start some special cases of Theorems A and B proved in Chapter Y. However, the 
main poinis are the same. Thus in the proof of Theorem 7.2.1 (the existence of 
global sections of a coherent analytic sheaf), we use the induction procedure of 
Cartan [1], although we rely on the existence theorems for sections of analytic 
vector bundles proved in section 5.6 instead of the theorem of Cartan [2] concern- 
ing invertible holomorphic matrix functions. This is no great simplification, but 
it eliminates the only nonlinear clement in the theory. The Dolbeault isomorphism 
(Theorem 7.4.1) is due to Dolbcault [1], The analogue in the case of the exterior 
differential operator is the de Rham theorem which is proved in section 7.5 with 
the now standard method which gocs back to Weil [2]; the proof of the Dolbcault 
isomorphism is parallel, The presentation in sections 7.4 and 7.5 follows to a large 
extent that of Malgrange [1] with the modifications imposed by our different 
starting point. 

Results of the type discussed in section 7.6 were first announced by Ehrenpreis [2]. 
A more detailed version was given at the conference on harmonic analysis al 
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Stanford in August 1961. The complete proofs are given in Ehrenpreis [4]. They are 
based on the classical techniques of Oka and Cartan which do not give bounds as casily 
as the £? estimates we have used here. Thus Theorem 7.6.11 and Corollary 7.6.12 
are only given by Ehrenpreis for some functions œ which are particularly important 
in the applications to differential equations. Since Ehrenpreis’ announcement in 
1960 most of his statements have been pre ved by Malgrange [2] and Palamodov 
[1,21]. All three authors give much al versions of Theorem 7.6.14 where solutions 
of the differential equation P(D)u = 0 are represented as absolutely convergent 
integrals over exponential solutions. are requires a more detailed local analysis 
than we have given here, but the passage from local to global results involves 
nothing beyond the results proved in section 7.6. 
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